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PREFACE 


The importance of mechanics in the preparation of young engineers 
for work in specialized fields cannot be overemphasized. The demand 
from industry is more and more for young men who are soundly 
grounded in their fundamental subjects rather than for those with 
specialized training. There is good reason for this trend: The indus- 
trial engineer is continually being confronted by new problems, which 
do not always yield to routine methods of solution. The man who 
can successfully cope with such problems must have a sound under- 
standing of the fundamental principles that apply and be familiar 
with various general methods of attack rather than proficient in the 
use of any one. It seems evident, then, that university training in 
such a fundamental subject as mechanics must seek to build a strong 
foundation, to acquaint the student with as many general methods of 
attack as possible, to illustrate the application of these methods to 
practical engineering problems, but to avoid routine di’ill in the 
manipulation of standardized methods of solution, ■ Such-are the aims 
of this book. 

The content of the book is somewhat wider than can “fee covered in 
two courses of three semester hours or five quarter hours each. At 
the end of the discussion of statics, for example, there is a chapter on 
the principle of virtual work. The use of this principle results in 
great simplification in the solution of certain problems of statics, and 
it seems desirable to acquaint the student with its possibilities. At 
the end of the discussion of dynamics, there is a short chapter on 
relative motion, together with applications to engineering problems. 
These chapters can easily be omitted without introducing any discon- 
tinuity if there is insufficient time for them. Where time will not per- 
mit their consideration, they at least serve the purpose of indicating 
to the student that he has not exhausted the possibilities of the subject 
in his first encounter with it. Also, it is hoped that such material will 
be of value to those students especially interested in mechanics. 
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In many of our engineering schools, statics is given during the second 
semester of the sophomore year, before the student has studied integral 
calculus. For this reason Part One of this volume has been so written 
that, except for one or two sections that can easily be omitted, no 
knowledge of mathematics beyond the differential calculus is required. 
However, a free use of mathematics is made within these limits. 
Statics is probably the first course wherein the student has a chance 
to make practical use of his training in mathematics, and it seems 
important that he be not only given the opportunity but encouraged 
to use it to the full extent of its applicability. 

The situation is usually quite different with dynamics. In some 
schools, for instance, this course does not immediately follow statics 
but is taken after strength of materials. Thus the students are more 
mature, and it seems justifiable in Part Two to make free use of the 
calculus and even some use of elementary differential equations. In 
this latter respect, however, the solutions are discussed in sufficient 
detail so that the student without special preparation in differential 
equations need have no difficulty. 

Throughout Part Two the equations of motion are presented and 
handled as differential equations. Dynamics is not a subject to be 
handled superficially, and a too-arduous attempt to simplify its presen- 
tation can easily result in the fostering of false notions in the mind of 
the beginner. Besides helping to forestall such possible misconcep- 
tions, the use of the differential equation of motion, as such, possesses 
several other advantages: (1) It makes it possible, at the outset, to 
place proper emphasis upon the inherent difference between dynamical 
problems involving known motion and those involving known acting 
forces. (2) It makes practicable the discussion of certain problems of 
dynamics (such as vibration problems) which otherwise could be 
handled only in a very cumbersome manner, if at all. (3) It gives the 
student a foundation in dynamics upon which he can successfully 
build if he desires to pursue advanced study or to read current liter- 
ature on the subject. 

Since the student usually has his greatest difficulty in applying the 
principles and theorems that he has just learned to specific situations, 
special attention has been given to the selection and treatment of a 
series of illustrative examples at the end of each article. The purpose 
of these examples is twofold: (1) They are sometimes used as a medium 
of presentation of material not included in the text proper. (2) They 
are designed to set an example to the student in logical methods of 
approach to the solution of engineering problems. It is hoped that 
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the examples will help the student to bridge the gap between mere 
cognizance of the general principles and the ability to apply them 
to concrete problems. Mastery in this respect is the true goal of 
engineering education. The examples warrant as much attention 
from the student as the text material proper. 

The solution of a problem in mechanics usually consists of three 
steps: (1) the reduction of a complex physical problem to such a state 
of idealization that it can be expressed algebraically or geometrically; 
(2) the solution of this purely mathematical problem; and (3) the 
interpretation of the results of the solution in terms of the given 
physical problem. It is too often the case that the student’s attention 
is called only to the second step so that he does not see clearly the 
connection between this and the true physical problem. By successive 
development of these three steps in the solution of each illustrative 
example, it is hoped to lead the student to a realization of the full 
significance of mechanics, and also to encourage him to approach the 
solution of his own problems in a similar way. 

Many of the illustrative examples are worked out in algebraic form, 
the answers being given simply as formulas. When numerical data 
are given, their substitution is made only in the final answer at the 
end. Such a procedure possesses several advantages, one of which 
is the training the student gets in reliable methods of checking answers. 
Two of the most valuable aids in checking the solution of a problem 
are the “dimensional check” and the consideration of certain limiting 
cases as logical extremes. The opportunity of making either of these 
checks is lost when given numerical data are substituted at the begin- 
ning of the solution. Another advantage of the algebraic solution is 
that it greatly enriches the possibilities of the third step in the solution 
of the problem, namely, significance of results. Finally, the algebraic 
solution is preferable if proper attention is to be given to numerical 
calculations, for only by having the result in algebraic form can it 
be seen with what number of figures any intermediate calculation must 
be made in order to obtain a desired degree of accuracy in the final 
result. 

Since the first edition of “Engineering Mechanics” appeared in 
1937, the authors’ “Theory of Structures” and “Advanced Dynamics” 
have been published, and these later volumes now contain some of 
the more advanced material that was originally in “Engineering 
Mechanics.” It is hoped that the three volumes taken together 
represent a fairly complete treatment of engineering mechanics and 
its applications to problems of modern structures and machines, at 
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the same time leaving the present volume better suited to the under- 
graduate courses in statics and dynamics as given in our engineering 
schools today. 

In the preparation of this fourth edition, the entire book has been 
thoroughly revised. In doing this, the authors have had these objec- 
tives: (1) simplification of the text proper, (2) improved arrangement of 
subject matter, and (3) deemphasis of the algebraic treatment of 
problems. Almost all problems throughout the book arc now given 
with numerical data and numerical answers. Furthermore, the 
problem seta have been completely revised, and they contain a high 
percentage of new problems. The problems preceded by an asterisk 
present special difficulties of solution. 

Various textbooks have been used in the preparation of this book, 
particularly in the selection of problems. In this respect, special 
acknowledgment is due the book “Collection of Problems of Mechan- 
ics,” edited by J. V. Mestscherski (St. Petersburg, 1913), in the prepa- 
ration of which the senior author took part. The authors also take this 
opportunity to thank their colleagues at Stanford University for many 
helpful suggestions in regard to this revision, in particular. Prof. 
Karl Klotter, who read some portions of the revision and made many 
valuable suggestions for improvement in this edition. 

8. Timoshen-ko 
D. H. Young 
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CONCURRENT FORCES IN A PLANE 


1.1. Principles of statics. Statics deals with the conditions of 
equilibrium of bodies acted upon by forces and is one of the oldest 
branches of science. Some of its fundamental principles date back 
to the Egyptians and Babylonians who used them in the solution of 
problems encountered in building the famous pyramids and old 
temples. The earliest writings on the subject were left by Archimedes 
(287-212 B.C.), who formulated the laws of equilibrium of forces 
acting on a lever and also some principles of hydrostatics. However, 
the principles from which the subject in 
its present form is developed were not 
fully stated until the latter part of the 
seventeenth century and are mainly the 
work of Stevinus, Varignon, and Newton, 
who were the first to use the principle of 
the parallelogram of forces. 

Rigid Body. We shall be mostly con- 
cerned in this book with problems involv- 
ing the equilibrium of rigid bodies. 

Physical bodies, such as we have to deal with in the design of engineering 
structures and machine parts, are never absolutely rigid but deform 
slightly under the action of loads which they have to carry. Consider, 
for example, the lever shown in Fig, lo. Under the action of the two 
equal weights at the ends, the bar bends slightly over the fulcrum 
and the distance of each weight from the fulcrum is decreased by a 
very small amount. In discussing the equilibrium of the lever (equal 
weights at equal distances from the fulcrum are in equilibrium), wo 
may safely ignore this deformation and assume that the lever is a 

'For historical data regarding the development of statics, see Ernst Mach, 
“Science of Mechanics,” Open Court Publishing Company, Chicago, 1902, 

3 



FIG. 1 



4 CONCURRENT FORCES IN A PLANE [Art. 1.1 

rigid body which remains straight, as shown in Fig. 16. That is, we 
assume that the distance of each weight from the fulcrum is half the 
length of the bar. This illustrates the significance of the assumption 
of rigid bodies in dealing with static equilibrium. 

If we are interested in the strength of the lever in Fig. 1, or the 
amount of sag, the deformation represented by the bent form becomes 
important and must be taken into account. Problems in which the 
effect of small deformations of physical bodies must be taken into 
account are generallj' treated in books on strength of materials or 
theory of elasticity and for the most part will not be considered further 
here. 

Problems dealing with the conditions of equilibrium of nonrigid 
bodies, such as liquids and gases, are usually treated in books on 
fluid mechanics. These will also not be considered here, except in so 
far as they may be involved in determining the pressure or loading 
exerted on rigid bodies that we do have under consideration. 

Force. For the investigation of problems of statics we must intro- 
duce the concept of force, which may be defined as any action that 
tends to change the state of rest of a body to which it is applied. 
There are many kinds of force, such as gravity force with which we are 
all familiar and the simple push or pull that we can exert upon a body 
with our hands. Other examples of force are the gravitational 
attraction between the sun and planets, the tractive effort of a loco- 
motive, the force of magnetic attraction, steam or gas pressure in a 
cylinder, wind pressure, atmospheric pressure and 
frictional resistance between contiguous surfaces. 

The pull of gravity is one of the most common 
examples of force with which we shall have to deal. 
Given a ball that hangs by a string (Fig. 2a), we say 
that the ball pulls on the string with a force W equal 
to its weight. This force is applied to the string at 
point B and acts vertically downward. 

From the above example, we see that for the com- 
plete definition of a force we must know (l) its magni- 
tude, (2) its point of application, and (3) its direction. 
These three quantities which completely define the force are called its 
specifications. 

The magnitude of a force is obtained by comparing it with a certain 
standard, arbitrarily taken as a unit force. In engineering the unit of 
force is usually taken as the pound, which represents the weight of a 
certain platinum cylinder kept in the Tower of London and called the 
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imperial standard pound. The magnitudes of forces are commonly 
measured by using various kinds of dynamometers. The essential por- 
tion of such an instrument is an elastic spring, which can be calibrated 
by hanging various known weights on it and marking the correspond- 
ing elongations. Having once been calibrated, the dynamometer can 
then be used for measuring other forces. 

The point of application of a force acting upon a body is that point 
in the body at which the force can be assumed to be concentrated. 
Physic a ll y it will be imp o.ssible to concentrate a force at a single point ; 
"^i.e., every forc e must have some finite are a o r volume over which its 
actionli~distributed.rT. For example, the force W exerted by the ball 
upon the string AB in Fig. 2 is in reality distributed over the small 
cross-sectional area of the string. Likewise, the gravity force which 
the earth exerts on the ball is distributed throughout the volume of the 
ball. However, we often find it convenient to think of such distributed 
force as being concentrated at a single point of application wherever 
this can be done without sensibly changing the effect of the force on 
the conditions of equilibrium. In the case of gravity force dis- 
tributed throughout the volume of a body, the point of application at 
which the total weight can be assumed to be concentrated is called the 
center of gravity of the body. 

The direction of a force is the direction, along a straight line through 
its point of application, in which the force tends to move a body to 
which it is applied. This line is called the line of action of the force. 
The force of gravity, for example, is always directed vertically down- 
ward. Again, in the case of a force exerted upon a body by a flexible 
string, the string defines the line of action of the force. Thus the 
string HP in Fig. 2 pulls vertically downward on the hook at A. 

Any quantity, such as force, that possesses direction as well as mag- 
nitude is called a vector quantity and can be represented graphically by 
a segment of a straight line, called a vector. For example, in Fig. 26, 
we can represent the force that the ball exerts on the string by the 
straight-line segment BC, the length of which, to some convenient 
scale, shows the magnitude of the force and the vertical downward 
direction of which, indicated by the arrow, shows the direction of the 
force. Point B is called the beginning of the vector; and point C, the 
end. Either the beginning or the end of a vector may be used to 
indicate the point of application of the force. With the beginning and 
the end of a vector indicated by letters (as B and C in Fig. 26) we shall 
designate the vector by the symbol BC, which defines it specifically as 
acting from B toward C. 
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Parallelogram of Forces. When several forces of various mag- 
nitudes and directions act upon a body, they are said to constitute 
a system of forces. The general problem of statics consists of finding 
the conditions that such a system must satisfy in order to have equi- 
librium of the body. The various methods of solution of this problem 
are based on several axioms, called the principles of statics. We begin 
with the principle of the parallelogram of forces, first employed indi- 
rectly by Stevinus in 1586 and finally formulated by Varignon and 

Newtpn in 1687. 

PARALLEiiOGHAM LAW. If two foTces, represented by vectors AB and 
AC, acting under an angle a (Fig. 3a) are applied to a body at point A, 
their action is equivalent to the action of one force, represented by the 
vector AD, obtained as the diagonal of the parallelogram constructed on 
the vectors AB and AC and directed as shown in the figure. 

The force AD is called the resultant of the two forces AB and AC. 
The forces AB and AC are called components of the force AD. Thus a 

force is equivalent to its components, 
A and vice versa. 

[ ^ A cx Instead of constructing the paral- 

1 Q Q lelogram of forces, the resultant can 

be obtained also by constructing the 
3 triangle ACD, as shown in Fig. 3b 

Here we take the vector ^4(7 and from 
its end C draw the vector equal and parallel to the vector AB. 
Then the third side AH of the triangle gives the resultant, being directed 
from A, the beginning of the vector AC, to D, the end of the vector CD. 
The vector AD, when obtained in this way, is called the geometric sum of 
the vectors AC and CD. Thus, the magnitude and direction of the 
resultant of two forces, applied to a body at point A, may be obtained 
as the geometric sum of the two vectors 

representing these forces. Its point of A — = 

application, of course, is also point A. fffl) 

Since the vectors in Fig. 3b do not show 

the points of application of the forces — * , D 

that they represent, they are called /ree 

vectors. The triangle ACD is called a ^ 

triangle of forces. 


If two forces AB and AC act under a very small angle (Fig, 4a), 
the triangle of forces (Fig. 4b) becomes very narrow and we con- 
clude that, in the limiting case, where the two forces act along the same 
line and in the same direction, their resultant is equal to the sum of the 
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forces and acts in the same direction. In the same manner it can be 
shown that, if two forces act along the same line in opposite directions, 
their resultant is equal to the difference between the forces and acts in 
the direction of the larger force. By taking one direction as positive 
and the other as negative along the common line of action of two forces 
and considering the forces themselves as positive or negative accord- 
ingly, we conclude that the resultant of two collinear forces is equal to 
their algebraic sum. 

Equilibrium of Collinear Forces. From the principle of the parallelo- 
gram of forces, it follows that two forces applied at one point can 
always be replaced by their resultant which is equivalent to them. 
Thus, we conclude that two concurrent forces can be in equilibrium 
only if their resultant is zero. From the discussion of the previous 
paragraph it follows that this will be the case if we have two forces of 
equal magnitude acting in opposite directions along the same line. 
We shall now generalize this conclusion as the second principle of 
statics. 

EQUILIBRIUM LAW. Two forccs Can be in equilibrium only if they are 
equal in magnitude, opposite in direction, and collinear in action. 

In engineering problems of statics we often have to deal with the 
equilibrium of a body in the form 
of a prismatic bar on the ends of 
which two forces are acting, as 
shown in Fig. 5. Neglecting their 
own weights, it follows from the 
principle just stated that either bar 
can be in equilibrium only when the 
forces are equal in magnitude, op- 
posite in direction, and collinear in 
action, which means that they must act along the line joining their 
points of application. If these points of application can be assumed to 
be on the central axis of the bar (as is justifiable in many practical 
cases), the forces must act along this axis. When such central forccs 
are directed as shown in Fig. 5a, we say that the bar is in tension. When 
they act as shown in Fig. 5b, the bar is said to be in compression. 

Considering the equilibrium of a portion of the bar AB in Fig. 5a, to 
the left of a section mn, we conclude that to balance the external force 
jS at the portion to the right must exert on the portion to the left an 
equal, opposite, and collinear force S, as shown in Fig. 5c. The mag- 
nitude of this internal axial force which one part of a bar in tension 
exerts on another part is called the tensile force in the bar or simply the 
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force in the bar, since in general it may be either a tensile force or a 
compressive force. Such internal force is actually distributed over the 
cross-sectional area of the bar, and its intensity, i.e., the force per unit 
of cross-sectional area is called the stress in the bar. 

We return now to the case of two forces under an angle a (Fig. 3a). 
From the equilibrium law above we conclude that we can hold these 
two forces in equilibrium by applying, at point A, a force equal and 
opposite to their resultant. This force is called the equilibrant of 
the two given forces. 

Superposition and Transmissibility. When two forces are in 
equilibrium (equal, opposite, and collinear), their resultant is zero 
and their combined action on a rigid body is equivalent to that of no 
force at all. A generalization of this observation gives us the third 
principle of statics, sometimes called the law of superposition, 

LAW OF SUPERPOSITION. The oction of a given system of forces on a 
rigid body will in no way be changed if we add to or subtract from them 
another system of forces in equilibrium. 

Let us consider now a rigid body AB under the action of a force P 
applied at A and acting along BA as shown in Fig. 6o. From the 
principle of superposition stated above, we conclude that the applica- 
tion at point B of two oppositely directed forces, each equal to and 


collinear with P , will in no way alter the action of the given force P. 
That is, the action on the body of the three forces in Fig. 6b is identical 
with the action of the single force P in Fig. 6o. Repeating the same 
reasomng again, we remove, from the system in Fig. 6b, the equal, 
opposite, and collinear forces P and P" as a system in equilibrium. 
Thus we obtain the condition shown in Fig. 6c where, instead of the 
ori^nal force P applied at A, we have the equal force P' applied at B. 
This proves that the point of application of a force may be transmitted 
along its line of action without changing the effect of the force on any 
rigid body to which it may be applied. This statement is called the 
theorem of transmissibility of a force. 
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By way of an example, let us consider the prismatic bar AB (Fig. 
7a) which is acted upon by two equal and opposite forces Pi and P 2 , 
applied at the ends and acting along its axis. As discussed before, the 
bar is in equilibrium under the action of two such forces and is sub- 
jected to compression. Now in accordance with the theorem of trans- 
missibility of a force, we transmit Pi along AB until its point of applica- 
tion is at B and similarly we transmit P 2 along BA to act at A. The 
condition of the bar now is represented in Fig. 7b, and we see that, 
while it is still in equilibrium under the action of these forces, the state 
of compression has been changed to one of tension. Again, imagine 
that we transmit the point of application of each force to the middle 
point C of the bar (Fig. 7c). The two forces are again in equilibrium, 
but the bar is now subjected to no internal forces. From this example. 



we see that, while the transmission of the point of application of a 
force acting on a body does not change the condition of equilibrium, it 
may produce a decided change in the internal forces to which the body 
is subjected. Thus the use of the theorem of transraissibility of a 
force is limited to those problems of statics in which we are interested 
only in the conditions of equilibrium of a rigid body and not with the 
internal forces to which it is subjected. 

From the theorem of transraissibility of a force it follows that, if two 
forces P and Q applied to a body at the points A and B (Fig. 8a) are 
acting along lines intersecting at point C, we can transmit the points of 
application of the forces to point C and replace them by their resultant 
(Fig. 8b). If the intersection point G is outside the boundary of the 
body (Fig. 8c), we assume this point to be rigidly attached to the 
body by the imaginary extension, indicated in the figure by dotted 
lines, and then proceed as before. 

Action and Reaction, Very often we have to investigate the con- 
ditions of equilibrium of bodies that are not entirely free to move. 
Restriction to the free motion of a body in any direction is called con- 
straint. In Fig. 9a, for example, we have a ball resting on a horizontal 
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plane such that it is free to move along the plane but cannot move 
vertically downward. Similarly, the ball in Fig. 2a (page 4) , although 
it can swing as a pendulum, is constrained against moving vertically 
downward by the string AB. In Fig. 10a, we have a ball of weight W 
supported by a string BC and resting against a smooth vertical wall 
at A. With such constraints, all motion of the ball in the plane of the 
figure is prevented.^ There are many other kinds of constraint than 
those illustrated in Figs. 9a and 10a but these are typical and will 
suffice as a basis for our present discussion. 




A body that is not entirely free to move and is acted upon by some 
applied force (or forces) will, in general, exert pressures against its 
supports. For example, the ball in Fig. 2a (page 4) exerts a down- 
ward pull on the end of the supporting string as shown in Fig, 2b. 
Similarly, the ball in Fig. 9a exerts a vertical push against the surface 
of the supporting plane at the point of contact A. For the case in 
Fig. 10a, the ball not only pulls downward on the string BC but also 
pushes to the left against the wall at A. Now in every case, these 
actions of a constrained body against its supports induce reactions 
from the supports on the body, and as the fourth principle of statics 
we take the following statement; 

LAW oy ACTION AND BEACTioN. Any pressure on a support causes 
an equal and opposite pressure from the support so that action and reac- 
tion are two equal and opposite forces. This last principle of statics 
is of course nothing more than Newton’s third law of motion stated 
in a form suitable for the discussion of problems of statics, 

Free-body Diagrams. T o investigate the equilibrium of a constrained 
body, we shall always imagine that we remove the supports and 
replace them by the reactions which they exert on the body. Thus, 

^ Since there is no tendency for the ball in this case to move upward or to swing 
away from the wall, we ignore the fact that the constraints as shown may not be 
able to prevent such motion. 



11 


Art. 1.1] CONCURRENT FORCES IN A PLANE 

in the case of the ball in Fig. 9a, we remove the supporting surface 
and replace it by the reaction Ra that it exerts on the ball. Wc 
know that the point of application of this force must be the point 
of contact A, and from the law of equilibrium of two forces, we conclude 
that it must be vertical and equal to the weight W ; thus it is com- 
pletely determined. The sketch in Fig. 96 in which the ball is com- 
pletely isolated from its support and in which all forces acting on it 
are shown by vectors is called a free-hody diagram. 

In the case of the ball in Fig. 10a, we again remove the supports 
and isolate the ball as a free body (Fig. 106). Then besides the 
weight W acting at C, we have two reactive forces to apply, one 
replacing the string BC and another replacing the wall AB. Since 
the string is attached to the ball at C and since a string can pull only 
along its length, we have the reactive force S applied at C and parallel 
to BC. Its magnitude remains unknown. Regarding the reaction 
Ra, we have for its point of application the point of contact A. Fur- 
thermore, we assume that the surface of the wall is perfectly smooth 
so that it can withstand only a normal pressure from the ball. Then, 
accordingly, the reaction Ra will be horizontal and its line of action 
will pass through C as shown. Again only the magnitude remains 
unknown and the free-body diagi’am is completed. The question of 
finding the magnitudes of S and Ra will not be discussed here, although 
it is only necessary to so proportion these vectors that their resultant 
is equal and opposite to the vertical gravity force W. 

Proceeding as above with constrained bodies, we shall always 
obtain two kinds of forces acting on the body: the given forces, usually 
called active forces, such as the gravity force W in Fig. 106, and reactive 
forces, replacing the supports, such as the forces S and Ra in Fig. 106. 
To have equilibrium of the body, it is necessary that the active forces 
and reactive forces together represent a system of forces in equilib- 
rium. Thus it is by means of the free-body diagram that we define 
the system of forces with which we must deal in our investigation of 
the conditions of equilibrium of any constrained body. The con- 
struction of this diagram should be the first step in the analysis of 
every problem of statics, and it must be evident that any errors or 
omissions here will reflect themselves on all subsequent work. 

The essential problem of statics may now be briefly recapitulated 
as follows: We have a body either partially or completely constrained 
which remains at rest under the action of applied forces. We isolate 
the body from its supports and show all forces acting on it by vectors, 
both active and reactive. We then consider what conditions this 
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system of forces must satisfy in order to be in equilibrium, i.e., in 
order that they tvill have no resultant. 

1.2. Composition and resolution of forces. Composition. The 
reduction of a given system of forces to the simplest system that 
will be its equivalent is called the problem of composition of forces. 
If several forces Fi, F^, F 3 , . . ■ , applied to a body at one point, 
all act in the same plane, they represent a system of forces that can 
be reduced to a single resultant force. It then becomes possible to 
find this resultant by successive applications of the parallelogram 
law. Let us consider, for example, the four forces Fi, Fi, F 3 , and 
Fi acting on a body at point A (Fig. llo). To find their resultant. 



(a) ib) (c) 


FIG. 1 1 

we begin by obtaining the resultant AC of the two forces Fi and Fi. 
Combining this resultant with the force F 3 , we obtain the resultant 
AD which must be equivalent to Fi, F 2 , and Fz. Finally, combining 
the forces AD and F i, we obtain the resultant R of the given system 
Fi, ... , Fi. This procedure may be carried on for any number of 
given forces acting at one point in a plane. 

It is evident, in the above case, that exactly the same resultant R will 
be obtained by successive geometric addition of the free vectors repre- 
sentin g th e given forces (Fig. llh). In this case we begin with the 
vector AB representing the force Fi. From the end B of this vector we 
construct the ve ctor BC, representing the force Fi, and afterward, the 
vectors CD and DE, representing the forces Fz and Fi. The polygon 
ABCDE obtained in this way is the same as the polygon ABCDE in 
Fig. 11a, and the vector AE, from the beginning A of the vector AB to 
the end E of the vector DE, gives the resultant R which, of course, must 
be applied at point A in Fig. 11a. The polygon ABCDE in Fig. lib 
is called the polygon of forces and the resultant is given by the closing 
side of this polygon. It is always directed from the beginning of the 
first vector to the end of the last vector. Thus, we may say that the 
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resultant of any system of concurrent forces in a plane is obtained as 
the geometric sum of the given forces. The construction of the poly- 
gon of forces, for determining the resultant, is much more direct for a 
large number of forces than successive applications of the parallelogram 
law and is preferable in the solution of problems. 

It is evident that the resultant R will not depend upon the order in 
which the free vectors representing the given forces are geometrically 
added. For instance, in the above example, we can begin with the 
force Fi, add to it the force Fi and afterward the forces F^ and F 3 . 
Proceeding in this way the polygon of forces shown in Fig. 11c will be 
obtained. The closing side AlE of the polygon gives the same resultant 
R as before. 

In the particular case where the given forces are all acting along one 
line, the sides of the polygon of forces will all lie along one line and the 
geometric summation will be replaced by an algebraic summation. 
The resultant, in this case, is the algebraic sum of its components. 

If the end of the last vector coincides with the beginning of the first, 
the resultant B is equal to zero and the given system of forces is in 
equilibrium. 

Resolution of a Force. The replacement of a single force by several 
components which will be equivalent in action to the given force is 
called the problem of resolution of a force. The case in which a single 
force is to be replaced by two components is the one most commonly 
encountered. By using the parallelogram law, we can resolve a given 
force R into any two components P and Q intersecting at a point on 
its line of action. We shall dicuss 
two possible cases: 

1. The directions of both compo- 
nents are given; their magnitudes, to 
be determined. Imagine, for ex- 
ample, that the force R, represented 
by the vector TB (Fig. 12a), is to be 
resolved into two components acting 
along the lines AC and AD'. We 
proceed by drawing from point B the 
dotted lines BC and BD, parallel to the given lines of action of the 
desired components. The points C and D, where these lines intersect 
the given lines of action of the components, determine the vectors Z? 
and AD which completely define the two components P and Q. 

We can obtain the same result by using the triangle of force ABC as 
shown in Fig. 126. Here the fines AC' and BC", parallel to the given 
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lines of action of the components, are extended from the beginning A 
and the end B of the vector AS representing the given force B and their 
point of intersection C determines the vectors AC and CB, representing 
the components P and Q. These components, applied at any point on 
the line of action of the force R, will be its equivalent. In the par- 
ticular case where the two components act at right angles to each 
other, they are called rectangular components. 

2. Both the direction and magnitude of one component are given; 
the direction and magnitude of the other, to be determined. For 
example, imagine that the force R, represented by the vector AB, and 
the component P, represented by the vector AC (Fig. 12a), have been 
given. Laying out these two vectors as shown in Fig. 12b, the mag- 
nitude and direction of the other component Q are given by the vector 
CB, obtained by joining the ends C and B of the two given vectors. 

Regarding the resolution of a given force into three coplanar com- 
ponents, acting in three given directions, we see that the magnitude of 
one of the components can be arbitrarily chosen so that in this case the 
problem is entirely indeterminate. In the general case of resolution 
of a force into any number of coplanar components intersecting at one 
point on its line of action, the problem will be indeterminate unless 
all but two of the components are completely specified as to both 
magnitude and direction. 


EXAMPLES 


1. If two given forces P and Q, acting under the angle a, are applied to a 
body at A, find formulas for calculating the magnitude of their resultant R 
and the angles d and y which its line of action makes with those of the given 
forces. 

Solution. Figure 13a shows the parallelogram of forces constructed in the 

usual manner, while Fig. 13b shows 
the triangle of forces obtained by 
the geometric addition of their free 
vectors. From the triangle of forces 
we find 






R = ■\/P^ + Q^ + 2PQ cos a (a) 

The magnitude of the resultant R 
being known from Eq. (a), we may 
determine the angles d and y by using the equations 


. „ Q ■ 

sin d = ^ sin a 


sin y 


R 


sm a 


(b) 
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It is sometimes convenient to use these formulas for determining the resultant 
instead of making an accurate construction, to scale, of the triangle of forces. 

2. Two very nearly parallel forces P and Q are applied to a rigid body at 
points A and B, as shown in Fig. 14. Find their resultant R graphically. 

Solution. Since the point of intersection of the given forces P and Q is 
not well defined and does not occur within the limits of the drawing, we begin 
by adding to the system two equal, opposite, and collincnr forces jS, find 1S2 
of any convenient magnitudes at 
points A and B, as .shown in the 
figure. It follows from the law of 
superposition that two such forces, 
being in equilibrium, do not change 
the action of the given forces P and 
Q. Hence the resultant Rt of P 
and Si together with the resultant 
R 2 of Q and Sa, obtained ae shown, 
are statically equivalent to the given forces P and Q and their resultiint R will 
be the one required. To find this resultant R, we transmit Ri and Ri along 
their lines of action to point C, which is a well-defined point, and complete 
the parallelogram of forces a.s shown. The vector CD represents the required 
resultant and if all constructions h.ave been made to scale, its magnitude 
may be measured directly from the drawing. 



PROBLEM SET 1.2 

1. A man of weight W = 160 lb holds one end of !i rope that passes over a 
pulley vertically above his head and to the other end of which is attached a 
weight Q = 120 Ih. Find the force with which the man’s feet press against 
the floor. Ans. 40 lb. 

2. A boat is moved uniformly along a canal by two horses pulling with 
forces P = 200 lb and Q = 240 lb acting under an angle a = 60° (Fig. A). 
Determine the magnitude of the resultant pull on the boat and the angles (3 
and 7 as shown in the figure, Ans. R = 382 lb; l3 = 33°; 7 = 27°. 

3. What force Q combined with a vertical pull F = 6 lb will give a hori- 
zontal resultant R = 8 lb? Ans. 
10 lb inclined by 36°52'. 

4. To move a boat uniformly along a 
canal at a given speed requires a result- 
ant force R — 400 lb. This is accom- 
plished by two horses pulling with 
forces P and Q on tow ropes, as shown 
in Fig. A. If the angles that the tow 
ropes make with the axis of the canal are jS = 35° and 7 = 25°, what are 
the corresponding tensions in the ropes? Ans. P = 196 lb; Q = 266 lb. 
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5. If, in Fig. A, the horses pull with the forces P = 240 lb .and Q = 200 lb, 
what must be the angles /3 and 7 to give the resultant R = 400 lb? Arts. 
P = 22'’22'; 7 = 27°12'. 

6. In level flight, the chord AB of an airplane wing makes an angle a = 5° 

with the horizontal (Fig. B). The re- 
sultant wind pressure on the wing for 
such conditions is defined by its lift and 
drag components L = 1,500 lb and D = 
200 lb, which are vertical and horizontal, 
respectively, as shown. Resolve this 
force into rectangular components X 
and Y, coinciding with the chord AB 
and its normal, respectively. A ns. 
X = 68.5 lb; F = 1511.7 lb. 

7. A small block of weight Q = 10 lb is placed on an inclined plane which 
makes an angle a = 30° with the horizontal. Resolve the gravity force Q 
into two rectangular components Qt and acting parallel and normal, 
respectively, to the inclined plane. Am. Qt = 5.00 lb; Q„ = 8.66 lb. / 

8. For the particular position shown in Fig. C the connecting rod BA 
of an engine exerts a force P = 500 lb 
on the crankpin at A, Resolve this 
force into two rectangular components 
Ph and P, acting horizontally and 
vertically, respectively, at A. Ans. 

P* = 468 lb; P. = 177 lb. 

, 9. Resolve the force P in Fig. C 
into two rectangular components Pr 
and Pi acting along the radius AO 

and perpendicular thereto, respectively. Ans. Pr = 206 lb; Pi = 466 lb. 

10. Determine graphically the magnitude 
and direction of the resultant of the four 
forces shown in Fig. D. Ans. R = 418 lb; 
e = 61°45'. 

11. Determine graphically the magnitude 
and direction of the resultant of the four 
concurrent forces in Fig. D if each of the 
lOO-lb forces is increased to 150 lb. 

12. Determine graphically the magnitude 
and direction of the resultant of the four 

concurrent forces in Fig. D if each of the 100-lb forces is reversed in direction. 




1.3. Equilibrium of concurrent forces in a plane. In Art. 1.2 
it was shown that the resultant of any number of concurrent forces 
in a plane is given by the closing side of the polygon of forces obtained 
by successive geometric addition of their free vectors. In the par- 
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ticular case where the end of the last vector coincides with the begin- 
ning of the first, the resultant vanishes and the system is in equilibrium. 
The reverse of this statement is a very important one : If a body known 
to he in equilibrium is acted upon by several concurrent, coplanar forces, 
then these forces, or rather their free vectors, when geometrically added 
must form a closed polygon. This statement represents the condition 
of equilibrium for any system of concurrent forces in a plane. 

In Fig. 15, we again consider the ball supported in a vertical plane 
by a string BC and a smooth wall AB. The free-body diagram in 
which the ball has been isolated from its supports and in which all 



FIG. 15 


forces acting upon it, both active and reactive, are indicated by vectors 
is shown in Fig. 15h. The details of making this free-body diagram 
were already discussed on page 11. The three concurrent forces 
W, Ra, and S are a system in equilibrium and hence their free vectors 
must build a closed polygon, in this case, a triangle. 

To construct this closed triangle of forces (Fig. 15c), we first lay 
out the vector ab, representing to scale the magnitude of the gravity 
force W. Then from the ends a and b of this vector, we construct 
the lines ac' and be" parallel, respectively, to the known lines of action 
of the reactive forces S and Ra, The intersection c of these two lines 
determines the required magnitudes of Ra and S and the arrows show 
the directions that these forces must have to build a closed triangle. 
It should be noted that in any closed polygon of forces the vectors 
must follow one another tail to head around the polygon. The 
magnitudes of Ra and S may now be scaled from the drawing and the 
problem is solved. 

The foregoing procedure, in which the closed polygon of forces 
is constructed to scale and the magnitudes of the reactions measured 
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directly from the drarving, is called a graphical solution of the problem. 
Iq order to make such a solution, of course, numerical values would 
have to be given for the magnitude of TV and the angle a between the 
string and the wall. 

If numerical data are not given, we can still sketch the closed 
triangle of forces as shown in Fig. 1 5c and then express the magnitudes 
of Ra and S in terms of IF and a by trigonometry. In the pre.scnt 
case, for example, we see from the triangle of forces that 

Ra = IF tan a S = IF sec a (a) 


Then for any given numerical data, the magnitudes of Ra and S can 
be computed from expres.sions (a). Such an analysis of the problem 
is called a trigonometric solution. 

When feasible, the trigonometric solution is preferable to the 
graphical solution since it is free from the unavoidable small errors 
associated wdth graphical constructions and scaling. However, in 
more complicated problems, the trigonometric method often becomes 
too involved to be practicable, and we must be satisfied with the less 
elegant but more straightforward graphical method. 

Returning to the free-body diagram in Fig. 156, we see that to 
balance the applied gravity force IF, we need simply an equal, opposite, 
and collinear force which is called the equilibrant of the active forces. 
We may now consider this equilibrant as represented by the vector 
ba in Fig. 15c and proceed to resolve it into components Ra and S 
parallel to the known lines of action of the reactions. In this way, 
we get the same magnitudes for Ra and S as before. Recalling that 
the resolution of a given force into more than two coplanar com- 
ponents is an indeterminate problem (see page 14), we conclude that 
in dealing with the equilibrium of constrained bodies under the action 



FIG. 1(5 


of concurrent forces in one plane, 
we cannot determine definitely the 
magnitudes of more than two reac- 
tive forces. 

Suppose, for example, that the 
ball, otherwise constrained as in 
Fig. 15a, also rests on a horizontal 
floor at D, as shown in Fig. 16a. 
In such case, the free-body diagram 
of the ball will be as shown in 


Fig. 166, and we have three reactive forces Ra, S, and Rd with unknown 
magnitudes. While the resultant of these three forces must clearly 
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be the equilibrant of W ^ there is no way to determine their magnitudes 
definitely and the problem is said to be statically indeterminate. Sup- 
ports in excess of those necessary and sufficient to completely con- 
strain the ball in the plane of the figure are called redundant constraints. 


EXAMPLES 

1. An electric street lamp is suspended from a small ling B supported 
by two wires AB and CB, the ends A and C of which are on the same level 
(Fig. 17a). Assuming these wires to be perfectly flexible and neglecting 
their weights, find the force produced in each if the weight of the lamp is 15 lb, 
the length of each wire, 10 ft, and the sag DB, 4 ft. 

Solution. Under the action of the gravity force of the lamp, the wire EB 
pulls down on the ring B which, in turn, exerts a pull on each of the two wires 
BA and BC. tience each of these 
wires is in tension and exerts an equal 
and opposite reaction on the ring B, 
the direction of which must coincide 
with the axis of the wire. Thus the 
ring B, considered as a free body, is 
acted upon by three forces as shown in 
Fig. 176. Since these three forces are 
in equilibrium, the vectors representing 
them must build a closed triangle. To 
construct this triangle (Fig. 17c), we 
begin with the known vector ab representing, to a certain scale, the weight of 
the lamp, and then draw the sides be and ca parallel, i-espectlvely, to the wires 
CB and AB. The lengths of these vectors give the magnitudes of the reactions 
exerted on the ring B by the wires and consequently the magnitudes of the 
tensile forces in these wires. If the triangle of forces is constiucted to scale, 
the ma^itudes of these forces are obtained by scaling the lengths of the 
vectors be and ca. 

Tim samejnagnitudes can be obtained also by calculation. Since the vec- 
tors be and ca, by construction, are parallel, respectively, to the wires CB and 
AB, we have A.DBC similar to Ad6c, from which 



ab:bc = 2BD:BC =8:10 

and since the force a6 = 15 lb, we find 6c = V' X 15 = 18.8 lb. 

2. A weight Q = 500 lb hanging on a cable BD is supported at point B 
by a cable AB and a boom BC which is hinged at C (Fig. 18a). Neglecting 
the weights of the cable and boom and assuming an ideal hinge at C, deter- 
mine the forces transmitted to the mast at points A and C. The angles of 
AABC are indicated in the figure. 
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Solution We begin by considering the equilibrium of the pm at B. The 
forces acting on this pin are the active vertical gravity force Q, acting through 
the cable BD, and the reactions exerted by the cable AB and by the boom BC. 
Since each of these members is a body acted upon by forces only at rts ends 
and since we are assuming an ideal hinge at C, we conclude that the direction 
of each of these reactions must coincide with the axis of the membei that 
produces it. The free-body diagram for the pin at B is as shown in the 
circle around this joint (Fig. 18a). 

Now having given the magmtude and direction of one of the throe forces 
in equilibiium and the lines of action of the other two, the magnitudes of 

these latter two forces are obtained by construct- 
ing the triangle of forces (Fig. 1S&). Knowing 
that the vector representing the weight Q, acts 
downward, the arrows on the other two vectors d> 
and 6a must be directed as shown on the triangle 
of forces, since all arrows must follow each other 
tail to head around any closed polygon of forces. 
Considering the vector S which lepresents the 
reaction of the boom on the pin at B, we see that 
the boom pushes against this pin and hence is in 
compression. Similarly, the arrow on the vector 
ba indicates tension in the cable AB. In general, 
if the directions of any unknown reactions are 
assumed incorrectly in the free-body diagram, they 
may be corrected after the construction of the 
polygon of forces. 

We conclude now, since the cable AB is in tension and the boom BC in 
compression, that the cable pulls on the mast at A with a force equal but 
opposite to the vector 6a and that the boom pushes on the mast at C with a 
force equal but opposite to the vector c6. These actions at A and C are 
shown in Fig. 18a. Their magnitudes can be obtained either by scaling the 
lengths of the vectors cb and ha of the triangle of forces or by trigonometric 
calculation, which gives, for the force at A, 674 lb and for the force at C, 
906 lb. 

3. Two smooth spheres, each of radius r and weight Q, rest in a horizontal 
channel having vertical walls, the distance between which is 6 (Fig. 19a), 
Find the pressures exerted on the walls and floor at the points of contact A, 
B, and Z). The following numerical data are given; r = 10 in. 6 = 36 in 
Q = 100 lb. 

Solution. Since the spheres are smooth, the pressures at the various points 
of contact must be normal to the surfaces. Removing the supporting walls 
and floor and replacing them by their reactions Ra, ZJj, and Ra, we obtain 
the free-body diagram for both spheres as shown in Fig. 19o. These reac- 
tions are equal and opposite to the required pressures exerted by the spheres 
on the walls and floor. At the point of contact between the two spheres, 
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we have two equal and opposite forces i2i and which must act along the 
line OC joining the centers of the spheres. When considering the equilibrium 
of the upper sphere, we take only the force Ri representing the reaction 
exerted by the lower sphere; likewise when considering the lower sphere, 
we take only the force Rt. We see now that the upper sphere is in equilib- 
rium under the action of the gravity force Q and the two reactions Ri and 
Ra, while the lower sphere is in 
equilibrium under the action of the 
four forces, Ri, Q, Rb, and Rd. In 
each case all forces are in one plane 
and concurrent at the center of the 
corresponding sphere on which they 
act. 

We begin by constructing the 
triangle of forces for the upper 
sphere. From this triangle (Fig. 

196) the reactions Ra and Ri are 
determined. Proceeding now to the 
lower sphere, we have the reaction iJj, equal and opposite to the previously 
determined force Ri, and the gravity force Q, both of which are completely 
known. Thus we can complete the polygon of forces (Fig. 19c) for this sphere 
and determine the remaining two unknown reactions Rh and Ra- 

If the drawing in Fig. 19o has been made to scale, the direction of the line 
OC and consequently of the vectors JJi and Rt will be determined graphically. 
In this event, if the polygons of forces have also been constructed to scale, 
the magnitudes of the various unknown reactions may be scaled directly from 
the drawings, Otherwise they may be computed as follows: Referring to 

Fig. 19a, we note that 

2r -f 2r cos a = 5 

from which 

cos a ^ - 1 (b) 

Using the value of a determined from 
Eq. (b), we find from the polygons of 
forces iZo = Rb = 1.33Q = 133 lb and 
Rd = 2Q = 200 lb. 

4. A cord ACB 20 ft long, is attached at points A and B to two vertical 
walls, 16 ft apart (Fig. 20). A pulley C, so small that we can neglect its 
radius, carries a suspended load P = 36 lb and is free to roll without friction 
along the cord. Determine the position of equilibrium, as defined by the 
distance x, that the pulley will assume and also the tensile force in the cord. 

Solution. Neglecting friction in the pulley, we conclude that the forces 
exerted at C by the portions AC and BC of the cord must be equal. These 
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Ra‘ 



(a) (c) 

FIG. 19 
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two forces can balance the vertical force P only if they give a vertical resultant. 
This condition requires that AC and BC be equally inclined to the horizontal. 
From this it follows that by continuing the line BC down to point D, we 
obtain an isosceles triangle ACD, Thus, it is evident that AiBFD is a 3 :4;5 
triangle. Now from the similarity of ^^BGH and ABDF we may write 
GH-.BII = DF:BF = i-.S or, using the given dimemsions, (16 - 2x):3 = 
4:3, from which 2 = 6 ft. 

The triangle of forces (Pig. 206) for the three forces in equilibrium at C is 
similar, by construction, to AACD. Hence, S:F = 5:6, from which we 
conclude that the tensile force in the cord is 30 lb. 

PROBLEM SET 1.3 

1. An electric-light fixture of weight Q = 40 lb is supported as shown in 
Fig. A. Determine the tensile forces Si and S^ in the wire.s BA and BC if their 
angles of inclination are as shown. Ans. Si = 29.3 lb; jSz = 20.7 lb. 



FIG. A fig. B 

2. A ball of weight Q = 12 lb rests in a right-angled trough, as shown in 
Fig. B. Determine the forces exerted on the sides of the trough at D and F 
if all surfaces are perfectly smooth. Ans. Rj = 10.4 lb; B, = 0.0 lb. 

3. A circular roller of weight Q = 100 lb and radius r = 6 in. hangs by a 
tie rod AC = 12 in. and rests against a smooth vortical wall at B, as shown in 
Fig. C. Determine the tension 3 in the tie rod and the force Bi, exerted 
against the wall at B. Ans. 8 = 115.5 lb; = 67,7 lb. 



FIG. C 


FIG. D 
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4. What axial forces does the vertical load P 
induce in the members of the system shown in 
Fig. D? Neglect the weights of the members 
themselves and assume an ideal hinge at A and 
a perfectly flexible string BC. Ans. Si = 

P CSC a, tension; Si = P cot a, compression. 

5. WTxat axial forces does the vertical load P 
induce in the members of the system shown in 
Fig. E? Make the same idealizing assumptions 
as in Prob. 4. Ans. Si = P tan a, tension; 

1 S 2 = P sec a, compression. 

6. A right circular roller of weight W rests on a smooth horizontal plane 
and is held in position by an inclined bar AC as shown in Fig. F. Find the 
tension <S in the bar AC and the vertical reaction Ei at B if there is also a hori- 
zontal force P acting at C. Ans. S = P sec a] Ri = W -p P tan a. 




FIG. F FIG. G 


7. A pulley A is supported by two bars AB and AC which arc hinged at 
points B and C to a vertical mast EF (Fig. G). Over the pulley hangs a 
flexible cable DO which is fastened to the mast at D and carries at the other 
end G a load Q ~ 2 tons. Neglecting friction in the pulley, determine the 
forces produced in the bars AB and AC. The angles between the various 
members are shown in the figure. Ans. Ss = 3.46 tons; Si - 0. 

8. Two smooth circular cylinders, each of weight IF = 100 lb and radius 

r = 6 in., are connected at their centers by a string 
Q AB of length I = 16 in. and rest upon a horizontal 



plane, supporting above them a third cylinder of 
weight Q = 200 lb and radius r = 6 in, (Fig. H). 
Find the force iS in the string AB and the pressures 
produced on the floor at the points of contact D and 
B. Ans. )S = 89.41b, tension; = Eo = 2001b. 

9. Two identical rollers, each of weight Q = 100 
lb, are supported by an inclined plane and a verti- 
cal wall as shown in Fig. I. Assuming smooth 
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surfaces, find the reactions induced at the points of support A, B, and C. 
A71S. R, = 86.6 lb; flb - 144 lb; = 115 lb. 




10. A weight Q is suspended from point 15 of a cord ABC, tho ends of vvliich 
are pulled by equal weights P overhanging small pulleys A and C which are 
on the same level (Fig. J). Neglecting the radii of the pulleys, determine the 
sag BD if 1 = 12 ft, P = 20 lb, and (3 = 10 lb. Ans. £/) = 1.55 ft. 

11. A weight Q is suspended from a small ring C, supported by two cords 
AC and BC (Fig. K). The cord AC is fastened at A while the cord BC passes 
over a friotionless pulley at B and carries the weight P as shown. If P = Q 
and a = 50°, find the value of the angle 0. Ans. d = 80°. 




12. Two rollers of rveights P and Q are connected by a flexible string D E and 
rest on two mutually perpendicular planes AB and BC, as .shown in Fig. L. 

the tension S in the string and the angle ^ that it make ,3 
with the horizontal when the system is in equilibrium. The following niimeri- 

30°. Assume that tho string is 
extensible and passes freely through slots in the smooth inclined planes AB 
and BC. Ans. 5 = 72 lb; = 16° 

projections. Previously, we have handled all 
problems of composition, resolution, and equilibrium of concurrent 
orces in a plane by using the method of geometric addition of their 
tree vectors These same problems can also be solved by a method of 
gcbraic addition of the projections of the given forces on rectangular 
coordinate axes si and y taken in the plane of action of the fo!-ces. 
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To develop this method, let us consider first the case of two forces Fi 
and Fi, applied at point A (Fig. 21) and making with the positive 
directions of the coordinate axes the angles aj, /3i and a^, § 1 , respec- 
tively. Their resultant R is obtained from the parallelogram of 
forces, and the angles that it makes with the x and y axes, respectively, 
will be denoted by a and /3. Considering, now, all forces projected 
onto the x axis, we find for these projections the values Fi cos ax, 
F 2 cos 0 : 2 , and R cos a, and we see that 

R cos a = Fi cos ax -f Fi cos a^ (a) 

In the same manner, considering all forces 
projected onto the y axis, we obtain 

72 cos ^ = Fx cos /3i -|- Ft cos (b) 

Thus from Eqs. (a) and (b) it may be stated 
that the 'projection of the resultant of two forces 
on any axis is equal to the algebraic sum of the 
projections of its components on the same axis. 

By successive applications of the princi- 
ple of the parallelogram of forces, the above conclusion can be obtained 
for any number of concurrent forces Fi,F 2 , . . . ,F„inaplane. Using, 
for the projections of the various forces, the following notations 

X, = F, cos at Yi — Fi cos /3, 

X = R cos a Y = R cos /3 

we obtain 

Z = Xx + Z2-l- • • + Z„= SZ.- 

Y = Yx+Y2+ ■ ■ + Y„= SK,- 

where the summations are understood to include all forces in the 
system. Thus, the projections, on the coordinate axes, of the resultant 
of a system of concurrent forces Ft, F^, . . . , F^ acting in one plane 
are equal to the algebraic sums of the corresponding projections of the 
components. 

Knowing the magnitudes and directions of the various forces, their 
projections Zi, Z 2 , . . . ,Z„andFi, F 2 , . . . , F„ on the rectangular 
coordinate axes x and y, respectively, may be computed and tabulated 
in systematic order. The algebraic summations, indicated by Eqs. 
(1), for determining the projections Z and F of the resultant may then 
be made and the magnitude and direction of the resultant computed 
from the following equations : 

R = VX^ + F2 tan a = 



FIG. 21 


( 2 ) 
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The use of Eqs. (2) for determining the resultant of a given system of 
concurrent forces in a plane is sometimes more advantageous than the 
method of geometric addition of the vectors representing these forces 
as discussed in Art. 1.2. 

When the given forces Fi, Ft, ... ,F„ are in equilibrium, their 
resultant is zero, and from the first of Eqs, (2), it is evident that this 
condition can be satisfied only if we have Z = 0 and F = 0, which, 
referring to Eqs. (1), evidently requires 

■LXi = 0 27.- = 0 (3) 

These are the two tquations, o/ equilibrium for a system of concurrent 
forces in a plane. They are equivalent to the geometric condition of 
equilibrium that the polygon of forces must close, which has been the 
basis for the solution of problems in the previous article. The applica- 
tion of Eqs. (3) to the solution of problems of statics will now be illus- 
trated by several examples. 


EXAMPLES 


1. Using the method of projections, find the magnitude and direction of 
the resultant R of the four concurrent forces shown in Fig. 22a and having 
the magnitudes shown in Fig. 22h. 


Force 

(Mag.) lb 

X 

A. 

7 

Fi 

/SO 

+/06.0 

■h/06.0 

Fa 

/OO 

0 

-/00.0 

Fs 

120 

~/07.2 

-/■S3.7 

F 4 

SO 

-80.0 

0 


FIG. 22 



Solution. We begin by computing and tabulating the projections Z; and Yi 
as shown in the table in Fig. 226, Summing these projections in accordance 
with Eqs. (1), we obtain 


X = 2Z,- = -81.2 lb Y = 2y< = 4-69.7 lb 
and Eqs. (2) give 

^ “ V(-81.2)2 q. (^.59 7)2 ^ joo.7 lb 

a = arctan A arctan 

Z -81.2 


143°41' 
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We see from the signs of X and Y that the resultant lies in the second quadrant; 
hence the angle a is measured out in the counterclockwise direction from the 
positive end of the x axis, as shown. 

2. A load P = 1,000 lb is bracketed from a 
vertical wall by two bars AB and AC hinged 
together at A and to the wall at B and C as shown 
in Fig. 23. Using the method of projections, com- 
pute the axial forces Si and S 2 induced in these 
bars. 

Solution. We first make a free body of the pin 
A, replacing the bars AB and AC by the reactions 
Si and Si directed as shown in the figure. Then 
choosing coordinate axes x and y as shown, the 
equations of equilibrium (3) become 

-Si + 0.500P = 0 -bSj - 0.866P = 0 

giving Si = 0.500P = 500 lb tension and Si = 0.866P = 866 lb compression. 

3. A small ring B carries a vertical load P and is supported by two strings 
BA and BC, the latter of which carries at its free end a weight Q = 10 lb, 

as shown in Fig. 24. Find the magnitude of the 
load P and the tension S in the string AB if the 
angles that the strings AB and BC make with 
the vertical are as shown in the figure and the 
system is in equilibrium. 

Solution. Neglecting friction in the pulley 
at C, it is evident that the tension in the string 
BC is equal to the load Q. Thus, acting on the 
ring B, we have three concurrent forces in a 
plane that are in equilibrium. Taking coordi- 
nate axes X and y as shown, Eqs. (3) become 

Q cos 30° — S cos 45° = 0 
Q cos 60° -f- S cos 46° = P 

From the first of these equations, we find S 5 \/6 Ib. Then substituting 
in the second equation, we obtain 

P = 5(1 -b v^) = 13.7 lb 

4. Three bars in one plane, hinged at their ends as shown in Fig. 25a, are 
submitted to the action of a force P = 10 lb applied at the hinge B as shown. 
Determine the magnitude of the force Q that it will be necessary to apply at 
the hinge C in order to keep the system of bars in equilibrium if the angles 
between the bars and the lines of action of the forces are as given in the figure. 

Solution. We begin with a consideration of the equilibrium of the hinge B, 
Under the action of the applied force P, the bars AB and BC will be subjected 



FIG. 24 
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to compression and will accordingly exert reactive forces and ^2 on the 
pin and u'ith lines of action coinciding with the axes of the bars. ^ All this is 
shown on the free-body diagram of hinge B in Fig. 25b. Equating to zero 
the algebraic sum of projections of these forces on the y axis taken per- 
pendicular to AB, we obtain 

S 2 cos 45° - P = 0 

from which Si = P/cos 45° = V2 P. Since this represents the compressive 
force in the bar BC, we conclude at once that this bar exerts the same force 



on the hinge C directed as shown in Fig. 25c. In addition there is the applied 
force Q and a reactive force 5a due to compression in the bar CD. Equating 
to zero the algebraic sum of the projections of these forces on the x axis per- 
pendicular to CD as shown, we obtain 

•\/2 P — <3 cos 30° = 0 

from W'hich Q = 2 V^P/VS = 1.63P = 18.3 lb. 

We see that by choosing one of the coordinate axes in each case perpendicular 
to the line of action of an unknown force, we obtain an equation of equilibrium 
containing only one unknown and thereby gain some simplification. If the 
forces 5i and S 3 are required, they can easily be found by writing the other 
two equations of equilibrium. 

It is worthwhile to note that if the system of bars in Fig. 25a is disturbed 
from the configuration of equilibrium shown it will collapse. However, if 
the hinge C is connected to the foundation by another bar AC in place of the 

force Q, the system will be stable and the magni- 
tude Q calculated above will simply represent 
the axial force (tension) in such a bar due to the 
action of the other applied force P. 

5. A small ring A can slide without friction 
along a curved bar CD which has a circular axis 
of radius a (Fig. 26) . Determine the position of 
equilibrium as defined by the angle a if the loads 
P and Q are acting as shown in the figure. 

Solution. Neglecting friction in the pulley at B, we conclude that the 
string AB is subjected to a tension numerically equal to Q. Then considering 
the ring A as a free body, we see that it is acted upon by the three forces P, Q, 
and the reaction Pa which acts in the radial direction OA. These three 
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forces are in equilibrium; hence the algebraic sum of their projections on any 
axis must be equal to zero. Projecting them onto an axis in the direction 
of the tangent to the circle at A (thus excluding the unknown reaction 
we obtain 

Q cos P sin £1 = 0 


which may be written in the form 

Q cos ^ — 2P sin ^ cos ' 0 
2 2 2 

From this equation we obtain either 

.sin % = that is, a = 2 arosin ~ 


(c) 


or 



that is, O' = TT 


(d) 


The value of a given by Eq. (d), corresponds to the case where the ring A 
is vertically under the center 0 and hence has no significance in this case; 
the value of a. given by Eq. (c) is the one in which we are interested. For 
the particular case where P and Q are equal weiglits, Eq. (c) gives a = 60°. 
Likewise for Q/P = we obtain a « 44°. 


PROBLEM SET 1,4 

B 


/c 

' 1. Referring to Fig. A, calculate the ten- 
sions Si and S 2 in the two strings AB and AC 
that support the lamp of weight Q = 40 lb. 



Q 


Use the method of projections [Eqs. (3)]. 

Ans. Si = 30 lb; Sj = .50 lb. ^ 

2. A roller of weight IF = 1,000 lb rests on a smooth inclined plane and is 
kept from rolling down by a string AC as shown in Fig. B. Using the method 
of projections, find the tension S in the .string and 



FIG. B fig. C 


3. Two equal loads P are supported by a flexible string ACDB, as shown 
in Fig. C. Determine the tensile forces Si and Sj in the portions AC and 
CD, respectively, of the string, if the span Z = 30 ft and the sag = 6 ft. 
Neglect the weight of the string. Ans. Si = s/EP] = 2P. 
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4. On the string ACEBB are hung three equal weights Q symmetrically 
placed with respect to the vertical line through the mid-point E (Fig. D). 
Determine the value of the angles jS if the ^ ^ 

other angles are as shown in the figure. ^ ^ 

.4ns. (3 = 30°. ^ ^ 





5. In Fig. E, weights P and Q are suspended in a vertical plane by strings 1, 
2, 3, arranged as shown. Find the tension induced in each string if P = 500 lb 
and Q = 1,000 lb. Ans. Si = 1,000 lb; = 1,000 Jb; Pa = 134 lb. 

6. To pull up a post, the arrangement shown in Fig. F is used. A cable 
ABC is fixed to the post at A and to the frame at C having the portion AB 
vertical and the portion BC inclined thereto by a small angle a. The cable 
BDE fastened to the ring at B and to the frame at E has the portion BD 
horizontal and the portion DE inclined to the horizontal by the small angle 
P. On the ring at D a man pulls vertically downward with his entire weight Q. 



FIG. F 


Determine the vertical pull P applied to 
the post at 4 if a = |3 = 0.1 radian and 
Q = 150 lb. Ans. P « 15,000 Ib. 



7. Two vertical masts AB and CD are guyed by the wires BE and DG, in 
the same vertical plane -and connected by a cable BD of length Z, from the 
middle point E of which is suspended a load Q (Fig. G). Find the tensile 
force S in each of the two guy wires BF and DG if the load Q = 100 lb, the 

length Z = 20 ft, and the sag d = 1 ft. Ans. 



S ~ 1,000 lb. 

8. A ball of weight W rests upon a smooth 
horizontal plane and has attached to its center 
two strings AB and AC which pass over Mo- 
tionless pulleys at B and C and carry loads P 
and Q, respectively, as shown in Fig. H. If 
the string AB is horizontal, find the angle a 


that the string AC makes with the horizontal 


FIG. H 
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when the ball is in a position of equilibrium. Also find the press ure R b etween 
the ball and the plane. Ans. cos a = P/Q] R = W — -s/Q^ — P'^. 

9. Determine the axial forces 8 i and 
S 2 induced in the bars AC and BC in 
Fig. I due to the action of the horizontal 
applied load at C. The bars are hinged 
together at C and to the foundation at 
A and B. Ans. Si = 782 lb, tension; 

(82 = 640 lb, compression. 

10. Determine the forces produced in 
the bars of the system shown in Fig. J 
owing to the horizontal force P applied at the hinge B. Ans. Si = 0; 
S 2 = P, tension; S 3 = \/ 2 P, compression; Si = P, tension. 

XP 





'^11. A hinged square ABCD (Fig. K) with diagonal BD is submitted to 
the action of two equal and opposite forces P applied as shown. Determine 
the forces produced in all bars, Ans. Si = S 2 == Si = Ss = 0\ S 3 = P, 
tension. 

12. Determine the forces that will be produced in all bars of the frame 
ABCD (Fig. K) if the external forces P are applied in the same manner to 
the hinges A and C. Ans. Si = S 2 = Si = S 5 = P/ \/2, tension; Ss = P, 
compression. 

13. In the bar AB of the square frame ABCD (Fig. L) a tensile force P is 
produced by tightening a turnbuckle F. Determine the forces produced in 
the other bars. The diagonals AC and BD pass each other freely at E, 
Ans. Si = Si = S 3 = P, tension; Si = S 3 ~ \/2^i compression. 


A F B 




FIG. M 


14. By means of a turnbuckle A a tensile force P is produced in one of the 
radial bars of the hinged regular octagon shown in Fig. M. Determine the 
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forces produced in the other bars of the 
system. Ans. P, tension in each radial 
bar; 1.306P, compression in each outside 
bar. 

15. Determine the axial force induced 
in each bar of the system shown in Fig. N 
due to the action of the applied forces P. Ans. Si = S- — I , tcn.sioir; 
53 =54 = Si = 0 . 

*16. A rigid bar AB with rollers of weights P = 60 lb and Q = 100 lb at its 
ends is supported inside a circular ring in 
a vertical plane as shown in Fig. 0. The 
radius of the ring and the length AB are 
such that the radii AC and BC form a 
right angle at C] that is, ot B — 90“. 

Neglecting friction and the weight of the ^ 
bar AB, find the configuration of equilib- 
rium as defined by the angle (ot — B)/2 
that AB makes with the horizontal. 

Find also the reactions Ra and Rb and 
the compressive force 5 in the bar AB. 

Ans. (a - /3)/2 = 18'’26'; = 67.1 lb; Ri = 134 lb; 5 = 63.3 lb. 

1.5. Equilibrium of three forces in a plane. If three non- 
parallel forces acting in one plane are in equilibrium, their line.s of 
action must intersect in one point. To prove this statement, lot us 
assume that the three forces P, Q, and S, acting upon a body at points 
A, B, and C (Fig. 27a) all lie in one plane and are in equilibrium. 
Prolonging the lines of action of two of the forces, say P and Q, to 

their point of intersection D and trans- 
mitting their points of application to this 
point, we can replace these two forces by 
their resultant, which also will act through 
point D. Since the third force S must 
hold the resultant of P and Q in equili- 
brium, and since two forces can be in 
equilibrium only if they are collincar in 
action, we conclude that the force S must also pass through the point D. 
In addition, the free vectors P, Q, and 5 must build a closed triangle as 
shown in Fig. 27&. To summarize. Three nonparallel forces can be in 
equilibrium only when they lie in one plane, intersect in one point, and 
their free vectors build a closed triangle. This statement is called the 
theorem of three forces. 

In engineering problems of statics, especially in discussing the equi- 
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librium of constrained bodies, we very often encounter the case of three 
forces in one plane that are in equilibrium. In such cases we shall 
be interested usually in determining the magnitudes and directions 
of the reactions arising at the points of support. This can be done 
in each case by observing that the three forces must meet in one point 
as just stated. Thus, knowing the lines of action of two of the forces 
and the point of application of the third, the direction of the third 
can always be determined. Such considerations will always require 
careful inspection of the various types of constraint encountered at 
the points of support so that we properly represent the corresponding 
reactions on our free-body diagram. For 
this reason, we shall repeat and expand here 
some earlier remarks about constraints, reac- 
tions, and the free-body diagram, before pro- 
ceeding to further examples and problems. 

Consider, first, the case of a prismatic bar 
AB supported at its ends by a smooth semi- 
circular trough, as shown in Fig. 28a, and 
assume that the bar lies in a vertical plane 
normal to the axis of the trough. Under the 
action of the gravity force Q, the ends of the 
bar press against the wall of the trough and in 
the case of a smooth surface this pressure can 
be resisted only in the direction normal to the surface at each point of 
contact. Thus the equal and opposite reactions which the supporting 
surface can exert on the ends of the bar must be in radial directions, 
and we obtain the free-body diagram as shown in Fig. 28&. We may 
now conclude from the theorem of three forces that the bar will assume 
a position of equilibrium such that its center of gravity C is vertically 
under point 0. It is often justifiable to use the notion of an ideal smooth 
surface, and in all cases the reaction from such a surface must be directed 
along the normal at the point of contact. 

As a second example, consider the case of a lever AB supported 
by a hinge C, as shown in Fig. 29a. Under the action of applied forces 
P and Q (assumed such as to maintain equilibrium), the lever exerts 
pressure on the hinge pin which passes through it. We are concerned 
with the equal and opposite reactive pressure exerted by the pin on 
the bar. A detail of the pin and hole is shown in Fig. 29b, where we 
again make the assumption of a perfectly smooth circular cylindrical 
surface for the pin. Under such conditions, the distributed pressure 
at all points of contact between pin and inner surface of hole is normal 
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to the surface, as shown. This means that all these distributed 
pressures must act along radial lines intersecting at the center of the 
pin. Consequently, the reaction Rn must pass through the center 
of the pin if it is to produce sensibly the effect of the distributed 

pressure. This notion of a smooth 
circular pin or ideal hinge will often be 
used and always the reaction that it 
produces on a body will pass through 
its center. Regarding the direction of 
there is nothing about the physical 
natime of the constraint to determine 
this; it can have any line of action 
through point C. However, for equilib- 
rium, we conclude from the theorem of 
three forces that R„ must pass through 
the point of intersection D of the active 
forces P and Q and the free-body dia- 
gram is obtained, as shown in Fig. 29c. 

As a last example, we consider the 
case of a beam AB supported horizon- 
tally by a hinge at A and a small roller at B, as shown in Fig. 30o. 
Under the action of an applied force P acting in the plane of the figure 
as shown, the beam exerts pressures on the two supports at its ends. 
We wish to find the corresponding reactions. To do this, we remove 
both supports and replace them by reactions, as shown in Fig. 30h. 
Assuming an ideal hinge at A, the reaction 
Ra must act through this point, but we do 
not know immediately in what direction. 

Consequently we indicate this force by a 
wavy line as shown, to indicate unknown 
direction. Now proceeding to point B and 
assuming a smooth surface for the roller, we 
conclude that R^ must act in a direction 
normal to the surface on which the roller 
rests; in this case, vertically. Such rollers 
allowing free horizontal movement of one 
end of a beam are often used for bridge sup- 
ports to prevent damage due to contraction or expansion of the beam 
resulting from changes in temperature. This simple roller is a common 
type of constraint and always exerts its reaction normal to the surface 
on which it rolls. To complete the free-body diagram in Fig. 30b, we 
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now observe that the known lines of action of P and Rb determine the 
point of concurrence D of the system of three forces in equilibrium; hence 
the true line of action AD of the reaction Ra is finally determined. 

If the roller at B in Fig. 30a is replaced by a vertical bar PC' of 
negligible weight and hinged at both ends (Fig. 30c), we shall obtain 
the same free-body diagram as before. Since forces act on this bar 
only at its two ends, their lines of action must coincide with the axis 
SC, as previously explained. Consequently, the reactive forces that 
the bar exerts on the beam must be directed along SC. Such a simple 
strut (or tie bar if it is in tension) is another common type of constraint 
used as a support. 


EXAMPLES 


1. The vertical axis AB of a crane is supported by a guide at A and a socket 
at B as shown in Fig. 31a. Determine the reactions Ra and Rb produced at A 
and B by the load P = 4 tons. Friction at the supports should be neglected. 

Solution. Considering the entire crane as a free body (Fig. 31a), we imagine 
the supports at A and B removed and replace them by the reactions Ra and 
Rb which they exert on the crane. Thus we 
have the case of equilibrium of three forces, 

P, Ra, and Rb, in a plane and they must intersect 
in one point. Strictly speaking, the reaction 
exerted by the guide at A will be distributed 
over the surface of contact between the guide 
and the mast, but since the dimensions of this 
surface are small compared with the dimensions 
of the entire structure, we can assume this pres- 
sure to be concentrated at one point, say, the 
center of the guide, and further, neglecting fric- 
tion, it must act perpendicular to AB. Thus by 
justifiable simplifying assumptions, we obtain 
the point of application and the direction of the 
reaction Ra. Extending this line of action to intersect that of the vertical 
gravity force P, we obtain the point of intersection D, through which the 
reaction Rb must also pass and its line of action BD is determined. 

We now construct the triangle of forces (Fig. 316) with its sides parallel to 
the known lines of action of the three forces. Noting that the triangle of 
forces is similar, by construction, to AABD, we conclude that Pa: 12 = P; 16, 
from which Pa = |p = 3 tons. In the same way we note that P6:20 = P; 16, 
from which Pi = fP = 6 tons, We see further, from the directions of the 
arrows on the sides of the triangle of forces, that the forces act as shown in 
Fig. 31o. 

2. Determine the magnitude of a horizontal force P applied at the center C 
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of a roller of weight Q = 1,000 lb and radius r = 15 in. which will be necessary 
to pull it over a 3 in. -curb (Fig. 32o). 

Solution. When the applied force P is just sufficient to cause motion of the 
roller to impend, there will be no pressure between the roller and the hori- 
zontal plane at B. Thus the roller will be acted upon by only three forces, 
P, Q, and the reaction Ri as shown in the figure. Since P and Q intersect at 
the center C of the cylinder, the reaction Ri must pass through this same point 
also. Thus the lines of action of all forces are known. It should be noted here 
that the reaction Ri passes through point C regardless of whether or not we 
neglect friction. 



FIG. 32 


The triangle of forces (Fig. 32b) will be similar to /\CED, from which we 
may write 


P:Q = DB:CE = 9;12 


From this we find P = 3Q/4 - 750 lb. Also from the similarity of the two 
triangles, we have 

Ri-.Q = DC-.CE = 15:12 
from which Rj = 5Q/4 = 1,250 Ib. 

A slight variation of the foregoing problem may be stated as follows: What 
IS the magnitude and direction of the least force P„,„ applied at C that will 
ift the roller over the curb in Fig. 32a? To answer this, we obseiwo that 
me line of action of Ri remains the same regardless of the direction of P. 
Hence in Pig. 32c, we again lay out the given vector § and through its begin- 
ning we construct the line ac' indicating the known direction of Ri Then 
dropping a perpendicular from the end of Q to this line, we obtain the vector 
6c representing the least pull P„.„. We see that this force applied to the 
roller at C must be in the direction perpendicular to DC. From the triangle 
of forces (Fig. 32c) its magnitude is found to be 


Pmm = Q sin a = Iq = 600 lb 

3 A prismatic bar AP of weight Q and length I is hinged at A and supported 
at P by a string that passes over a pulley D and carries a load P at its free 



Art. 1.5] CONCURRENT FORCES IN A PLANE 


37 


end (Fig. 33a). Assuming that the distance h between the hinge A and the 
pulley D is larger than the length I of the bar, find the configuration of equilib- 
rium of the system as defined by the ratio of lengths r/h. 

Solution. We begin with a consideration of the equilibrium of the bar AB 
which is acted upon by three forces: the gravity force Q applied at the mid- 




(b) 


point C, a force P representing the pull of the string at B, and a reaction Ba at 
the hinge A. Extending the vertical line of action of Q to its intersection E 
with the string BD, we conclude that the reaction must bo directed along 
the line AE as shown. Further, since C is the mid-point of AB and since CE 
is parallel to AD, it follows that E is the mid-point of BD-, that is, DE = r/2. 

Observing that the triangle of forces (Fig. 33&) is similar to /sDAB, we 
may write 

^:P = h:Q 

from which 


In using Eq. (a), we must observe from the figure that 
(h — 1) < r < (h + 1) 

Hence Eq. (a) can be used only if the ratio P/Q is within the following limits; 

h -I P h+l 
2/r ^ ^ < 2h 

For all other values of the ratio P/Q, the bar AB will assume a vertical position 
of equilibrium and Eq. (a) does not apply. 
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PROBLEM SET 1.5 

1. A boat is suapended on two identical davits like 
ABC which is pivoted at A and supported by a guide 
at B (Pig. A). Determine the reactions 72, and at 
the points of support A and B if the vertical load 
transmitted to each davit at C is 960 lb. Friction 
J (I tile guide at B should be neglected. The dimen- 

sions are shown in the figure. Ans. F, = ] 600 Ih- 
Hi = 1,280 lb. ' 

2. A prismatic bar AB of weight $ = 2 ton,? is 
hinged to a vertical wall at A and supported at B 

and direction of the reaction at the F magnitude 

cable BC. The directions of the h /T ® 

i?. = 1 ton acting at 60» ^^htet^c^Tr JlToi "" 

string AD to a vertical wall AB, as shown in Fig C 

sure'Ta! the pros- 

sure Fj against the wall at j? if 0 = g Jb r - R in 

= 4 in. Keglect friction at walk " ^ 

Rb = Q ib. 


HG. A 



Am. 5 « 101b; 



FIG. C 


4' D. ' AiuZg f smtoto 1 " tlf 

find the reactions at A and B. Ans \ t m'SS; F, 




its mid-pornt" V rtTel^d Siifd Tb' 

•^'g- a. iund the tension 8 in 



Art. 1.5] CONCURRENT FORCES IN A PLANE 


39 


the tie rod and the reaction at A due to a vertical load P applied at B, 
Ans. S = 2.83P; Ra = 2.24P. 

6. A horizontal prismatic bar AB, of negligible weight and length I, is 


hinged to a vertical wall at A and supported at B 
by a tie rod BC that makes the angle a with the 
horizontal (Fig. F). A weight P can have any 
position along the bar as defined by the distance 
X from the wall. Determine the tensile force iS 
in the tie bar. Ans. S — Px/l sin a. 

*7. A prismatic bar AB, of weight Q and length 
I, is supported at one end j5 by a string CB of 
length a and rests at A, vertically below C, 
against a perfectly smooth vertical wall (Fig. G). 

Find the position of the bar, as defined by the 

length X, for which equilibrium will be possible. Ans. x = ■\/(a^ — P)/3. 

8. A prismatic bar AB of weight TF = 14 lb and length 1 = 8 ft is hinged 




to a vertical wall at A and supported at its other end 
S by a horizontal strut BC (Fig. H). Find the 
compressive force S induced in the strut and the 
reaction 22a at A if a = 25°. Ans. B = 15 lb; 
2ea = 20.6 lb. 



FIG. G 


FIG. H 


9. A weightless bar AB is supported in a vertical plane by a hinge at A 
and a tie bar DC, as shown in Fig. I. Determine, graphically, the axial 
force )S induced in the tie bar by the action of a vertical load P applied at B. 
Ans. S ~ 2P, tension. 



10. A roller of radius r = 12 in. and weight Q = 500 lb is to be pulled over 
a curb of height h = 6 in. by a horizontal force P applied to the end of a string 
wound around the circumference of the roller (Fig. J). Find the magnitude 
of P required to start the roller over the curb. Ans. P = 288 lb. 
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11. A bar AB hinged to the foundation at A and supported by a strut CD 
is subjected to a horizontal 5-ton load at B, as shown in Fig. K. Find 
praphicall}" the tensile force S in the strut and the reaction Ra at A. 
-las. S = 5.55 tons; Ra = 5.00 tons. 



FIG.' K FIG. L 


12. Find graphically the reactions Ra and Rh induced at the supports 
A and B of tire riglit-anglo bai- ACB supported as shown in F^g. L, and sub- 
jected to a vertical load P applied at the mid-point of AC. Ans. Ra = 1.2P; 
Ri = 0.67P. 


1.6. Method of moments. Moment of a Force with Respect to a 
Point. The concept that a force tends to produce rotation about a 
fixed point in any body to which it is applied is useful in the solution 
of problenas of statics. Consider, for example, the wrench shown in 
Fig. 34, to the handle of which two equal forces P and Q are applied 



FIG. 34 


as shown. It is a matter of com- 
mon experience that the force P 
acting at right angles to the handle 
is more effective in tending to turn 
the nut to w'hich the wrench is fit Led 
than is the force Q, even though 
they are of equal magnitude. The 
effectivenes.s or importance of a 
force, as regards its tendency to 


produce rotation of a body about a fixed point, is called the moment of 


the force with respect to that point, and this moment can be measured by 
the product of the magnitude of the force and the distance from the 


point to the line of action of the force. Thus, the magnitude of the 


moment of the force Q with respect to the point 0 (Fig. 34) depends not 
only upon the magnitude of the force itself but also upon the distance 
OD from the point 0 to its line of action. The point 0 is called the 


moment center, and the distance OD is called the arm of the force. 

From the preceding definition, it follows that the moment of the 
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force Q is numerically equal to the doubled area of A A SO, con- 
structed on the vector AB representing the force, and hav ing its 
vertex at the moment center. In this calculation the vector AB should 
be measured to the scale used for representing force, while the arm OD 
should be measured to the scale used for length. Thus it is seen that 
the unit of moment of force is the unit of length times the unit of force. 
For example, taking the pound as the unit of force and the foot as the 
unit of length, the unit of moment of force mil be the foot-pound, usu- 
ally written ft-lb. Another unit of moment of force, very commonly 
used in engineering, is the inch-pound, usually written in. -lb. 

Where several concurrent forces in one plane are involved, it will 
generally be found that some of the forces will tend to produce rotation 
in one direction around a given moment center while others will tend 
to produce rotation in the opposite direction around the same center. 
It is customary, when dealing with several forces in a plane to consider 
as positive the moments of those forces tending to produce counter- 
clockwise rotation about the moment center and as negative the 
moments of those forces tending to produce clockwise rotation. Thus, 
in accordance mth this rule, the moment of the force Q with respect 
to the center 0 (Fig. 34) is positive while that of the force P, with 
respect to the same center, is negative. 

From the definition of the moment of a force with respect to a point, 
it follows that the magnitude of this moment does not change (1) if the 
point of application of the force is transmitted along its line of action or 
(2) if the moment center is moved along a line parallel to the line of 
action of the force. It is seen also that the moment of a force which is 
not zero can become equal to zero only if the arm of the force is zero, 
i.e., only if the moment center lies on the line of action of the force. 

Theorem of Varignon. The moment of the resultant of two con- 
current forces with respect to a center in their plane is equal to the algebraic 
sum of the moments of the components with respect to the same center. 
To prove this statement, which is called the theorem of Varignon, 
we begin with the case where the moments of both forces P and Q 
with respect to a center 0 (Fig. 35a) have the same sign. In the 
plane of action of the forces, we take any line mn perpendicular to the 
line OA joining the moment center with the point of concurrence of the 
forces and construct the perpendiculars Aa, Bb, Cc, and Dd, as shown 
in the figure. Now the area of AOAB = ^A ■ ab, the area of 
AOAC = lOA • ac, and the area of AOAD = \0A ■ ad. SincO 


ad = db bd = ah ac 
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we conclude that 

Area AO AD = area AOAB + area AO AC 

which proves the theorem. 

If the signs of the moments of the two forces P and Q are different 
(Fig. 356), we proceed as in the previous case and from the fact that 
ad = ab — db = ab — ac we conclude that 

Area AOAD ~ area AOAB - area AOAC 

i.e., the numerical value of the moment of the resultant R is equal to 
the difference of the numerical values of the moments of the com- 
ponents P and Q, and since, following the assumed rule, the moment of 



the force Q is negative, it can be concluded that in this case again the 
moment of the resultant is equal to the algebraic sum of the moments 
of the components. , 

If we have several concurrent forces Fi, F 2 , . . . , F„ acting in a 
plane, it can be proved by successive applications of the theorem of 
Varignon that the moment of their resultant R with respect to a given 
center in the plane of the forces is equal to the algebraic sum of the 
moments of the components with respect to the same center. The 
procedure is as follows: Applying the theorem first to the forces Fi 
and F 2 , the algebraic sum of the moments of these two forces can be 
represented by the moment of their resultant Ri. Next, combining 
this partial resultant Ri with the force Fi, the algebraic sum of the 
moments of the first three forces Fi, F^, and Ft is represented by the 
moment of their resultant Ri and so on until the last force has been 
taken. Thus the above conclusion is reached. Denoting by Mq the 
moment of the resultant with respect to the center 0 and by (^ 0 ) 1 , 
{Mo)s • . • , (Afo)n the moments of the various components wdth 
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respect to the same center, the above theorem of moments may be 
expressed analytically by the equation 

Mo = (Mo), + (Mo )2 + ■ • • + (Mo)„ = S(Mo)i (4) 

where the summation is understood to include all forces in the system. 

In calculating the moment (Mo)i with respect to the center 0 of 
any force i'’,, it is sometimes advantageous to 
replace the force by its two rectangular com- 
ponents X, and Yi parallel, respectively, to the 
coordinate axes x and y taken through the 
moment center 0 (Fig. 36). If Xi and i/. are 
the coordinates of the point of application A 
of the force F,, we conclude from the theorem 
of Varignon that 

(Mo).- = F, ■ OD = - X.-j/.- (5) 

Equilibrium Equations. From Eq. (4) it follows that the algebraic 
sum of moments of a system of concurrent forces in a plane becomes 
equal to zero (1) if the center of moments lies on the line of action 
of the resultant or (2) if the resultant is equal to zero and the forces 
are in equilibrium. These two conclusions are useful in deciding the 
question of equilibrium of a system of concurrent forces in a plane. 

Consider, for example, the system of forces shown 
in Fig. 37. It follows from the preceding discus- 
sion that, if the algebraic sum of moments of these 
forces with respect to the center B is zero, either 
the resultant is zero or else it lies along the line AB. 
If the algebraic sum of moments with respect to the 
center C which is not on the line AB is also zero, it 
follows that the resultant must be zero, since it 
cannot have both AC and A .8 as its line of action. 
Expressing these two conditions of equilibrium analytically, we have 

S(Ma),- = 0 S(Mc),- = 0 (6) 

where B and C are any two moment centers in the plane of the forces 
and not on a straight line with the point of concurrence of the system. 
These equations are equivalent to Eqs. (3) of Art. 1.4, but their use in 
the solution of problems of statics often results in considerable simpli- 
fication. Also it is frequently advantageous, when dealing with the 
conditions of equilibrium of a system of concurrent forces in a plane, to 
use one each of Eqs. (3) and (0). 




FIG. 36 
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EXAMPLES 


1. A pripraatic bar AB is hinged at A and supported at B as shown in 
Fig. 38. Neglecting friction, determine the reaction Et produced at B owing 
to the weight Q of the bar. 

Solution. Neglecting friction, the reaction Rt must act normal to the 
axis of the bar, as shown. Since the bar is in equilibrium under the action of 
the three forces Ri, Q, and a reaction (not shown) at the hinge A, the algebraic 
sum of the moments of these forces with respect to 
any center in their plane must accordingly be 
equal to zero. Taking point A as the moment 
center (thus eliminating consideration of the un- 
known reaction at A), we obtain 



.1 


cos a — Rtl = 0 


from which 


cos a 


2. Figure 39 represents the cross section of a retaining wall supporting 
an earth fill. The earth pressure per foot of length of wall can be replaced 
by its resultant H = 2 tons/ft acting as shown in the figure. Determine the 
minimum thickness b of the wall required to prevent overturning about the 
front edge A if A = IS ft and the specific gravity of the wall is 2^. 

Solution. Let us assume that we are dealing with a unit section of the 
wall 1 ft in length normal to the plane of the figure. If such a section is made 
stable, then a similar wall of any length will be equally 
stable. When conditions are such that overturning 
of the wall impends the reaction R^ exerted by the 
foundation on the bottom of the wall will be concen- 
trated at the front edge A as shown in the figure. 

Thus the 1-ft section of wall is in equilibrium under 
the action of three forces; the weight 

Q = 2\X 62.4 X 156 = 2,3406 lb 

acting at the center of the cross section, the earth 
pressure 

F = 2 tons = 4,000 lb, 

and the reaction The algebraic sum of the moments of these forces 
with respect to any center in the plane of the cross section must be equal 
to zero. Taking point A as the moment center, we obtain 
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Substituting the numerical data as given and solving for h gives 
6 = VlT^ = 4.13 ft 

3. A slender prismatic Itar AB of weight Q and length 21 rests on a very 
small frictionless loller at D and against a smooth vertical wall at A, as shown 
in Fig. 40. Find the angle a that the bar must make with the horizontal in 
the condition of equilibrium. 

Solution. Isolating the bar AB, we 
obtain the free-body diagram as shown 
in the figure. The reaction at A is 
normal to the wall, that is, horizontal, 
and the reaction at B is normal to AB. 

When the bar is in a condition of equi- 
librium, the three forces Q, Ra, and Ri 
meet in one point and the algebraic sum 
of their projections on any axis must be 
zero [Eqs. (3)]. Likewise, the algebraic 
sum of moments of all forces with respect to any point in their plane of action 
must be zero [Eqs. (6)]. 

Projecting the forces onto a vertical axis, we obtain 
Rd cos a — <2 = 0 

Taking moments about point A, we obtain 

Ql cos a = 0 

cos a 

Eliminating the unknown reaction Bd from these two equations, we have 

cos a = 

defining the position of equilibrium of the bar. 

4. A prismatic circular log of weight 2Q and radius ?• is supported in a 
horizontal position against a vertical wall by two identical brackets like the 
one shown in Fig. 41as. Each bar AB is hinged to the wall at A and supported 
at £ by a horizontal cable BD. Assuming smooth surfaces at all points of 
contact, find the value of the angle a that AB should make with the wall to 
attain a minimum tension S in each cable BD. 

Solution. Since each bracket supports half the weight of the log, we assume 
a coplanar system and consider first the equilibrium of a disk of weight Q 
supported as shown in Fig. 41a. The free-body diagram for this disk is 
shown in Fig. 41&. Since the three concurrent forces Q, Rj, and R„ are in 
equilibrium, the algebraic sum of their projections on the y axis must bo zero, 
From this condition we have 

22, sin a — Q = 0 

from which 22, = fj/sin a. 
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The action of the log on the bar AB is equal and opposite to this as shown 
on the free-body diagram in Fig. 41c. In addition to Re, we have acting on 
the bar AB the horizontal force S at B, representing the cable tension, and a 
reaction i?„ at the hinge A. These three coplanar forces are in equilibrium 
and the algebraic sum of their moments with respect to any point in their 



plane i.s zero. Using point A as a moment center, we obtain 
S - AD - Re - AE = 0 


from which, using the value for R, found above, 


AE ^ Q AE 
AD sin a AD 


(a) 


Noting from the figure that AE = r cota/2 and AD = I cos a, expression 
(a) may be written in the form 


S = 


gr 

21 sin® (a/2) cos a 


(b) 


An examination of Eq. (b) shows that for a = 0 and for a = 7r/2 the tensile 
force S becomes infinitely large and that for all values of a between these 
trvo e.xtremes it will be finite. It follows then that there must be some value 
of a betrveen 0 and H-/2 for which the value of S is a minimum. To determine 
this particular value of a, we differentiate expression (6) with respect to a and 
set the derivative dS/da = 0, which gives for determining a the following 
equation: 


sin a ^4 sin’ ^ ~ ~ ^ 


(c) 


From Eq. (c), the solution 





id) 


is obviously the one corresponding to the minimum value of S as given by 
Eq. (b). Using the value (d) in Eq. (b), we obtain for the minimum tensile 
force 

^ (e) 

Substituting the given numerical data in Eq. (e) we find S„ia = 400 lb. 
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PROBLEM SET 1.6 

1. If the piston of the engine in Fig. A has a diameter of 4 in. and the gas 
pressure in the cylinder is 100 psi, calculate the turning moment M exerted 
on the crankshaft for the particular configuration shown. Ans. M = 8,800 
in. -lb. 


HG. A FIG. B 

2. A rigid bar AB is supported in a vertical plane and carries a load Q at its 
free end as shown in Fig. B. Neglecting the weight of the bar itself, compute 
the magnitude of the tensile force S induced in 
the horizontal string CD. Aus. S = 2Q tan a. 

3. A beam AB, hinged at A and supported 
at B by a vertical bar BO, is subjected to the 
action of a force P applied as shown in Fig. C. 

Assuming ideal hinges at A, B, and C, find 
the force S produced in the bar BC. Neglect 
the weight of the beam. A-as. iS = 0.364P, compression. 

4. Along a ladder supported at A and B, as shown in Fig. D, a vertical 
load W can have any position as defined by the distance a from the bottom. 
Neglecting friction, determine the magnitude of the reaction Pi, at B. Neglect 
the weight of the ladder. Ans. Rt = Wa/l tan a. 


FIG. D FIG. E 

S. A bar AB of length I is supported as shown in Fig. E. At any point 
along its length a vertical load Q can be applied. Determine the position of 





FIG. C 
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thi> load foi ^^hlch the tensile force S in the cable T™ 

and evaluate .ame if the vanous angles aie as shown m In calcu- 

lation neglect the weights of the bar and 

the cable. Ans. Smax ~ 1.93Q. 

6. A pair of adjustable plyeis are 
used for turning a piece of ?4-iu. pipe 

as show'n in Fig. F. For the dimensions 

J Q shovn, what compiessive forces Q aie 

^ applied to the sides of the pipe when 

the hand grip is iepre.sented by applied 



FIG. F 


colUnear forces P as shuv.n? Ans. Q=6P. _ ^ 

7. A vertical load P is supported b}' a tiiangular bracket as shown in Fig. G 
Find the forces tr.ansmitted to the bolts A and B. Assume that the bolt 
B fits loosely in a vertical slot in the plate. Ans. So = 1 25P; lib — O.ioP. 




8. Find the magnitude of the pull P exerted on the nail C in Fig. li if a 
honzontal force of 40 Ib is applied to the handle of the wrecking bar as shown. 
Ans. P = 340 lb. 


9. Deteimine the forces exerted on the cylinder at B and C by the spanner 



FIG. I 



49 


Art. 17] CONCURRENT FORCES IN A PLANE 

10. A bracket ACB can slide freely on the vertical shaft BC but is held 
by a small collar attached to the shaft as shown in Fig. J. Neglecting all 
friction, find the reactions at B and C for the veiticai load shown. Arts. 

= 857 lb; B, = 1,317 lb. 

11. Two beams AB and DE are arranged and supported as shown in Fig 
K. Find the magnitude of the reaction Bj 
at E due to the force P = 200 ib applied at 
B as shown. Arts. Be = 100 lb. 

12. A smooth right circular cylinder of 

radius r rests on a horizontal plane and is 
kept from rolling by an inciined string AC 
of length 2r (Fig. L). A prismatic bar AS fig. K 

of length 3r and weight Q is hinged at point 

A and leans against the rolier as shown. Find the tension S that will be 
induced in the string AC. Ans. S = 0.433Q. 


FIG. M 

13. A rocker of weight W having a circular shoe AS of radius a and with 
center at 0 rests on a horizontal surface and is pulled by a horizontal force P 
applied at 0, as shown in Fig. M. Find the position of equilibrium, as 
defined by the angle a, which the rocker will assume if its center of gravity is 
at C, distance 6 from 0 along the bisecting radius OE. Ans. sin a = Pa/Wb. 

1.7. Friction. In all preceding examples where the reaction 
exerted by a supporting surface was involved, we have assumed the 
surface to be perfectly smooth so that it could exert only a normal 
reactive force. While such an assumption of ideal conditions will be 
entirely justifiable in some cases, this will not always be true. Some- 
times the resistance to sliding between two contiguous surfaces will be 
the dominant factor in determining equilibrium and in such cases, of 
course, it cannot be neglected. Whenever the surfaces of two bodies 
are in contact there will be a limited amount of resistance to sliding 
between them, which is called friction. Consider, for example, two 
plates to be pressed together by normal forces N (Fig. 42). To 
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overcome friction and cause sliding between the contiguous surfaces, 
certain forces F, acting in the plane of contact, will be required, _ 

The question of friction between clean dry surfaces was first inves- 
tigated in a complete manner by Coulomb, who published in 1781 the 
results of a large number of experiments.^ For given dry .surfaces in 

contact, the results of these experi- 
ments may he summarized briefly by 
the follovring laws of friction . 

1. The total friction that can he de- 
veloped is independent of the magnitude 
of the area of contact. 

2. The total friction that can be developed is proportional to the normal 
force. 

3. For low velocities of sliding the total friction that can be developed 
is practically independent of the velocity, although the experiments 
show that the force F necessary to start sliding is greater than that 
necessary to maintain sliding. 

These laws of friction may be expressed by the simple formula 

F = mJV (7) 

where ju is called the coefficient of friction. If F is taken as the force 
necessary to start sliding, p. is called the coefficient of static friction. 
If F is taken as the somewhat smaller force necessary to maintain slid- 


Table 1. Coefficients of Friction 



1 

Static friction 

1 

Kinetic friction 

1 


1 

I 

o 

9 

1 

a 

9^ 

Leather on wood 

0.5 -0.6 

27-31 

0.3-0. 5 

Yl-21 

Leather on metal 

0.3 -0.5 

17-27 

About 0 , 3 

About 17 

Masonry on dry clay 

About 0.5 

About 27 



Metal on metal 

0.15-0.25 

8-14 

About 0.1 

About 6 

Metal on wood 

0.4 -0.6 

22-31 

0.3-0. 5 

17-27 

Rope on wood 

0.5 -0.8 

27-39 

About 0. 5 

About 27 

Stone on stone 

0.6 -0.7 

31-35 



Stone on wood 

About 0.4 

About 22 



Wood on wood 

0.4 -0.7 

22-35 

About 0 . 3 

About 17 

Steel on ice 

About 0.03 

About 2 

0.015 

About 1 


ing, once it has been started, p is called the coefficient of kinetic friction. 
The coefficients of static and kinetic friction vary greatly for different 
materials and for different conditions of their surfaces. Table 1 lists 
approximate values of coefficients of friction for various materials. 

‘ See C. A. Coulomb, “Tb^orie des machines simples,” Paris, 1821. 
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To see how friction affects the reactions exerted by supporting 
surfaces, let us consider the simple case of a small block resting 
upon a horizontal plane surface and acted upon by a force P making 
the angle a with the vertical (Fig. 43a). We shall assume, for sim- 
plicity, that the force P is large in comparison with the weight of the 
block so that the gravity force can be neglected or, if preferred, P may 
be considered as the resultant of the gravity force and some other 
force not shown. The actual distribution of pressure over the area of 
contact between the block and the plane 
will depend upon the point of applica- 
tion of the force P and also upon the 
angle a, but so long as equilibrium 
exists, it is evident that this distributed 
pressure must be sensibly equivalent to 
a reactive force R which will be equal, 
opposite, and collinear with the applied 
force P. If we replace this reaction R 
by its two components F and W, acting 
tangentially and normally, respectively, to the surface of contact as 
shown in the figure, the component P will represent the friction between 
the surfaces and the component N, the normal force. Thus the condi- 
tion of equilibrium requires that the relation between the components 
F and N must be 

F 

Jr = tan a (a) 



When the applied force P makes a certain limiting angle ip with the 
vertical (Fig. 436) such that sliding of the block impends, wo have, as 
before, as a condition of equilibrium, that 


F 

N 


= tan <p 


(b) 


and also as a condition of impending sliding (see Eq. 7) that 

F 

N = (c) 

From Eqs. (b) and (c) we obtain the important relation 

tan <p = n (8) 

This limiting angle <p, equal to the arc tangent of the coefficient of 
friction, is called the angle of friction. 
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In the preceding discussion the force P was taken as acting in the 
plane of the figure. However, we can generalize this discussion and 
conclude that, so long as the line of action of the applied force P is 
completely within a certain cone, generated by a line making the 
angle of static friction ^ with the normal to the surface of contact and 
having its vertex in this surface, the block will remain in equilibrium 
regardless of the magnitude of the force. This cone is called the cone 
of static friction. 

To summarize; Whenever motion is impending, the total reaction 
R, furnished by the supporting surface, is inclined to the normal by 
the angle of static friction tp and acts so as to oppose the impending 
motion (Fig. 436). When motion is not impending, the total reac- 
tion R will be inclined to the normal by only so much as is necessary to 
maintain equilibrium (Fig. 43a). If we assume an ideal smooth 
surface for which the coefficient of friction is zero, the angle of friction 
is zero and the total reaction R is normal to the surface as assumed 
heretofore. 

In the solution of problems where friction is involved, we may deal 
either with the total reaction R or with its rectangular components F 
and N. Usually the components F and N will be more convenient 
when we are using the algebraic method of projections and the single 
force R w'hen we are working graphically. Various applications of the 
foregoing laws of friction will now be considered in the following 
examples. 


EXAMPLES 

1. A ladder AB of length I is supported by a horizontal floor at A and by a 
vertical wall at B and makes an angle a with the horizontal (Fig. 44). Find 
the maximum distance x up the ladder at which a man of weight W can stand 
without causing slipping to occur, if the angle of 
friction between floor and ladder and between wall 
and ladder is ip. Neglect the weight of the ladder 
itself. 

Solution. When slipping impends, the reactions 
at A and B will each be inclined to the normal by 
the angle of friction <p as shown. Prolonging these 
directions to the intersection C (Fig. 44), we con- 
clude that the vertical gravity force W must also 
pass through this point, since it is the third of three 
forces in equilibrium. If the drawing has been 
constructed to scale, the distance x may be measured directly. Otherwise it 
may be computed by observing that the distance DB = I cos (a + <p) cos <p 



FIG. 44 
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and that x = I — BD see a, from which we finally obtain 

a: = Z[1 — cos (a + cp) cos ip sec a) (d) 

We see that for the case of perfectly smooth surfaces (cp = 0) the value of x 
given by Eq. (d) is zero and some sort of stop at A will be necessary to prevent 
slipping of the ladder. Again, from Eq. (d), we see that, when a > 90° — p, 
the man may stand safely at the top of the ladder. That is, so long as the 
ladder makes an angle with the vertical not greater than the angle of friction, 
there will be no danger of slipping. 

2. A rectangular block of width 26 and height h rests on a horizontal plane 
surface (Fig. 45). Find the magnitude F and the height c of the line of action 
of a horizontal force that will cause tipping and sliding of the block to impend 
simultaneously. The weight of the block 
is W, and the coefficient of static friction 
between the block and the plane is p.. 

Solution. When motion of the block 
impends, it will be in equilibrium under the 
action of three forces : the gravity force W, 
which may be considered as applied at the 
center A of the block; the applied force P; 
and the reaction R exerted by the floor. As 
previously pointed out, the actual distribu- 
tion of pressure over the bottom face of the block, and consequently the point 
of application of the concentrated reaction R that will produce sensibly the same 
effect, depends upon the point of application of the applied force P. Now, it is 
quite evident that when the pressure between the bottom of the block and 
the plane is concentrated at C the block will be just on the verge of overturn- 
ing. Thus, taking point C as the point of application of the reaction R and 
knowing that, to have also impending .sliding, it must make the angle of static 
friction p with the vertical, its line of action is completely determined, the 
prolongation of which intersects the line of action of the gravity force W at 
point D. Since three forces in equilibrium must meet in one point, this deter- 
mines the point of application of the horizontal force P that will cause tipping 
and sliding of the block to impend simultaneously. From AsDBC (Fig. 45a) 
the critical height c is found to be 



From Eq. (e) it is seen that if we have a block of such proportions that 
b/k > p, the block will slide before overturning, regardless of the point of 
application of the horizontal force P. 

From the triangle of forces (Fig. 456) the magnitude of the horizontal 
force P necessary to cause sliding of the block to impend is found to be 



P = W tan p = pW 


(0 
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As would be expected, comparison of Eq. (f) with Eq. (7) shows that this 
horizontal force is equal to the total friction that can be developed between 
the contiguous surfaces. It will be noted also that the magnitude of this 
force is independent of its point of application, provided, of course, that 
sliding impends before overturning takes place. 

3. A man wishes to slide a heavy stone block of weight W over a level 
concrete floor by pulling on it with a rope AB, as shown in Fig. 46a. What 
angle a should the rope make with the horizontal in order that the pull neces- 
sary to cause sliding to impend will be a minimum? What will be the mag- 
nitude of this minimum force if the angle of friction is (p? 

Solution. When conditions are such that sliding of the block impends, it 
will be in equilibrium under the action of three forces: the gravity force W, 
the pull Pmim and the reaction R which is the resultant of the distributed 

pressure exerted on the block by the floor 
(Fig. 46a). These three forces must meet 
in one point and must build a closed triangle 
^ when geometrically added. To construct 
W this triangle of forces, we begin with the 
known vector W, and from the end of this 
we draw the line that makes the angle of 
friction tp with it and that is the known 
limiting direction of the reaction R when motion impends. It is now evident 
that the shortest vector which will make the closing side of the triangle is 
one at right angles to the reaction R. Thus we conclude that the least force 
that will cause sliding of the block to impend will be one making the angle of 
friction tp with the plane of the floor. That is, a = ip. 

From the triangle of forces (Fig. 466) the magnitude of this least force 
with which the block can be made to slide is found to be 

Fmic = IF sin ip (g) 

Comparing Eqs. (g) and (f), it is seen that, for cases in which the coefficient 
of friction is fairly large, considerable effort in sliding a heavy block over a 
rough surface will be saved by pulling along a line that makes the angle of 
friction with the plane of sliding. For e.xample, in the case of stone sliding on 
concrete (assuming p. = 0.6) the least force F„.„, as given by Eq. (g), will be 
only 86 per cent of the horizontally applied force B as given by Eq. (f). 

4. To raise a heavy stone block weighing 1 ton, the arrangement shown 
in Fig. 47a is used. What horizontal force R will it be necessary to apply to 
the wedge in order to raise the block if the coefficient of friction for all con- 
tiguous surfaces is ^ = T? Neglect the weight of the wedge. 

Solution. For p = -|, we have the angle of friction tp « 14°. Then for the 
condition of impending upward motion of the block, the free-body diagrams 
for the block and wedge, respectively, will be as shown in Fig. 476. Note 
that each reactive force inclines to the corresponding normal by the angle of 
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friction and in such a way as to oppose the impending motion. Each body is 
in equilibrium under the action of three forces that must consequently meet 
in one point and build a closed triangle. The triangle of forces for the block 
must be constructed first, after which the one for the wedge may be drawn. 
These triangles of forces are shown in Fig. 47c, which is made to scale and 
from which we find P = 1,865 lb. 



P =1,865 lb 


(a) (b) (c) 

FIG. 47 

5. A block of weight <3 rests on an inclined plane and has attached to it a 
string that overruns a pulley and carries a weight P at its other end as shown 
in Fig. 48o. If the coefficient of friction between the block Q and the inclined 
plane is n, find the limiting values of the ratio P / Q consistent with equilibrium. 
Neglect friction in the pulley, and assume that the angle of inclination a 
of the plane is greater than the angle of friction <p = arctan fx. 

Solution. If the ratio P/Q is too small, the block Q will slide down the plane 
pulling the weight P behind it. On the other hand, if the ratio P/Q is too 



(a), (6) (c) 

FIG. 48 


large, the weight P will fall, pulling the block Q up the plane. Hence we 
conclude that there is a minimum value of P/Q for which slipping of the block 
Q down the plane impends and a maximum value of P/Q for which slipping of 
the block Q up the plane impends. The free-body diagram of this block for 
impending motion down the plane is shown in Fig. 436; that for impending 
motion up the plane, in Fig. 48c. 

In the first case (Fig. 486), the equations of equilibrium [Eqs. (3)] become 
P — Q sin a + = 0 —Q coa a + N = 0 
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and we obtain 



= sm O' — M cos a 


In the second case (Fig. 48c), the equations of equilibrium become 


(h) 


P — Q sin 0 ! — nN = 0 — Q cob ct + IV = 0 


and we obtain 



sin o! + ^1 cos a 


(i) 


Equations (h) and (i) can be used for any given numerical data so long as 
a > arctan /i. 

PROBLEM SET 1.7 


1. What must be the angle a between the plane faces of a steel wedge 
used for splitting logs if there is to be no danger of the wedge slipping out 
after each blow of the sledge? Ans. a g 2<p. 

2. A flat stone slab rests on an inclined skidway that makes an angle a 
with the horizontal. What is the condition of equilibrium if the angle of 
friction is <p? Ans. a ^ <p, 

3. What is the necessary coefficient of friction between tires and roadwav 
to enable the four-wheel-drive automobile in Pig, A to olirab a 30 per cent 
grade? Ans. n ^ 0.3. 



4. A heavy rotating drum of radius r is supported in bearings at C and is 
braked by the device shown in Fig. B. Calculate the braking moment 
with respect to point C if the coefficient of kinetic friction between drum and 
brake shoe is /i. Ans. Me = uPlr/a. 

5. To determine experimentally the coefficient of friction for steel on steel, 
flat plates, of negligible weight compared with the large top weight W are 
stacked on a horizontal plane as shown in Fig. C. Alternate plates are ’held 
together by loose-fitting vertical pins A and B. The pin A is anchored to a 
steel slab, and a horizontal puU applied to the pin B as shown. If there are 
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five movable plates and slipping occurs when the horizontal pull has the 
magnitude P, what is the coefficient of friction Ans. = P/IQW. 



FIG. C FIG. D 


6. A short right circular cylinder of weight W rests in a horizontal V notch 
having the angle 2a as shown in Fig. D. If the coefficient of friction is /x, 
find the horizontal force P necessary to cause slipping to impend. Ans. 
P = /xIF/sin a. 

*7, The ends of a heavy prismatic bar AB are supported by a circular ring 
in a vertical plane as shown in Fig. E. If the length of the bar is such that it 
subtends an angle of 90° in the ring and the angles of friction at A and B 
are each <p, what is the greatest angle of inclination 6 that the bar can make 
with the horizontal in a condition of equilibrium? Ans, 6 ^ 2<f>. 


FIG, E FIG. F 

8. Two blocks having weights Wi and Wi are connected by a string and 
rest on horizontal planes as shown in Fig. F. If the angle of friction 
for each block is (/>, find the magnitude and 
direction of the least force P applied to 
the upper block that will induce sliding. 

Ans. — (TFi + TFi) sin tp. 

9. Two blocks connected by a horizontal 
link AB are supported on two rough planes 
as shown in Fig. G. The coefficient of 
friction for block A on the horizontal plane 
is /i — 0.4. The angle of friction for block 
B on the inclined plane is ^ = 16°. What 
is the smallest weight W of block A for 
which equilibrium of the system can exist? 

Ans. W ^ 1,000 lb. 





FIG. G 
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10. Two blocks of weights Wi and Wi rest on a rough inclined plane and 
are connected by a short piece of string as shown in Fig. H. If the coefficients 
of friction are fii = 0.2 and ij .2 — 0.3, respectively, find the angle of inclination 
of the plane for which sliding will impend. Assume TFi = W 2 = 5 lb. Ans. 
tan a = 0.25. 



11. A block of weight IFi = 200 lb rests on a hoiizontal surface and sup- 
ports on top of it another block of weight 172= 50 lb (Fig. I). The block 
TFa is attached to a vertical wall by the inclined string AB. Find the magni- 
tude of the hoiizontal force P, applied to the lower block as shown, that will 
be necessary to cause slipping to impend. The coefficient of static friction 
for all contiguous surfaces is g = 0.3. Ans. P — 84.5 lb. 

12. Two rectangular blocks of weights Wi and Wi are connected by a 
flexible cord and rest upon a horizontal and an inclined plane, respectively, 
with the cord passing over a pulley as shown in Fig. J. In the particular 
case where T7i = TF 2 and the coefficient of static friction g is the same for 
all contiguous surfaces, find the angle a of inclination of the inclined plane 
at which motion of the system will impend. Neglect friction in the pulley. 
Ans. tan (a/2) — fi. 



FIG. J FIG. K 


13. A smooth circular cylinder of weight Q and radius r is supported by 
two semicircular cylinders each of the same radius r and weight Q/2, as shown 
in Fig. K. If the coefficient of static friction between the flat faces of the 
semicircular cylinders and the horizontal plane on which they rest is p = |- and 
friction between the cylinders themselves is neglected, determine the maxi- 
mum distance b between the centers B and C for which equilibrium will be 
possible without the middle cylinder touching the horizontal plane. Ans. 
b^ix = 2.83r. 
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14. Referring to Fig. L, the coefficients of friction are as follows . 0.25 at 
the floor, 0.30 at the wall, and 0.20 between blocks. Find the minimum value 
of a hoiizontal force P applied to the lower block that will hold the system in 
equilibrium. Ans Pain = 81 2 lb 



FIG. L FIG. M 


15. Two identical blocks A and B are connected by a rod and rest against 
vertical and horizontal planes, lespectively, as shown in Fig. M. If sliding 
impends when 6 = 45°, determine the coefficient of friction n, assuming it to 
be the same at both floor and wall. i.ns. = 0.414. 

*16. Two heavy right circular rollers of diameters D and d, lespectively, 
rest on a rough horizontal plane as shown in Fig. N. The larger i oiler has a 
string wound aiound it to which a horizontal force P can be applied as shown. 
Assuming that the coefficient of friction n has the same value for all surfaces 
of contact, determine the necessary condition under which the large roller can 
be pulled over the small one. Ans. p ^ -s/d/D. 



FIG. N fig. O 


*17. A solid right circular cone of altitude h = 12 in. and radius of base 
r = 3 in.^ has its center of gravity C on its geometric axis at the distance 
h/i = 3 in. above the base. This cone rests on an inclined plane AB, which 
makes an angle of 30° with the horizontal and for which the coefficient of 
friction is p = 0.5 (Fig. 0). A horizontal force P is applied to the veitcx 0 
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of the cone and abts in the vertical plane of the figure as shown. Find the 
maximum and minimum values of P consistent with equilibrium of the cone 
if the weight W = 10 lb. Ans. P„a, = 4.61 lb; 



P„L„ = 0.598 lb. 

*18. A short semicircular right cylinder of radius r 
and weight TF rests on a horizontai surface and is 
pulled at right angles to its geometric axis by a hori- 
zontal force P applied at the middle B of the front 
edge (Fig. P). Find the angle a that the fiat face 


FIG. P 


will make with the horizontal plane just before 


sliding begins if the coefficient of friction at the line 
of contact A is fi. The gravity force IF must be considered as acting at the 
center of gravity C as shown in the fignre. Ans. sin ot = 3/r7r/(4 -f 3/rir) 
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2.1. Two parallel forces. Since two parallel forces do not inter- 
sect, we find that the parallelogram law cannot be directly applied 
to determine their resultant. Hence we must devise new rules to 
fit this situation. There are three possible cases; (1) two given parallel 
forces act in the same direction, (2) they act in opposite directions 
and are unequal in magnitude, and (3) they act in opposite directions 
and are equal in magnitude. Each case requires somewhat different 
consideration from the other two. We begin with two forces that 
act in the same direction. In this case, the same reasoning holds 
whether the forces are equal or unequal in magnitude. 

Two Parallel Forces Acting in the Same Direction. Consider the 
case of two parallel forces P and Q applied at points A and of a 
body, as shown in Fig. 49. It follows 
from the principle of superposition (see 
page 8) that the action of these forces 
will not be changed if we add two equal 
and opposite forces S acting along the 
line AB as shown in the figure. Com- 
bining the forces S andP, applied at A, 
we obtain their resultant Pi. In the 
same manner the forces S and Q, acting 
at B, are replaced by their resultant Qi. 

Thus, instead of two parallel forces P 
and Q, we have now two nonparallel 
forces Pi and Qi, the resultant of which 
is the same as the resultant of the given forces P and Q. Next, let us 
transmit the points of application of the forces Pi and Qi to the point 
of intersection D of their lines of action and resolve them there into 
components S, P and S, Q, respectively, as shown in the figure. The 

6 ^ 
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two forces S, balancing each other, can now be removed, and we obtain 
only two forces P and Q acting along the same line DC. The resultant 
of these collinear forces, the same as the resultant of the given forces 
applied at A and B, is obviously equal to their sum 

R=P+Q (a) 

It acts along the line DC parallel to the lines of action of the given 
forces P and Q and dividing the distance AB between their points of 
application in the ratio inversely proportional to their magnitudes. 
This latter statement can be proved as follows: From the similarity of 
Ad. CD and APED, we obtain 


CD P 


(b) 


and from the similarity of ABCD and AHGD, we obtain 

BC _S 
CD ~ Q 

From Eqs. (b) and (c) comes the relationship 

dC _ Q 
BC P 


(c) 


(d) 


as stated above. Thus, Eqs. (a) and (d) together completely deter- 
mine the magnitude and the position of the line of action . of the 
resultant R. 

In determining the line of action of the resultant of two parallel 
forces acting in the same direction, the method of moments can be 
used to advantage. Referring again to jFig. 49, it has already been 
shown that by adding to the parallel forces P and Q two equal and 
opposite forces S, we obtain the forces Pi and Qi intersecting at a point 
D. For such intersecting forces, we have Varignon’s theorem (see 
page 41), stating that the sum of the moments of the component forces 
Pi and Qi is equal to the moment of their resultant R. Observing now 
that for any moment center the sum of the moments of the two added 
forces S is always zero, we conclude that the sum of the moments of the 
given parallel forces P and Q is equal to the sum of the moments of the 
intersecting forces Pi and Qi, which, in turn, is equal to the moment of 
the resultant R. From this it follows that Varignon’s theorem holds 
also for parallel forces; i.e., the algebraic sum of the moments of two 
parallel forces with respect to any moment center in their plane of action 
is egual to the moment of their resultant with respect to the same center. 
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Having the method of finding the resultant of two parallel forces, 
we may now solve also the inverse problem of resolution of a given 
force R into two parallel components P and Q acting in the same 
direction. The case most commonly encountered is that in which the 
lines of action of the components (on two sides of the given force R) 
are specified and the magnitudes of P and Q are required (Fig. 50). 
To find those components, we draw the line AB perpendicular to the 
given lines of action, as shown. Then using the theorem of moments 


with point 5 as a center, we have, since the 
moment of Q about this point is zero. 



/ 



FIG. 50 


Similarly, with as a moment center, we obtain 


Q = R 


Adding expressions (e) and (f), we find P + Q = R, a,s it should be. 
The resolution of a given force into more than two parallel components 
in one plane is an indeterminate problem. 



Two Unequal Parallel Forces Acting in 
Opposite Directions. In this case (Fig. 
51) we proceed as before and introduce 
two equal, opposite, collinear forces S 
along the line AB joining the points of 
^application of the given parallel forces P 
and Q. Then, as before, the equivalent 
forces Pi and Qi are transmitted to their 
point of intersection C and there resolved 
into components P, S and Q, 3, as shown. 
Removing, finally, the balanced forces 3 
at C, we are left with two collinear but 
oppositely directed forces P and Q at C, 
The resultant of these collinear forces is 


FIG. 51 


R = P — Q (g) 


acting at C in the direction of the larger forces P. Proceeding as 
before, it may be shown that the theorem of moments holds also in 
this case. Thus, for locating point C, we have, with 6* as a moment 
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center, 

Q • CB' ■- P-CA' = 0 

from which 

CB' __ P 
CA' ' Q 


(h) 


Thus again the distances of the components from the line of action 
of the resultant are inversely proportional to their magnitudes, but 
the line of action of the resultant lies outside the space between the 
components on the side of the larger force. 

Two Equal Parallel Forces Acting in Opposite Directions. A system 
of two equal parallel forces acting in opposite directions cannot be 
reduced to one resultant force. This can readily be seen from Fig. 51. 
If the forces P and Q are equal in magnitude, the two parallelograms 
APPiS and BQQiS will be equal and corresponding sides will be 
parallel. Hence Pi and Qi will still be equal and oppositely directed 
parallel forces, and we never obtain a point of intersection C. Thus, 
we cannot reduce two equal and opposite but noncollinear forces to 

any simpler system. Two such forces 
are called a couple, the plane in which 
they act is called the plane of the couple, 
and the distance between their lines of 
action is called the arm of the couple. 

The algebraic sum of the moments of 
the two forces of a couple is independent 
of the position, in the plane of the couple, 
of the moment center and is always equal 
to the product of the magnitude of either 
force and the arm of the couple. Consider, for example, the couple PP 
with arm AB of length a in Fig, 52, and let 0 be any arbitrary moment 
center. Then the algebraic sum of moments is 



P-OD - P’OC = P{OD - OC) = Pa 

The same result will be obtained if 0 lies between the lines of action 
of the forces. The moment Pa is called the moment of the couple. 
It is positive when the couple tends to produce counterclockwise 
rotation as shown, and it is negative for clockwise rotation. 

The action of a couple on a rigid body will not be changed if its 
arm is turned in the plane of the couple through any angle a about 
one of its ends. To prove this statement, let us consider a couple PP 
with the arm AB, as shown in Fig. 53. We take under any desired 
angle a with the arm AB a straight-line segment AC equal in length 
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to the arm AB oi the given couple. At each of the ends A and C of 
this line we apply two equal and opposite forces Q and Q' perpendicular 
to AC and equal in magnitude to P. From the principle of superposi- 
tion it follows that the addition of these forces which are in equilibrium 
does not change the action of the given 
couple. The forces Q together with the 
forces P give the resultants R, as shown in 
the figure. These resultants, as diagonals 
of two rhombuses, divide the angles at A 
and D in halves; hence they act along the 
same line AD and as two equal, opposite, 
and collinear forces can be removed from 
the system. Then only the forces Q', 
equal in magnitude to P, remain, and these 
forces form a couple with the arm AC equal, by construction, to AB 
and making with it the angle a. This proves that the arm of a couple 
can be turned around one of its ends, as stated above, without changing 
the action of the couple on a body to w’hich it is applied. 

By suecessive rotations of the arm of a couple in its plane, first about 
one end and then the other, the couple can be put in any desired posi- 
tion in its plane. Hence, we can transpose a couple in its plane without 
changing its action on a body. 

The action of a couple on a body does not change if we change both 

the magnitudes of the forces and the arm of 
I the couple in such a way that the moment of 
►I the couple remains unchanged. To prove 
-I c this statement, we shall show how a given 
couple PP with arm AB (Fig. 54) can be 
transformed into a couple QQ with arm AC. 
For this purpose wc resolve the force P 
applied at B into two parallel components 
Q and Q' applied at points C and A, respectively. From the previously 
given rules for the resolution of a force into two parallel components 
it follows that 


'I'Q' 


FIG. 54 


Q 




Q' =P-Q 


(i) 


Now, subtracting the force Q' from the force P at A, we obtain a 
force Q acting upward. This force Q, together with the force Q 
applied at C, forms a couple with the arm AC. The moment of this 
new couple is Qb, which, by using the first of Eqs. (i) , becomes equal 
to Pa. Thus, without changing the action on a body, a given couple 
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can be replaced by another one consisting of different forces with a 
different arm, provided the moments of the two couples are equal. 

Summing up the properties of a couple which have been considered 
in the foregoing discussion, it can be concluded that two couples acting 
in the same plane are equivalent if they have equal moments. In 
short, a couple is completely defined by its plane of action and the 


magnitude and sign of its moment. 



come equal to Pa/b, as shown in Fig. B5b. 
Adding, algebraically, the forces at C and A (Fig. 556), we obtain a 
couple with the arm equal to 6 and forces equal to Q — Pa/b. The 
moment of this couple is 

(q-^y^Qb-Pa (i) 

Thus the moment of the resultant couple is equal to the algebraic sum 
of the moments of the two given couples. The same conclusion can be 
reached for the case where the moments of the two given couples are of 
the same sign. 

By successive applications of the above procedure, we can replace 
several couples in one plane by a single resultant couple acting in the 
same plane, the moment of which is equal to the algebraic sum of the 
moments of the given couples. 

Two couples acting in one plane will be in equilibrium if they have 
moments of equal magnitude and opposite sign, since, in such a case, 
proceeding as illustrated in Fig. 55, we obtain each force of the result- 
ant couple equal to zero. We shall generalize this conclusion by the 
statement that a couple can be balanced only by another couple which 
is equal in moment, opposite in sign, and coplanar in action with the 
given couple. 
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By successive applications of the method of addition of two couples, 
it can be proved that a system of couples acting in one plane is in 
equilibrium if the algebraic sum of their moments is equal to zero. 

It is possible to resolve a couple into several component couples by 
choosing the component couples in such a manner that the algebraic 
sum of their moments is equal to the moment of the given couple. 

Resolution of a Force into a Force and a Couple. A given force P 
applied to a body at any point A can always be replaced by an equal 
force applied at another point B together with a couple which will be 
statically equivalent to the original force. To prove this, let the 
given force P act at A as shown in 
Fig. 56a. Then at B (Fig. 56b) we 
introduce two oppositely directed 
collinear forces each of magnitude 
P and parallel to the line of action 
of the give force P at A. It 
follows from the law of superposi- 
tion that the system in Fig. 56b is statically equivalent to that in Fig. 
56o. However, we may now regard the original force P at A and the 
oppositely directed force P at S as a couple of moment M = Pa. Since 
this couple may now be transformed in any manner in its plane of action 
so long as its moment remains unchanged, we may finally represent the 
system as shown in Fig. 56c, where the couple is simply indicated by a 
curved arrow and the magnitude of its moment. 

It will be noted that the moment of the couple introduced in the 
above manner will always be equal to the product of the original force 
P and the arbitrary distance a that we decide to move its line of action. 
This resolution of a force into a force and couple is very useful in 
many problems of statics, 

EXAMPLES 

1. A beam AB of length I is supported as shown in Fig. 57 and subjected 

to equal but opposite vertical forces P at its 
two ends. Find the reactions at the sup- 
ports C and D. 

Solution. Since the active forces P con- 
stitute a couple of moment PI in the clock- 
wise direction, the reactions at C and D 
must represent a counterclockwise couple 
of the same moment. Further, since the 
physical nature of the constraint at D is such that it can only produce a vertical 
reaction, the reaction at C must also be vertical and the distance c between 



.R 
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4 

c 



FIG. 57 




PARALLEL FORCES IN A PLANE [Art. 2.1 

supports is the arm of the reactive couple. Hence equating moments, we have 


Rc = PI 


from which R = Pl/c. 


These reactions must be directed as shown in the 
figure, 

2. A crane ABC anchored in a cement 
foundation at A carries a vertical load P at C, 
as shown in Pig. 58a. Neglecting the weight 
of the crane proper, find the reaction at A. 

Solution. Clearly, the reaction at A must 
be statically equivalent to the equilibiant P' 
of the active force P, that is, a vertical up- 
ward force acting along the line DC. To 
represent this force as a reaction at A, we 
resolve it into an equal parallel force P at A 
and a couple of moment Pa acting as shown 
in the figure. To understand physically just 
how the foundation exerts this couple on the 
bottom of the mast, we must consider the 
detail of the bottom of the mast as shown in 
Fig. 586. In trying to tip over to the right, 
the mast presses against the walla of the hole 
in which it is seated and, of course, equal and opposite reactive pressure will be 
exerted on the mast. This distribution of pressure will be something like that 
indicated in the figure and is sensibly equivalent to a couple RB acting as 
shown. We see that this kind of constraint, a so-called built-in end, is con- 
siderably more complex than any we have previously discussed. This ex- 
ample illustrates one of the many useful applications of the resolution of a 
force into a force and a couple. 



PROBLEM SET 2.1 

1. (a) Resolve the SOO-lb force shown in Fig. 

A into two parallel components P and Q acting, 
respectively, along aa and 6b. 

(6) Resolve the same force into parallel com- 
ponents P and Q acting, respectively, along 66 
and cc, 

(c) Resolve the same force into a force P at P 
and a couple. Represent the couple by forces F 
acting along 66 and cc. 

2. A rigid bar CABD supported as shown in Fig. B is acted upon by two 
equal horizontal forces P applied at C and D. Calculate the reactions that 
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will be induced at the points of support. 
Ans. Rb = —Ra = Q.25P. 



FIG. E 


Assume Z = 4 ft, a = 3 ft, & = 2 ft. 



FIG. C 


3. Two gears having pitch diameters di = 6 in. and do = 8 in. are connected 
by an idling gear as shown in Fig. C. If a couple of moment Mi is applied to 
the upper gear as shown, what is the moment ilfo of the couple that must be 
applied to the lower gear to maintain equilibrium? Ans. M 2 — —1.33 Mi. 

4. A vertical mast of weight Q guided at A and B is kept in equilibrium 
by the support C, as shown in Fig. D. Neglecting fiiotion at the guides, 
determine the vertical reaction Rc and the horizontal reactions Ra and Rb if 
a = 1 ft, f = 2 ft. Ans. Rn = Q',Ra = —Rb = iQ. 



FIG. D FIG. E 


-^5. Owing to the weight W of the locomotive shown in Fig. E, the reactions 
at the two points of support A and B will each be equal to 17/2. Whon the 
locomotive is pulling a train and the drawbar pull P is just equal to the total 
friction at the points of contact A and B, determine the magnitudes of the 


vertical reactions and Rb. Ans. Ra 


w Rb w n 

2 “ 2o’ “ 2 + 2a' 


2.2. General case of parallel forces in a plane. Let us con- 
sider now the case of several parallel forces in one plane (Fig. 59). 
In such a case we may find the resultant Ri of the forces Fi, F^, Fs 
acting in one direction and the resultant Ri of the forces Fi, Ft, acting 
in the opposite direction by. successive applications of the method 
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As a result of this operation three different 



described in Art. 2.1. 
cases will be possible. 

In the first case Ri is not equal to Ri and we obtain two unequal par- 
allel forces acting in opposite directions. The resultant R of these two 

forces (see Art. 2.1) is obviously the 
resultant of the given system of forces 
Ft, F^, , F,. 

In the second case the forces Ri and 
ISj will be equal in magnitude, opposite 
in direction, and acting along two 
parallel lines. Then the given system 
of forces reduces to a couple (see Art. 
2.1) that we shall call the resultant 
couple. 

In the third case the forces Rt and 
Ri will be equal in magnitude, opposite 
in direction, and collinear in action and the given system of forces is 
in equilibrium. 

The three cases just considered may be distinguished in another way 
as follows: If the algebraic sum of the given forces is different from zero, 
the system reduces to a resultant force. In such case the line of action 
of this resultant force is determined hy the condition that its moment 
with respect to any point in the plane is equal to the algebraic sum of 
the corresponding moments of the individual forces. When the alge- 
braic sum of the forces is equal to zero, the possibility of a resultant 
force vanishes and there remain two possibilities: (1) The system 
reduces to a couple, or (2) the system is in equilibrium. To distinguish 
between these two cases, the algebraic sum of moments of the 
forces with respect to any center 0 in their plane must be calculated. 
If this sum is different from zero, the system reduces to a resultant 
couple and the calculated moment gives the moment of this couple. 
If this sum is zero, the possibility of a resultant couple also vanishes 
and the system of forces is in equilibrium. 

To classify the above three cases analytically, let us consider any 
system of coplanar parallel forces Yi, Y^, . . . , Y„, referred to coor- 
dinate axes X and y as shown in Fig, 60. Choosing the origin of 
coordinates 0 as a moment center, we denote by x, the arm of any 
force Yi and by x the arm of the resultant force Y. Then this resultant 
force, if there is one, is defined analytically by the equations 


V — w 




/n\ 
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where the summations are understood to include all forces in the 
system. The first equation gives the magnitude of the resultant, 
and the second determines its arm with respect to the chosen moment 
center. In making the summation of forces, the force V, must be 
taken with positive sign if it acts in the positive direction of the y axis, 
otherwise negative, while in making the summation of moments, the 
term Y,Xi should be taken positive when the moment is counter- 
clockwise, otherwise negative. 

When the resultant is a couple, 
which we shall denote by ilf , we have 

S7.- = 0 M = SfFiXi) (10) 

When the given system of forces 
is in equilibrium, 

HYi = 0 2(F..'i;,) = 0 (11) 

These are the equations of equili- 
brium for a system of parallel forces 
in one plane. 

We observe that, when the first of Eqs. (11) is satisfied, the possi- 
bility of a resultant force vanishes and that, when the second is satisfied, 
the possibility of a resultant couple vanishes. Hence the conclusion 
that the system is in equilibrium when they are simultaneously 
satisfied. 

The same conditions of equilibrium can also be expressed by two 
moment equations. If the algebraic sum of moments with respect to a 
center A is zero, we conclude that the only possibility of a resultant is 
that of a force which passes through the moment center A. If the 
algebraic sum of moments about a second center B is also zero, again 
the system either is in equilibrium or reduces to a resultant force 
through B. Hence, if the line AB is not parallel to the lines of action 
of the given forces, all possibility of a resultant vanishes, since it cannot 
be a force with two different lines of action and we must have equi- 
librium. Expressed analytically, these two conditions of equilibrium 
become 

S(M^)i = 0 2(Mi,)i = 0 (12) 

where and (Mb).- denote the moments of any force Y, with 

respect to A and B and the summations are understood to include all 
forces in the system. 
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EXAMPLES 

1. The forces applied to the roof truss shown in Fig. 61a represent the 
effect of a wind pressure against the side of the roof. Find the reactions that 
will be produced at the points of support A and B due to this loading. 



FIG. 61 


Solution. So far as the reactions at A and B are concerned, the five parallel 
forces acting normal to AC can be replaced by their resultant R. From 
the first of Eqs. (9) the magnitude of this resultant will be 

S = 800 + 3 X 1,200 + 200 = 4,600 lb 

To locate its line of action, w'e take point A as a moment center and the second 
of Eqs. (9) gives 

1,200(6 + 12 + 18) + 200 X 24 48,000 

2 - 4;6o6 “ ITeW “ 


Replacing the active forces by their resultant R, as shown in the figure, we 
see that the truss is in equilibrium under the action of three forces and the 



FIG. 62 


remainder of the solution may be made by 
the method of Art. 1.5 and the magnitudes 
of the reactions R„ and scaled from the 
triangle of forces, shown in Fig. 616. 

2. Determine the forces in the hinged 
bars AD, AB, and BC, supporting the 
horizontal beam AB on which the vertical 
load P is acting (Fig. 82). Neglect the 
weight of the beam. 


Solution. The load P is balanced by 
the reactions and Ri acting at the points of support A and B. Since the 
vertical bar BC is hinpd at it.s ends, is a vertical force. Hence, must be 
\ ertical also, since, if it is not, it gives, together with the force P, a nonvertical 
resultant which cannot be balanced by the vertical reaction at B. Thus, 
acting on the beam, we have the three vertical forces P, and Ri in equilib- 
rium. The simplest way of calculating the reactions R„ and Rt is by u sin g 


73 


Art. 2.2] PARALLEL FORCES IN A PLANE 

Eqs. (12). Taking moments, first with respect to point A and then with 
respect to point B, we obtain the equations 


from which 


Etl - Pa = 0 P(l - a) - RJ = 0 


Rb 


I 


and 


, _P{l-a) 

7 


As a check on these values, the first of Eqs. (11) may be used, if desired, and 
we obtain 

Ra + Rb=P 

The action of the beam on the bar BC is equal and opposite to the reaction 
Rb and produces a compressive force in the bar equal to Pa/l. The action of 
the beam on the hinge at A is equal and opposite to the reaction Ra. Resolv- 
ing this force into two components acting along the axes of the bars AD and 
AE, we find the compressive forces in these bars 
to be P(l — a)/ (21 cos a) each. 

3. Two rollers C and D produce vertical forces 
P and Q on the horizontal beam AB, as shown 
in Fig. 63. Determine the distance x of the 
load P from the support A if the reaction R^ is 
twice as great as the reaction Rb. The weight 
of the beam is to be neglected, and the following 
numerical data are given: P — 2 tons, Q = 1 ton, f = 12 ft, c = 3 ft. 

Solution. Considering the beam as a free body and equating to zero the sum 
of the moments of all forces with respect to points A and B, we obtain 




A[ 




^CB — 


iRt 


B 




-l- 


FIG. 63 



Rbl — Q(x + c) — Px = 0 
Q(l — c — x) P(l — x) — RJ, = 0 

The third necessary equation is 

Ra — 2Rb 

Eliminating Ra and Rb from these three 
equations, we obtain 

I _ Qo 

^ " 3 P -l-Q 


Substituting the given numerical data, we find a: = 3 ft. 

4. A crane CDEF (Fig. 64) of weight Q = 5 tons applied at G supports 
at F a load P = 1 ton and can move along the horizontal girder AB. For the 
position of the crane shown in the figure, determine the reactions produced 
at the supports A and B of the girder. Assume that all forces act in one 
plane, and neglect the weight of the girder. Numerical data are given as 
follows: i = 30 ft, a; = 9 ft, c = 12 ft. 


74 


PARALLEL FORCES IM A PLANE [Art. 2.2 


Solution. The forces produced by the wheels of the crane on the girder at C 
and D represent a system of forces equivalent to P and Q, since the equal 
and opposite reactions exerted by the girder on the wheels of the crane balance 
the forces P and Q. Hence we can assume that P and Q act directly on the 
girder AB. In other words, we sliall consider the girder and crane together 
as a free body, in whicli case actions and reactions at tire points 0 and D bal- 
ance each other and do not enter into our consideration. Taking moments of 
all forces with respect to points A and B, Eqs. (12) become 


Ril — P(x -h c) — Qr = 0 
P(l-x-c)+ Q{1 - z) - = 0 

Substituting the given numerical data into these equations, we obtain 
ffo = 3.8 tons and Pb — 2.2 tons. It will be noted that the values of these 
reactions are independent of the distance between 
the wheels of the crane. 

5. Two prismatic bars AB and BG of lengths I and 
% respectively, are rigidly joined at B and suspended 
by a string AD, as shown in Fig. 06. Determine the 
position of equilibrium, as defined by the angle a, 
that the bars will assume under the action of their 
weights Q and 2(3. 

Solution. Considering both bars together as a free 
body, we see that they are in equilibrium under the 
FIG. 65 action of three parallel forces representing the 

_ weights Q and 2Q and the vertical reaction e.xerted 

3y the stnng AD at ri. Equ.ating to zero the sum of the moments of all forces 
with respect to point A , we obtain 

AF = 2AE 



or, from the geometry of the figure, 

2 cos (60° - a) = 2[l cos a - f cos (60° - a)] 

from which 


tan a = 

0 

and a = 19°06'. 

6. The traveling crane shown in Fig. 68 has a total weight (3 = 20 tons 
which may be considered as acting at point E. To prevent the crane from 

allied together with a load P 

apphed at C. a counterweight W is carried at D. This counterweight must 

so chosen and placed that, while it prevents such tipping to the right when 
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the crane supports its maximum load P, there will also be no danger of tipping 
to the left when the load P is removed. Find the limiting values of the mag- 
nitude of the counterweight W and the distance x. The following numerical 
data are given: Q = 20 tons, P = 20 tons, 

5 = 6 ft, e = 2 ft, Z = 12 ft. 

Solution. Two extreme conditions must 
be con.sidered: (1) when the load P is 
acting at C and there is the possibility of 
overturning of the crane about the rail B, 

(2) when the load P is removed and, owing 
to the action of the counterweight W, 
there is the possibility of overturning 
about the rail A. In the first case, if 
overturning about point B impends, there will be no pressure between the rail 
and wheel at A and the structure will be in equilibrium under the action of the 
three vertical loads TF, Q, and P, together with a vortical reaction at B. 
Equating to zero the sum of the moments of all forces with respect to point 
B, we obtain 

W{x + Z>) - Qc - PZ = 0 (a) 

In the second case, when the load P is removed and overturning about point 
A impends, there will be no pressure between the rail and wheel at B. Again 
taking moments of all forces, this time with respect to point A, we obtain 



Wx — Q(b -f e) = 0 


(b) 


Solving Eqs. (a) and (b) for W and x, respectively, gives for the desired limiting 
values of these two quantitie.s 



and 


_ Q(b + e)b 
PI - Qb 


Using the given numerical data, these values become 

W = 20 tons and a: = 8 ft 

It is left as an exercise for the student to prove that the above limiting values 
of W and x are, respectively, the minimum value of W and the maximum value 
of X, 


PROBLEM SET 2.2 

1. A prismatic bar AB of weight Q = 10 lb is supported by two vortical 
wires at its ends and cariies at P a load P = 20 lb (Fig, A). Determine the 
forces and St. in the two wires. Ans. = 20 lb, tension; ,Si, = 10 lb, 
tension. 
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FIG. A fig. B 


2. The four wheels of a locomotive produce vertical forces on the hori- 
zontal girder AB as indicated in Fig. B. Determine the reactions Ra and 
Ri at the supports if the loads P = 10 tons each and Q = 8 tons. Ans. 
Pa = lot tons; Rt = ISt tons. 

3. The be.mi AB in Fig. C is hinged at A and supported at B by a vertical 
cord which passes over a friotionless pulley at C and carries at its end a load 
P as shown. Determine the distance x from A at which a load Q must be 
placed on the beam if it is to remain in equilibrium in a horizontal position. 
Neglect the weight of the beam. Ans. x = Pl/Q. 



f'G- C FIG, D 


4. A beam AC is supported as shown in Fig. D and subjected to the action 
of a load Q applied at the free end A. Determine the magnitudes and direc- 
tions of the reactions at B and C if o = f/4 and Q = 1 ton. Ans. Ri = 
tons, up ; Pj = x ton, down. 

5. Under the action of a load Q a cantilever beam AB presses at points 
C and B where it is built into a wall, as shown in Fig. E. Neglecting the 
e^et of friction, determine the magnitud&s of the reactions at B and C if 
1 = 10 ft, d = 2 ft, and Q = 1 ton. Ans. P^ = 5 tons; = 6 tons. 



FIG. E 



FIG. F 


If e = 2plnd tr' ^ distributed, as shown in Fig. F. 

tne arms of the lever if it is m equilibrium. Ans. o : b = 2 : 3. 
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7. The beam CE in Fig. G is supported on the beam AB by the 
three bars CF, DG, and CG, as shown. Find the reactions that will be 
produced at the points of support A and B of the lower beam due to the 
action of a load P applied at the free end E of the 


upper beam if the span i = 12 ft and a = 4 ft. w j) 

Ans. Rb = 4P/.3, up; = P/3, down. n\ 



FIG. G FIG. H 


welded together in the form of a rigid T and .su.spended in a vertical plane as 
shown in Fig. H. Calculate the angle a that the bar CD will make with the 
vertical when a vertical load P = 10 lb is applied at B. The weight of each 
bar is <3 = 5 lb as shown. Ana. u = 15°57'. 

9. Two horizontal beams are arranged as shown in Fig. I. DcLcrminc the 
reaction produced at the support C due to the action of a vertical load P 
applied to the beam AB as shown. Ans. Rc = Pa/h. 



FIG. I FIG. J 


10. Three beams hinged together at their ends are supported and loaded 
as shown in Fig. J. Determine the reactions at the supports A, ft, C, and ft. 
Ans. Ra = 333 lb, down; Pj = 833 lb, up; Rc = 3,5Ut) lb, up; P,; = 1,000 
lb, down. 

11. The system of vertical loads shown in Fig. K represents the pressures 
transmitted by the wheels of a locomotive 


to the girder AB. Determine the re- 
actions at A and B if the loads are in tons. 

Hint. First, find magnitude and line 
of action of resultant of the active forces; 
then use the theorem of three forces to 
find Rc and P^. Ans. Pa = 119 tons; 
Eb = 132 tons. 



FIG. K 
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*12. Three identical bars of lengths I are arranged and supported in a 

horizontal piano, as shown in Fig. L. Each 
bar supports the end of another at its 
mid-point so that DEF is an equilateral 
triangle with sides of length 1/2. Find 
reactions at A, B, C, and interactions at 
D, E, F, due to a vertical load P applied 
midway between D and F on the bar DB. 
Ans. R. = 3F/7, Ry, = 6P/14, R, = 3P/14, 
Ri = 6P/7, R, = 3P/7, Ri = 3P/14. 



2.3. Center of parallel forces and center of gravity. Center 
of Parallel Forces. Let P and Q (Fig. 67) be two parallel forces applied 
to a rigid body at points A and B. Then the resultant R is parallel 
to the given forces, equal to their algebraic sum, and its line of action 
intersects the line A 15 at a point C such that 
BC:AC = P:Q 

as shown in Art. 2.1. If the given forces P 
and Q ar rotated about their points of applica- 
tion through any angle a in their plane of 
action as indicated by the dotted lines in Fig. 

67, the resultant R obviously will be rotated 
through the same angle a and its line of action 
again passes through point C. Thus we see 
that point C is the only point through which the resultant of the forces 
P and Q applied at points A and B acts regardless of the direction of the 
forces. This point is called the center of parallel forces for the case of 

two parallel forces. 

If we have three parallel forces Pi, F^, Pa 
applied at three given points Ai, A 2, As 
(Fig. 68), we first locate the center Ci of Pi 
and Pz, as explained above. Then apply- 
ing the partial resultant Ri of Pi and P2 at 
Cl, we repeat the procedure and find the 
center G of two parallel forces Pi and P3, 
as shown. This is the required center of 
three parallel forces Pi, Pj, F, acting at 
Ai, As, Aj, respectively. Obviously, this 
procedure may be continued for any number of parallel forces 
Pi, Pj, . . . , P„, applied at a given points Ai, A^, ... , A„, respec- 
tively, and we conclude that there is one and only one point through 
which the resultant always passes regardless of the direction in which 
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the parallel force.? act through their given points of application. This 
point is called the center of parallel forces for the given system of forces 
applied at the given system of points. 

In the particular case of a system of points all lying in one plane of a 
rigid body, \vc may locate the center of parallel forces for a system of 
forces applied at these points by using Eqs. (9). Let^i, A 2 , . . . , An 
(Fig. G9) be any system of points which all lie in one plane of a rigid 
body, and lot x^., x^, ... ,Xn and yi, y-i, . ■ ■ , Vn be their coordinates. 
To find the center of parallel forces C for a given system of forces 
Fi, Fi, . . . , Fn applied at these 
points and acting in any direction, 
let us first imagine that the forces 
act parallel to the y axis. Then, we 
have a system of forces in one plane 
and the arm Xc of their resultant 
may be found by using the second 
of Eqs. (9) (page 70) from which 


Xc — 


S(FiX.) 

l^Fi 


(13a) 



FIG. 69 


Now let the forces all be rotated in the plane of the figure until they act 
parallel to the x axis. In this case the arm y^ of the resultant may be 
found by again using the second of Eqs. (9), and we obtain 


^ WiVi) 
SF. 


(136) 


We have already seen that the center of parallel forces of any number 
of forces applied at a given system of points is independent of the 
direction in which the forces act. Hence, we conclude that the 
moment arms Xc and yc as defined by Eqs. (13) represent the coordi- 
nates of this point. 

The center of parallel forces for a given system of forces Fi, , . . ,F„ 
applied at given points A 1 , . . . , A„ in one plane will not be changed if 
the magnitudes of the forces are all multiplied by the same constant 
factor. This statement follows at once from the form of Eqs. (13) 
from which we see that such a factor will appear n times in both the 
numerator and the denominator of either of these expressions and will 
therefore cancel out. Thus we conclude that the center of parallel 
forces for any given system of forces applied at a given system of points 
in one plane depends only upon the positions of the points and upon 
the relative magnitudes of the forces. 
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Center of Gravity. The center of gravity of a body is that point 
through which the resultant of the distributed gravity force passes 
regardless of the orientation of the body in space. From this definition 
it follows that the center of gravity of a rigid body is the center of 
parallel gravity forces acting on the various particles of the body. 
Since gravity force.s always act vertically downward, it is evident 
that some rotation of a body through an angle a is equivalent to a 
corresponding rotation through the same angle of all the gravity 
force.s about their points of application as discussed above. 

All phy.sical bodies are, of course, three-dimensional as a consequence 
of which the gravity forces acting on the various particles of the body 
represent a sjastem of parallel forces in space. There are, however, 
certain case.s in which we are justified in ignoring one or even two 
dimensions of a body and assuming that the particles of which it is 
composed are confined in one plane or even along a line. It is to such 
special cases that we shall limit our discus.sion in the remainder of this 
article. 

Consider, for example, the case of a homogeneous thin plate of uni- 
form thickness (Fig. 70a). If we imagine such a plate to be sub- 
divided into small prismatic elements 
as shown and assume that tho plate 
stands vertically on edge, the gravity 
forces of the above-mentioned ele- 
ments will represent a system of verti- 
cal forces acting in the middle plane of 
the plate. The center of those parallel 
gravity forces will evidently lie in the same plane and is the center of 
gravity of the plate. 

In the case of a homogeneous slender wire of uniform cross section 
and whose axis is contained in one plane, we proceed in the same man- 
ner as above. Imagining the axis of the wire to be divided into small 
elements as shown in Fig. 706 and assuming the plane of this axis to be 
vertical, the gravity forces acting on the various elements represent a 
system of parallel forces in a plane, the center of which, in the same 
plane, represents the center of gravity of the wire. 

From the uniform thickness and homogeneity of the plate, it follows 
that the magnitude of the gravity force of any one of the prismatic 
elements into which the plate is divided (see Fig. 70a) is proportional 
to the cross-sectional area of that element. In the same way, in the 
case of the homogeneous slender wure of uniform cross section, we con- 
clude that the gravity force acting on any element is proportional to 
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the length of that element. The importance of these observations lies 
in the fact, as we have seen already, that, so far as the location of 
the center of parallel forces is concerned, it makes no difference what 
this factor of proportionality is since it is the same for each and every 
element of the plate or wire. Thus we conclude, in the case of the 
plate, that the position of the center of gravity depends only upon 
the shape of figure of its middle surface and in the case of the slender 
wire, only upon the shape of curve of its axis. 

The above discussion brings us to the notion of the center of gravity 
of the area of a plane figure or of the length of a plane curve. Aside 
from their identity with the center of gravity of a corresponding thin 
plate or slender wire, these notions are often of significance in them- 
selves in connection with certain problems of mechanics. However, 
because geometric figures and curves do not possess the property of 
weight, the term center of gravity as applied to them is something of a 
misnomer and for this reason the term centroid is often used instead. 
In this book the term center of gravity will be used only with reference 
to actual physical bodies and the term centroid with reference to 
geometric figures or curves. 

To define analytically the position of the centroid of area of a 
plane figure, we refer the area to coordinate axes, as shown in Fig. 71a. 
Then denoting by AA, the area of one element and by a;,, the coordi- 
nates of its center, Eqs. (13) will take the form 


S(AA,y.) 

SAAi “ SAAi 


(14) 


where the summations are understood to include all elements of area 
within the boundary of the figure. In the same manner, we may 
define the position of the centroid of length of a plane curve (Fig. 716) 
by the formulas 


S(AL,a;<) ^ S(AL.;/.) 

SAL.- SAL.- 


(15) 


where AL.- denotes the length of an element and a;,-, yi the coordinates 
of its mid-point. 

Since we can never perfectly match the boundary of the plane 
figure in Fig. 71a by filling it with small squares AA., or the true shape 
of the curve in Fig. 716 by straight-line segments AL*, it is evident 
that expressions (14) and (15) are approximate. However, by making 
the elements AA. or AL. smaller and smaller, expressions (14) and (15) 
become more and more accurate. In the limit, when AAi or AL 



82 PARALLEL FORCES IN A PLANE [Art. 2.3 

become infinitesimal in size (and infinite in number), expiessions (14) 
and (15) become exact. In sucli case, we write them in the form 


fx d/1 _ h dA 

" JdA fdA 


( 16 ) 


for the case of area (Fig. 71a) and 


Jx dL ,, _ jy ^ 
- IdL “ idL 


(17) 


for the case of length (Fig. 716). The indicated summations can 
then be made by means of the calculus. 




(h) 

FIG. 71 


Using formulas (16) or (17), the coordinates of the centroid of any 
plane figure or curve can be calculated, provided the integrals appear- 
ing therein can be evaluated. In general, this is possible, wherever 
the shape of the figure or curve can be defined by an analytic expression 
y = /(®)- If Uus is not possible, we divide the area or length into a 
reasonable number of small but finite elements and then use formulas 
(14) and (15), making the summations numerically. 

Sometimes the position of the centroid of a plane figure or curve 
can be seen by inspection. For example, if a 
figure has two axes of symmetry, its centroid lies 
at their intersection. This statement follows at 
^ once from the form of expressions (16) and (17) . 
In Fig. 72, for example, suppose that x and y are 
axes of symmetry. This means that if the fig- 
ure is folded about one of these axes every 
point on one side will coincide with a correspond- 
ing point on the other. Thus in the numerators of expressions (16) 
there will he a minus x dA oi y dA for every plus x dA or y dA and we 
obtain Xc = 0, r/o = 0. Hence the centroid lies at the origin of coordi- 
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nates, i.e., at the intersection of axes of symmetry. The same reason- 
ing applies to the centroid of length of the perimeter of such a figure. 

Some plane figures while not having any axes of symmetry may be 
said to be symmetrical about a point. That is, there is one point G 
in the figure which is the mid-point of every con- 
ceivable diameter (Fig. 73). In this case also it 
follows from expressions (16) that this point is the 
centroid of area of the figure or from expressions 
(17) that it is the centroid of length of the perimeter. 

The centroid of the area of any triangle lies at the 
intersection of its medians. This may be proved as follows : Consider- 
ing AABD (Fig. 74), let its area be divided into infinitesimal strips 
parallel to the side AD as shown. Then it is evident that the centroid 
of each strip lies at the mid-point of its length. The locus of such points 
is the median Bb, and we conclude that the controid of the entire area 

lies thereon. Repeating the same reason- 
B ing for strips parallel to AB or BD, we reach 
the conclusion stated above. The point of 
intersection C, of course, lies two-thirds of 
the length of any median from the corres- 
ponding vertex. It should be noted that 
while point C (Fig. 74) is the centroid of area 
of the triangle, it is not the centroid of length 
of the perimiter ABD. 

Theorems of Pappus. 1 . The area of the surface generated by rotating 
any plane curve about a nonintersecting axis in its plane is equal to the 
product of the length L of the curve and the distance traveled by its centroid. 



FIG. 74 



FIG 73 



2. The volume of the solid generated by rotating any plane figure 
about a nonintersecting axis in its plane is equal to the prod^ixt of the 
area A of the figure and the distance traveled by its centroid. 

The above statements are called the theorems of Pappus. The first 
may be proved as follows: Let AB (Fig. 75a) be any plane curve of 
length L that lies in the xy plane and does not intersect the x axis. 
Let the length of this curve be divided into elements, each so short that 
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it may be considered as a minute portion of a straight line. Let the 
y coordinate of the mid-point of any element ALi be denoted by t/i, and 
that of the centroid C of the entire curve by y,. Now let the plane 
of the curve be rotated through any angle a. (measured in radians) 
around the x axis. Then, obviously, the distance traveled by the 
mid-point of an element AL,- is ayt and the area of the curved sui’face 
generated by this one element is AL,ai/i. Hence, by virtue of the 
second of Eqs. (15), the area of the surface generated by the entire 
curve AB becomes 

S IdjiCLVi = aS ALji/i = ai/cS AL; = ayjj (a) 


Since, however, ay, is the distance traveled by the centroid C of the 
entire curve, the theorem is proved. 

The second theorem may be proved in the same way. Let the area 
A of any plane figure (Fig. 75b) be divided into a large number of very 
thin strips parallel to the x axis, and let the y coordinate of the middle 
of any strip of area AA,- be denoted by y,-. Now, let the plane of the 
figure be rotated through any angle a around the x axis. Obviously, 
any element of area Ad.,- generates a sector of a thin ring, the volume of 
which can be taken equal to AAioyt since the ring is very thin. Hence, 
by virtue of the second of Eqs. (14), the total volume generated 
becomes 

S A A, ay,' = aS AA.-y,- = ay»2 AA,- = cty^A (b) 

which proves the theorem. 

The theorems of Pappus are very useful in calculating the surface 
areas and volumes of various bodies of revolu- 
tion encountered in engineering, particularly 
in machine design. 

EXAMPLES 

1. Determine, by integration, the coordinates 
Xc and of the centroid 0 of the quadrant AB 
of the arc of a circle of radius r (Fig. 76) . 
Solution. With the origin of coordinates at the 
center of the circle and the axes x and y directed as shown, the equation of the 
curve AB is 



x‘ + = r* 


Now let the arc AB be divided into elements of infinitesimal length dL like 
the one shown in the figure. Then the length of any such element evidently is 
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Hence, by the second of Eqs. (17), we have 

= ^ = 2r 

fdL 


/ 
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(c) 


dL 


It follows from symmetry that a;^ has the same value. 

2. Determine the coordinates and of the centroid C of the area of the 
spandrel OBD (Fig. 77) if the curve OD is a portion of a parabola with vertical 
axis Oy. 




Solution. The equation of a parabola with vertical axis and vertex at the 
origin of coordinates is 

p;2 = iky 

To determine the value of the constant k for the particular case represented in 
Fig. 77, we observe that when x = a, y = b. Hence 

* 46 

and the equation of the curve OD becomes 

& 2 

Now let the shaded area OBD be divided into narrow elements each of height 
y and width dx like the one shown in the figure. The area dA of any such 
element obviously is y dx and the coordinates of its centroid are x and y/2. 
Hence, by Eqs. (16), we have 

0^6 


= 


JxdA J^x-^x^dx 
j dA 


r-^x^ 

Jo a* 

6 


Vc = 




dx g 
a6* 


3 

1“ 


/ 


dA 


f<‘ b 
Jo a® 


dx -5- 


ii = Ab 

06 10 


(d) 


(e) 


3. Determine the coordinates »» and y« of the centroid C of the area of the 
circular sector OBD of radius r and central angle a (Fig. 78). 
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SoMwi. In this case let us divide the shaded area of the figure into 
infinitesimal triangular elements each of altitude r and base r dd like t at 
shown in the figure. The area dA of any such element will be dO/2 and the 
X coordinate of its centroid will be It cos d. Then by the first of Eqs. (16) we 
have 


r 

/■«/2 2 c^r^dd 


a. 



j xdA 2 j 

lo 

sm 

2 

4t . oi 
= — sin - 

(f) 

Xc * 

rat /2 

ar^ 


3a 

jdA 

2/0 2 ^^ 

T 





From symmetry we conclude that Uc — 0- Substituting a tt in Eq. (f) 
gives, for the case of a semicircle, Xc = dr/Str. 

PROBLEM SET 2.3 

1. Determine the coordinates Xc and yc of the centroid C of the area of one 
quadrant of an ellipse OAB with major and minor semiaxes a and b, respec- 
tively, (Fig. A). Ans. Xc = 40/3^; yc — 46/3ir, 




2. Determine the coordinates Xc and of the centroid C of the area between 
the parabola y = x^/a and the straight line y = x (Fig. B). Ans. Xc = ffl/2; 
V. = 2a/5. 

3. Determine the coordinates Xc and yc of the centroid C of the length of a 

circular arc AB of radius r and central angle a (as shown in Fig. C). 
Ans. Xc = (2r/a) sin (a/2 ) ; = 0. 




FIG. C 


FIG, D 
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4. Determine the coordinates and Uc of the centroid C of the area between 
the X axis and the half sine wave ODB (Fig. D). 

Hint. The equation of the sine wave isy = a sin (ttx/I). Ans. Xc = Z/2; 

ijc = -ira/S. 

5. Using the second theorem of Pappus, calculate the volume of the ring 
shown in Fig. E if i2 = 10 in., r = 4 in. Ans. V = 2,502 in.^ 



FIG. E FIG. F 

6. A right circular cylindrical tank containing water spins about its vertical 
geometric axis 00 at such speed that the free water surface is a parabaloid 
ACB (Fig. F). What will be the depth of water in the tank when it comes to 
rest? Arts. h/2. 

1, Referring to Fig. G, prove that, if the equation of the curve OB, referred 
to the coordinate axes x and y taken along two adjacent sides of a rectangle 
OEBD, isy = kx", then the coordinates Xc and yc of the centroid C of the area 
of the shaded spandrel OBD are given by the formulas 



FIG. G FIG. H 


8. Using the result of Prob. 3 and an elemental area dA as shown in Fig. H, 
locate the centroid C of the area of the cncular sector OAB by integration. 
Ans. Xc = (4r/3a) sin (a/2); yc = 0. 
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9. Comput©, approximately, the coordinate of the centroid of area of the 
shaded figure in Fig. I. For dimensions, the figure is shown on a g-in. square 
grid background and all curves are circular arcs. 
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FIG. J 


Bint. Subdivide the area into eight horizontal strips and make summations 
numerically by Eqs. (14). Ans. = 0.543 in. 

10. Calculate, numerically, the coordinates Xc and j/o of the centroid C of 
the shaded area shown in Fig. J. The superimposed grid has 1-in. squares. 

2.4. Centroids of composite plane figures and curves. The 
positions of the centroids of most common shapes of figures and curves 
such as triangles, circular or elliptical sectors or quadrants, parabolic 
spandrels, etc., can readily be found in various handbooks and there 
is little necessity to recalculate them every time they are needed. 

The problem most often encountered in 
engineering practice is that of locating cen- 
troids of composite areas or curves. A com- 
posite area or curve is one which can be 
broken down into several pieces or com- 
ponents that represent familiar geometric 
shapes and for which the positions of indi- 
vidual centroids are already known. Two 
examples of such composite figures are shown 
in Fig. 79. 

In locating the centroids of area or length of such figures, it is not 
necessary to subdivide the figure into infinitesimal elements and then 
perform involved integrations or cumbersome numerical summations 
as was done in Art. 2.3. Instead, we simply subdivide the figure 
into its several component parts, for which the centroids are already 
known and then use Eqs. (14) or (15), treating each component part 
as an element. In using Eqs. (14) and (15), it is not necessary that 
an element AA; or AL, of area or length be infinitesimal or even small 
so long as we know the position of its centroid. 



FIG. 79 
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Consider, for example, the plane figure shown in Fig. 80a, consisting 
of two rectangles Obcd and defg of areas Ai and and with known 
centroids Ci and C 2 , respectively. Denoting by Xi, iji and X 2 , 7/2 the 
coordinates of the known centroids Ci and Ca, respectively, and using 
Eqs. (14), we obtain for the coordinates x<, and of the centroid C of 
the composite area the following expressions: 

AiXi + ^22:2 _ Aiyi + AiVi 

+ 2 I 2 A^ + A 2 

If desired, we can obtain the same coordinates in another way. 
Referring to Fig. 80b, let us consider the shaded area to be obtained 



(a) (b) 


FIG. 80 



by cutting out from the rectangle Oabc, of area A[ and known centroid 
C[, the rectangle efbd of area Aj and known centroid C'^. Obviously 
the resultant area of the shaded figure is equal to A( — A 2 , and pro- 
ceeding as before, it will only be necessary in making the summations 
indicated in Eqs. (14) to consider the area A 2 as negative. Thus, if we 
denote by x[, y[ and x'^, y'^ the coordinates of the known centroids 
C[ and C'^, respectively, we obtain 

A'lX'i — AWn AW, — AWn ,, . 

'A = 

■^1 -^2 -^1 -^^2 

The same procedure may be used in determining the coordinates of 
the centroid of the length of a plane curve composed of several parts 
for which the individual centroids are known. Consider, for example, 
the broken line ABDE (Fig. 80c) composed of the portions AS, BD^ 
and DE of three straight lines of lengths Li, L 2 , and S 3 and known 
centroids Ci, C 2 , and C 3 , respectively. Denoting by a:i, yi, X 2 , j/ 2 , and 
xz, 7/3 the coordinates of the known centroids Ci, C 2 , and C 3 respec- 
tively, and using Eqs. (15), we obtain 

= -^1^1 d~ -^23:2 -k LzXz _ Liy i Liyt - f- L 31/3 , ■. 

Li + 1/2 -k T 3 ' Si -k 1/2 + i/3 ^ 

The application of Eqs. (14) and (15) to the location of centroids of 
composite plane figures and curves will now be shown by several 
practical examples. 
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EXAMPLES 


1. Determine the coordinate yc ef the centroid (7 of a trapezoid having 
bases a and b and altitude h as shown in Fig. 81. 

Solution. Drawing the line DB, we divide the figure into two triangles ABZ) 

and DEB with known centroids Ci 
and <72, respectively, as shown. Then 
using the second of Eqs. (14), we write 

(ah/2)ih/S) + ibh/2)(2h/3) 
ah/2 + bh/2 



which reduces to 
.. _ h(a + 2b) 

- -w^ 

It will be noted that when 6 = 0 and 
the figure is a triangle, oxpre.ssion (d) 
gives Vi = 6/3, while for the case of a rectangle (a = 6), it gives = 6/2. 

2. Prove that the centroid C of any trapezoid can be located graphically 
by the construction illustrated in Fig. 82, i.e., by the intersection of the lines 
mn and pg. 

Solution. Note that the shaded triangles mpC and nqC are geometrically 
similar. Hence we may write 


Vc 


= g/2 + 6 
a + 6/2 


which is readily brought to the form 
6(a 25) 


= 


3(a + 6) 



3, Locate the centroid C of the shaded area 
of the figure DDE (Fig. 83) which is obtained 
by cutting the quadrant of a circle of radius a 
from a square OBDE of the same dimensions. 

Solution. From symmetry of the figure it 
is evident that the desired centroid C lies on 
the diagonal OD of the square. Hence, 
choosing coordinate axes x and y as shown in 
the figure, it will only be necessary to deter- 
mine one coordinate of the centroid, since 
= Vc To determine x„ let us denote by 
Ai the area of the square, by xi the x coordi- 
nate of its centroid Ci, and by A 2 , xj the corresponding quantities for the 
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quadrant of the circle. Then the first of Eqs. (14) gives 

_ Aixi — Aixi 
Ai — As 


For the given dimensions and remembering that aij = 1/2 = •ia/Sir (see page 
86) this becomes 

_ a’(ffl/2) — (iraV4) (4a/3T) 
a* - iraV4 


from which 


2/c = Xc 


2a 

3(4 — it) 


0.777a 


(e) 


4. With reference to the coordinate axes x and ]/, locate the centroid of 
the area of the cross section of the stirrup 
shown in Fig. 84. 

Solution. In dealing with this figure it 
will be simplest to imagine that it is ob- 
tained by subtracting the smaller semicircu- 
lar area A 2 from the larger semicircular area 
to give the semicircular shaded ring 
labeled Ai — A2 and then to add to this ring 
the three rectangular shaded areas A3, A4, 
and A 5 as shown in the figure. In cases like 
this where it is necessary to consider a large 

number of elements, it is highly desirable to tabulate the data necessary for 
making the summations indicated in Eqs. (14). Otherwise it is almost im- 
possible to avoid mistakes. A suggested form of tabulation is shown below. 



No. 

AAi 

Xi 

Vi 

AA.'Zi 

AAvi/i 

1 

31.8 

0.00 

7.41 

0.00 

235.60 

2 

-25.1 

0.00 

7.20 

0.00 

-180.70 

3 

2.5 

-4.25 

3.00 

-10.62 

7.50 

4 

1.0 

-5.00 

0.26 

- 5.00 

0.25 

5 

1.0 

-1-5.00 

5.25 

-f 6.00 

5,25 

s 

11.2 



-10.62 

67.90 


Using Eqs. (14) and the sums found in the above table, we obtain 


Xc 


- 10.02 

11.2 


—0.95 in. 


Vc = 


67.90 

11.2 


-1-6.06 in. 


5. The shaded figure shown in Fig. 85 represents the cross section of an 
8- by 6-in., 20.2-lb angle iron commonly used in structural engineering. Using 
the given numerical dimensions of the figure, determine the coordinates 
and j/j, as shown, of its centroid C. 
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Sulution. Let us first neglect entirely the three rounded corners ^3, Ai, 

and As and assume that we have simply 
a figure composed of the two major rec- 
tangular portions .4.1 and As with known 
centroids Ci and C,, as shown. The 
centroid Co (not shown) for this approxi- 
mation of the true figure will be very close 
to the true centroid C, and the determina- 
tion of its coordinates Xo and j/o involves 
little chance of numerical mistakes. After 
the centroid Co of the approximate figure 
has been located, the determination of the 
coordinates Xc and j/c of the true centroid C 
can be handled as a problem involving 
only small corrections to the values of so 
and j/o. 

Beginning, then, with the nppro.ximate 
figure composed of two rectangular por- 
tions .di and As as shown and using the given dimensions, we may fill in the 
first two horizontal lines of the table below. This done, Eqs. (14) give 

8.601 , . 14.533 ..... 

— s cioA ~ 1.450 in. 1/0 — g_g34 ~ 2.449 m. (f) 



5.934 


No. 

Adi 

li 

Vi 

^A(Xi 

AAtyi 

1 

3.500 

0.219 

4.000 

0.76S 

14.000 

2 

2.434 

3.219 

0.219 

7.835 

0.633 

S 1 

5.934 

1.460 

2.449 

8.601 

14.533 

3 

-0,041 

0.338 

7.901 

-0.014 

-0,325 

4 

-0.0.11 

5.901 

0.338 

-0,2.12 

-0,014 

6 

-t-0.054 

0.549 

0.549 

0,029 

0,029 

s 

5.906 

1 


[ 8.374 

14.223 


To determine now the coordinates Xc and t/c of the centroid C of the true 
figure, we consider this figure to be obtained by subtracting from the approxi- 
mate figure, the centroid Co of which is defined by Eqs. (f), the small areas As 
and A 4 and adding to it the small area As. Again using the given dimensions 
and the results of Example 3 [see Eq. (e)], the remaining lines of the table may 
be filled in. This done, Eqs. (14) ^ve 

8.374 14.223 

= 5:^ = = Tm = 2.408 m. (g) 


PROBLEM SET 2.4 

1. Determine the coordinate of the shaded area of the figure shown in 
Fig. A. The following dimensions ate given: a = 6 in., 6 = 1 in., 0 = 2 in. 
Ans. yc = 1.10 in. 
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2. If the dimensions a and b of the plane figure shown in Fig. A are fixed, 
find what the dimension c must be in order that the centroid of the shaded 
area will lie on the line AB. Ans. c — s/ab/^. 



FIG. A FIG. B 


3. Locate the centroid of the shaded three-quarters of the area of a square 
of dimension a as shown in Fig. B. dns. Xe = Vc = 

4. IjQcate the centroid of the shaded three-quarters of the area of a square 
of dimension a as shown in Fig. C. Ans. = a/2; j/t = x^a. 



FIG. C FIG. D 


5. Locate the centroid of the shaded area of the figure shown in Fig. D, 
Ans. Xc — 2.5 in.; = 1.5 in. 

6. Referring to Fig. E, locate the centroid of the length of the mean contor 
line of the stirrup with the dimensions shown. Ans. Xc = —0.78 in. y, = 4.78 
in. 



FIG. E FIG. F 
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7. Locate the centroid 0 of the shaded area obtained by cutting a semi- 
circle of diameter a from the quadrant of a circle of radius a as shown in Fig. 

F. Ans. Xc — 0.349ffl; pc = 0.636a, 

8. A slender homogeneous wire of uniform 
cross section is bent into the shape shown 
in Fig. G. If the dimension a is fixed, find 
the dimension b so that the center of gravity 
of the wire will coincide with the center C of 
the semicircular portion. Ans. b = 0.618a. 

9. Locate the centroid 0 of the shaded area OABD shown in Fig. H. Ans. 
Xc = 2.63 in.; j/j = 2.36 in. 



FIG.G 



10. Locate the centroid C of the shaded sector of a ring subtending a 90“ 
central angle and symmetrical about the y axis, as shown in Fig. I. Ans. 

= 0; 2/o = 7.35 in. 

11. Locate the centroid C of the shaded area of the circular segment BD 
shown in Fig. J. Ans. = 11.04 in.; y., = 0. 



FIG. J FIG. (c 


12. Referring to Fig. K, determine the coordinates Xc and of the center 
of a 4-m.-diameter circular hole cut in a thin plate so that this point will be 
the centroid of the remaining shaded area. Ans. Xc ~ 3.62 in.; = 2.72 in. 

13. An isosceles triangle ABE is to be cut from a square ABCD of dimen- 
sion a as shown in Fig. L. Find the altitude y of this triangle so that its 
vertex FwiU be the centroid of the remaining shaded area. Ans. y = 0.634a. 
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FIG. I FIG. M 

14'. Locate the center of gravity of the plane truss shown in Pig. M if all 
bars have the same weight per unit length. Ans. Xc = 2.94 ft; ijc = 1 .876 ft. 

15. With respect to coordinate axes x and y, locate the centroid of the 
shaded area shown in Pig. N. Ans. Xc = 1.9 in.; — 0.6 in. 



FIG, N FIG. O 

16. With reference to the coordinate axes x and y, locate the centroid of 
the shaded area of the plane figure shown in Pig. 0. Ans. = —0.71 in.; 
ye = +4.21 in. 

17. With respect to coordinate axes x and y, locate the centroid of the 
shaded area shown in Fig. P. Ans. Xc = 1.92 in.; j/c = 1.91 in. 



FIG, P FIG. Q 


18. With respect to the coordinate axes shown, locate the centroid of the 
shaded area in Pig. Q Ans. Xe — yc ~ 0.0744o. 
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*19. The figure shown in Fig. R represents the cross section of a girder that 
is built up of plates and angle irons riveted together along their lengths 
normal to the plane of the figure, tising the given dimensions, determine the 
coordinate of the centroid C of the section corrected for the reduction of area 
t due to rivet holes. Ans. yo = 16.12 in.; 

= 15.71 in. 

*20. Determine the coordinate y^ of the 
centroid C of the cross-sectional area of the 
built-up girder shown in Fig. S. All rivet 
holes are t in. Ans. yc =7.657 in. 




FIG. R 


FIG, S 


2.5. Distributed force in a plane. In previous problems, we 
have discussed the equilibrium of bodies under the action of con- 
centrated forces. Sometimes we have to deal with distributed force 

such as water pressure against the face of 
a dam or ordinary gravity force. 

We always can represent such distri- 
buted force by a so-called load diagram. 
Consider, for example, a beam AB on 
which sand is piled to a uniform depth d, 
as shown in Fig. 86a. This loading 
together with the weight of the beam 
itself represents a uniform distribution 
of gravity force which can be represented 
by the rectangular load diagram AabD in Fig. 866. The load per unit 
length of the line of application AB is called the intensity of distributed 
force and is represented in the figure by the uniform height g of the ordi- 
nates of the load diagram. If the sand is piled along the beam with 
variable depth as shown in Fig. 87a, we have a nonuniform distribution 
of gravity force as represented by the load diagram AabB in Fig. 876. 


^ (a) i 
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In this case, any ordinate q of the diagram represents the intensity of 
load at the corresponding point on the line of application AB. 

Let us consider now any case of distributed force in a plane as 
represented by the load diagram AabB (Fig. 88). We imagine the 
line of application AB to be divided into an infinite number of ele- 
ments, each of length dx and at the center of each of which the cor- 
responding element of force dQ acts. In this way we have to deal 
mth a system of parallel forces of various infinitesimal magnitudes, 
and the principles of Art. 2.2 for determining the magnitude and line 



of action of their resultant Q must apply. Denoting by q the inten- 
sity of force at any point, we conclude that 

dQ = qdx (a) 

Referring to the load diagram (Fig. 88), it is evident that expression 
(a) also Represents the area of a narrow vertical strip of width dx and 
height q of this diagram. Thus, an element dQ of the distributed force 
is represented graphically in the load diagram by the corresponding 
element of area q dx. Summing up all such elements of force and the 
corresponding elements of area of the load diagram, we conclude that 
the resultant force Q is represented graphically by the area AahB of the 
load diagram. 

We consider now the problem of determining the line of action of 
this resultant. Referring to Fig. 88, the moment with respect to 
point A of any element of force dQ, such as the one represented by the 
shaded strip in the diagram, is dQ x or, using expression (a), qx dx, 
where x is the distance from point A to the element in question. 
The sum of the moments of all such elements of force with respect to 
point A may be expressed as follows: 
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Denoting by ate the arm of the resultant Q with respect to point A and 
equating the moment of this resultant to the sum of the moments of all 
the elements of force [expression (b)], we obtain 


Qxc = qx dx 


from which 


Xc = 


Qx dx 

Q 


(C) 


(d) 



Comparing expression (d) with the first of Eqs. (16), we conclude that 
the resultant force Q acts through the centroid of the area of the load 

diagram. Thus the load diagram deter- 
mines both the magnitude and line of action 
of the resultant force. 

If, as represented in Mg. 89c, the distribu- 
tion of force in a plane' is such that the 
bounding curve of the load diagram is dis- 
continuous, each portion of the load between 
points of discontinuity can be treated sep- 
arately and the resultants Qi and Qt handled 
as individual forces. The same treatment 
can be used also in the case where the sign of 
the distributed force is different for two 
portions of the line of application as represented in Fig. 896. In such a 
case it may be found that the resultants Qi and Qz are equal in magni- 
tude, in which case the distributed force is equivalent to a couple. 

In dealing with bodies subjected to the 
action of distributed force, we shall always 
replace such distributed force by its result- 
ant in the form of a single concentrated 
force or a couple, as the case may be, before 
attempting to consider the conditions of 
equilibrium of the body. 


EXAMPLES 


FIG. 89 



1. A vertical sluice gate when closed is sup- 
ported along the top and bottom edges AA and 
£B as shown in Pig. 90 and is subjected to 
water pressure from one side as indicated. The weight per unit volume of the 
water is w. Determine the intensities of the reactions furnished by the sup- 
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porta, assuming that they are uniformly distributed along the lines of support 
AA and £B perpendicular to the plane of the figure. 

Solution. Let us limit our attention to a vertical strip of the gate which 
is of unit width in the direction perpendicular to the plane of the figure. 
Since this strip is symmetrically loaded with respect to its middle vertical 
transverse plane ABh, we may assume the action of all forces acting on it 
to he concentrated in this plane. Thus we arrive at the problem of the 
equilibrium of a beam AB under the action of distributed force in one plane 
together with concentrated reactions pa and p* as indicated in the figure and 
representing the desired intensities of the distributed reactions along AA 
and BB. Since the intensity of water pressure at any point is proportional 
to its weight per unit volume w and to the depth x from the surface, we con- 
clude that the load diagram is a triangle AhB as shown. 

The intensity of force at the depth h is wh and as the total resultant force Q 
is given by the area of the load diagram, we conclude that 



(e) 


Further, since this force acts through the centroid of the triangular load dia- 
gram, we have 

Xt — fh 


and the resultant force Q is completely determined. 

Replacing the distributed force by its resultant Q applied as shown in the 
figure, we can find the reactions p., and ph per unit width of gate by using Eqs. 
(12) of Art. 2.2. Taking moments with respect to points A and B, these equa- 
tions become 

—pt^i + = 0 p«/i-Q| = 0 


from which we find = Q/3 and = 4Q. Substituting for Q its value from 
Eq. (e), we find , 


w/i^ , 

pa = -g- and 



2. One end of a cantilever beam AC 
is built into a wall of thickness a as 
shown in Fig. 91. Owing to the action 
of a load P applied at the free end C, 
distributed reactions, as represented by 
the load diagrams AaB' and A'Bb, are 
produced. Find the maximum intensi- 



FIG. 91 


ties 5 a and Qi of these reactions. Neglect the weight of the beam, and assume 
all forces to act in its vertical axial plane of symmetry. 

Solution. Since we assume a linear variation in the intensities of pressure 
along the lines AB' and A'B, it follows that the lines of action of the resultants 
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Qa and Qb are as shown in the figure. Replacing the distributed reactions 
by these resultants, we obtain a system of three parallel forces in a plane 
which are in equilibrium. Hence, taking moments of the three forces P, Qa, 
and Qb with respect to points D and E and using Eqs. (12), we obtain 

from which 

From the fact that the resultant of a distributed force in a plane is equal to the 
area of its load diagram, we obtain 


from which 


Qa = and Qb = 


2Qa , 2Qi 

= — and 96 = — 


By using the values of Qa and Qb given above, we find for the desired maximum 
intensities 



Owing to the appearance of a’ in the denominators of these expressions, it is 
seen that the intensities Qa and qb increase very rapidly with a decrease of the 
thickness a of the wall. Thus, if we attempt to build the end of the cantilever 
beam into a very thin wall, it is likely that the intensities of pressure at points 
A and B will exceed the crushing strength of the masonry of the wall. 

3. A gravity dam having a rectangular cross section of height h and width c 
rests on a bedrock foundation, as shown in Fig. 92a, and is submitted to 
water pressure on one side as shown. Neglecting friction and assuming 
that the vertical pressure exerted by the foundation is distributed as repre- 
sented by the trapezoidal load diagram AabB, find the intensities and qb 
of this reactive pressure. The weight of water per unit volume is w and the 
weight per unit volume of the masonry in the dam is wi. 

Solution. Again we shall confine our attention to a section of the dam of 
unit length in the direction normal to the plane of the figure and assume that 
all forces acting on this section are concentrated in its middle transverse plane. 
From the principle of superposition, which states that the action of a given 
system of forces will not be changed if we add to or subtract from that system 
any other system of forces in equilibrium, it follows that we can think of the 
section of dam under consideration as being in equilibrium under the action of 
two superimposed systems of forces each of which alone is in equilibrium. The 
first system is represented by the weight W = Wich together with a uniformly 
distributed reactive pressure over the base AB, as shown in Pig. 926. The 
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intensity of this distributed reactive force obviously is 

gi = Wih (b) 

The second system consists of the resultant water pressure P = wlP/^ acting 
at the height h/S above the base, a Iiorizoiital reaction of tlie same magnitude 
acting at point B, and the reactive force distiibuted along the lino AB, n& 
shown in Pig. 92c. Wc see at once that the forces P con.stitute a couple that 
can be balanced only by another couple of equal magnitude and opposite sign 





(a) (6) (c) 


FIG. 92 


(see Art. 2.1). The distribution of force along the line AB must be taken 
linear, since the resultant distribution (Fig. 92fl) is assumed linear; it is 
represented by the load diagram shown in Fig. 92c. This distributed force 
can have for its resultant a couple only if the two triangular portions of the 
diagram are equal in area. Equating the moment of the couple Q%Qi to the 
moment of the couple PP, we obtain 

QlgC - Pg 

Substituting Qi — q^/4: and P — wh'‘'/2, this becomes 


from which 


gaC 2 _ wh^ h 

4 3*^ ~ 2 3 

wh^ 


(i) 


The superposition of the two systems of forces represented by Figs. 926 and 
92c gives the complete system,of forces under which the dam is in equilibrium 
as represented in Fig. 92a. Hence we conclude that the trapezoidal load 
diagram AahB (Fig. 92a) is the result of the superposition of the diagrams 
in Figs. 926 and 92c, and the desired intensities of pressure go and qt, are [see 
Eqs. (h) and (i)] 

, wh^ , , wK^ 

qa = iCiA - ^ gi = wih + — ^ 

VF C 


(i) 
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It is interesting to note from the first of Eqs. (j) that, when 

, wh^ 

from which 

^ = /- (k) 

the intensity of pressure Qa becomes zero. If the ratio of the width of the 
dam to its height is made less than the value (k), there will be a portion of the 
line AB that will not press against the foundation. Under such circumstances, 
water can seep under the dam with the possibility of doing serious damage. 


PROBLEM SET 2.5 


1. Compute the reactions at the supports B and C of the beam AC loaded 
as shown in Fig. A. Neglect the weightof the beam itself. Ans. i2!, = 733lb, 
up; Rc = 133 lb, down. 



|oj=300 Ib/ft 

1 

i 



FIG. A 



FIG. B 



FIG. c 


Compute the reactions at the supports A and B of the beam loaded as 
shown in Fig. B if = 100 Ib/ft, and = 200 Ib/ft. 
Ans, Ra = 686.7 lb; Ft = 833.3 lb. 

3. An opening 1 ft wide and 4 ft high in a ver- 
tical partition between two tanks is closed by a 
gate AABB hinged along AA and resting against 
a stop along BB, as shown in Fig. C. If the water 
levels on the two sides of the partition are as 
shown, find the total reaction exerted by the atop 
at B. Assume the specific weight of water to be 
w = 62.4 Ib/ft®. Ans. R^ = 499 lb. 

4. Two tanks are separated by an inclined partition the plane of which 
makes 60 deg. with the horizontal as shown in Fig. D. 

In this partition there is a rectangular opening 1 ft. 
wide and 4 ft. long which is closed by a gate hinged 
along AA as shown. If water (mi = 62.4 Ib/ft®) 
stands at the level shown on the left of the gate, 
what vertical pull S applied at B will be required 
to open the gate against the water pressure? Ana. 

S - 677 lb. 

5. Calculate the vertical pull S necessary to open 
the gate in Prob. 4 if water stands at the depth h = 6 ft on the left side of the 
gate. Ans. S = 1,210 lb. 




103 


Arf. 2.5] PARALLEL FORCES IN A PLANE 

6. A gravity dam having a trapezoidal cross section is submitted to water 
pressure against its vertical face, as shown in Pig. E. If the specific weight 
of water is w and that of masonry 2.5w), find the minimum width 6 at the base 
for which the dam will have a factor of safety of 2 against overturning about 
B. Ans. b = 15.86 ft. 




7. When closed, a vertical sluice gate (Pig. F) is supported along the lines 
A A and BB normal to the plane of the figure and is submitted to the action 
of water pressure from both aides, as indicated in the figure. If the weight 
of water per unit volume is w = 62.4 Ib/ft’, find the intensities pa and pi of 
the reactions developed by the supports, assuming them to be uniformly 
distributed along AA and BB. Ana. pt, =* 360 Ib/ft; Pa = 263 Ib/ft. 

8. Calculate the reactions Ra and 2^6 for the beam loaded as shown in Fig. G. 
Neglect weight of the beam. Ans. Ra = 19 lb, down; Rt, = 1,119 lb, up. 


600 lb ^100 Ib/ft 



FIG. G 


■y 


100 Ib/ft 


100 Ib/ft S S 5 


FIG. H 


9. If the distributions of load on the end portions of the bar in Fig. H are 
parabolic, find the reactions at the supports A 
and B. Ans. Ra = 66.7 lb, up; Rh = 66.7 lb, 
down. 

*10. A water channel 1 ft wide is closed by a 
gate AB, hinged at D, as shown in Fig. I. Find 
the minimum and maximum depths h of water 
for which the gate does not open automatically 
because of its own weight. Neglect friction 
and assume the specific weight of water to 
be 10 = 62.4 lb/ft“. Ans. hmia = 0.926 ft; 

A™. = 2.333 ft FIG. 






3 

GENERAL CASE OF FORCES 
IN A PLANE 


3.1. Composition of forces in a plane. If several coplanar 
forces applied to a body are not parallel and do not intersect in one 
point, we have the general case of forces in a plane. Let us consider 
such a system as represented by the forcesi^’i, . . . , F.i, applied, respec- 
tively, at points A, B, C, and D of the body shown in Fig. 93a. To 
find the resultant of these forces, we begin with any two forces, say, 
Fi and F^, and determine their resultant Ri by using the parallelogram 

law as indicated in the figure. 
Treating next the forces R\ and 
Fi in the same manner, we find 
their resultant Bi which evi- 
dently is the resultant of the 
forces Fa, Fj, and Fa. In the 
same way again, the resultant R 
of the forces R« and Fi, and con- 
sequently of the given system of 
forces Fi, , Pi, is found 
applied at point G as shown. 
The point of application of this 
resultant if may be transmitted to any other point along its line of 
action if desired. From this discussion, we see that the magnitude and 
direction of the resultant if are determined by the closing side of the 
polygon of forces (Fig. 93b) and are independent of the points of applica- 
tion of the given forces. 

If, in a more general case of n forces Ft, . . . , F„ in a plane, we find, 
by successive applications of the parallelogram law that the partial 
resultant of the first k forces Ft, . , , , F*, is paraUel to the remaining 
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FIG. 93 
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n — k forces Fi+i, . . . , iF„, we use the method of addition of parallel 
forces, as discussed in Art. 2.2. On the basis of that discussion we 
conclude that, in general, there are three possibilities; (1) The system 
of n forces in a plane reduces to a resultant force, (2) the system reduces 
to a resultant couple, or (3) the system is in equilibrium. 

To distinguish between these three cases, we begin with the construc- 
tion of the polygon of forces. If this polygon is not closed (Fig. 93&), 
the system reduces to a resultant force, the magnitude and direction 
of which are given by the closing side of the polygon and the line of 
action of which may be located by using the construction indicated 



FIG. 94 


in Fig. 93a or the method of adding parallel forces. If the polygon 
of forces is closed (Fig. 94b), we may always divide the forces into 
two arbitrary groups having resultants Ri and Rs which are obviously 
equal in magnitude and opposite in direction. Then, proceeding as 
above, the positions of the lines of action of these equal and oppositely 
directed forces Ri and R 2 may be found as shown in Fig. 94a. If their 
lines of action do not coincide, they represent the resultant couple 
of the original system of forces. If their lines of action do coinoide^ 
the system is in equilibrium. 

Composition of a system of forces in a plane by the method illus- 
trated in Figs. 93 and 94 becomes very laborious where many forces 
are involved and is not generally practicable in the solution of prob- 
lems. The algebraic equations that have already been used in the 
case of concurrent and parallel forces in a plane can be applied to 
better advantage. We have noted above that the magnitude and 
direction of the resultant force (when one exists) in this general case 
are obtained in exactly the same manner as in the case of concurrent 
forces in a plane. Hence, denoting by Xi, X 2 , . . . , Xn and Fi, 
Vi, . . . , V„ the projections on rectangular coordinate axes x and 2 /, 
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respectively, of the given forces F i, Fi, . . . , Fn and by X and Y the 
corresponding projections of their resultant Rj we may wiite at once 
[see Eqs. (1)] 

JE = 2X. F = 27, (a) 


where the summations are understood to include all forces in the sys- 
tem. The magnitude and direction of the resultant are then obtained 
from the following equations [see Eqs. (2)]: 

R = VX^ + 7* tan a = ^ (b) 


where a is the angle that the line of action of R makes with the positive 
end of the chosen x axis. 

The position of the line of action of the resultant may be found by 
using the theorem of moments. This theorem has already been proved 
for the cases of concurrent forces and parallel forces in a plane. We 
now have the general case. From the preceding discussion, it may be 
seen that in this general case the resultant is obtained by means of 
successive applications of the principle of the parallelogram of forces or 
the method of addition of parallel forces. Hence, by employing 
Varignon’a theorem at each step, we conclude that the moment of the 
resultant about any center in the plane of the given forces is equal to 
the algebraic sum of the moments of all these forces with respect to the 
same center. Denoting by (ilf o)i, (Mo) s, • . . , (Mo) n the momenta of 
the given forces Fj, F^, ... ,Fn with respect to the origin 0 and by 
Mo, the corresponding moment of the resultant R, this statement may 
be expressed by the equation 


Mo — 2(Mo)i (c) 

In calculating the algebraic sum of moments indicated here, the use of 
Eq. (5), page 43, for calculating the moment of any force with respect 
to the ori^n 0 will be found helpful. 

Having the moment of the resultant with respect to the origin of 
coordinates, its arm do is readily obtained from the equation 


do — 


Mo 

R 


(d) 


This arm, when laid out from the origin 0 in a direction perpendicular 
to the known direction of the resultant R [see Eqs. (b)] and so as to give 
the proper sign of moment, locates a point on the line of action of the 
resultant. Thus Eqs. (a) to (d) inclusive serve completely to deter- 
mine the resultant of any system of forces in a plane. If the sums of 
projections as indicated by Eqs. (a) both become zero, there is obvi- 
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ously no resultant force and the system reduces to a resultant couple 
as defined by Eq. (c). 

EXAMPLES 

1. Determine the magnitude, direction, and position of the line of action 
of the resultant of the coplanar system of forces shown in Fig. 95a. 


J30lb 2001b 
12 


F, 

X, 

Y, 

(M„), 

no 

-80 

-/so 

+300 

100 

+ SO 

+ 80 

0 

J30 

-no 

+SO 

+400 

200 

0 

-200 


200 

o 

+200 

+300 

Z 

-140 

-20 

+ 1000 


Solution. Tabulating the forces as shown in Fig. 955, we first compute the 
projections and 7, of each force and also its moment (Mo), about the 
origin 0, counterclockwise moment being considered as positive. Since the 
two 200-lb forces form a couple, we record only their combined moment as 
shown. Making summations as shown at the bottom of each column, and 
using expressions (a) to (d), we have 

B = VZ* + 7= = V(-140)» + (-20)' = 100 lb 


Thus the resultant is located as shown in Fig. 95a. 


, jpaai 

lani — 


SEggSS 

nstfi 
■■I 


Y, (MDi 


-/0.0 0 -+70.0 


+^0.^ +47.! \~/4l.4 


-603 -24.3 \7-/20.6 


-40.0 +30.0 \ *240.0 


+39.6 I -S2.& -633.6 


0 \-344.4- 


2. Determine the resultant of the Byetemr.trf coplanar forces shown 
Fig. 96a. Each division of the superimposed grid is 1 in. square. 
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Solution. We first compute and record the projections and F,- of each 
force as shown in Fig. 966. Summing these projections for all force.s, we 
obtain Z = 0 and F = 0. Therefore the resultant is not a force. 

To see if there is a resultant couple, we compute and record the moment 
(Mo), of each force about the origin 0. The calculation of these moments is 
greatly simplified if we resolve each force into its components Z, and Y j at 
the point where its line of action intersects either the x or y axis, so that one 
component will pass through 0. Take, for example, the 50-lb force. Resolv- 
ing it at A into components Z,-, F,, we have 

(flfo). = 40 X 0 -h 30 X 8 = 240 in,-lb 

Moments of the other forces are calculated in a similar manner. Summing 
moments in accordance with Eq. (c), we get Afo = —344.4 in.-lb. Thus the 
resultant is a clockwise couple in the plane of action of the forces as shown in 
Fig. 9Qa. 


PROBLEM SET 3.1 

1. Determine the resultant of the system of forces in Pig. 95a if the direc- 
tions of the 200-lb forces are reversed so that 
they represent a clockwise couple. Ans. 
R = 100 V2 lb; tan a = y; d = 2 ft- 

2. What is the moment of a couple that 
must be added to the system of forces in 
Fig. 95o to make the resultant R pass through 
the origin 0? Ans. Af = -1,000 ft-lb. 

3. A gravity dam of trapezoidal cross 
section is acted upon by coplanar forces, as 
shown in Fig. A. Calculate the magnitude 
and direction of the resultant R and the 
distance x to the point where its line of action 
cuts the base line OA. The magnitudes of 
the given forces are shown in kip units 

(1 kip = 1,000 lb). Ans. R = 71.0 kips; d = 70°50'; x = 11.7 ft. 

4. Determine and locate the resultant force R on the dam in Pig. A, by the 
graphical method illustrated in Fig, 

93. 

5. Loads act on a roof truss as shown 
in Fig. B. The loads on the bottom 
chord are vertical; those on the top 
chord are perpendicular to the chord 
lines and act midway between chord 
points. Find magnitude, direction, 
and position of the resultant force. 
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3.2. Equilibrium of forces in a plane. In Art. 3.1, we have 
seen that a system of forces in one plane can reduce to a resultant force, 
a resultant couple, or a state of equilibrium. If expressions (a) vanish, 
there is no resultant force, and if expression (c) vanishes, there is no 
resultant couple. Thus the system of forces is in equilibrium if 

2Z. = 0 27. = 0 2(il/o). = 0 (18) 

These expressions represent the equations of equilibrium for the general 
case of forces acting in one plane. 

Since concurrent coplanar force systems and parallel coplanar force 
systems are only special cases of forces in a plane, the above equation.s 
of equilibrium must also hold for these cases. In the case of concur- 
rent forces in a plane the third of Eqs. (18) will always be satisfied if 
the first two of the same system are satisfied, and hence, for this case, 
they reduce to the system of Eqs. (3) (see page 26). In the case of 
parallel forces in a plane, by taking the y axis parallel to the lines of 
action of the forces, there will be no projections on the x axis and the 
first of Eqs. (18) is always satisfied. Thus we are left with a .system of 
two equations, equivalent to Eqs. (11) (see page 71). 

It is sometimes advantageous to replace Eqs. (18) by three moment 
equations, analogous to Eqs. (6) derived for the case of concurrent 
forces in a plane. In the general case of forces in a plane it can be 
proved that, if the algebraic sum of the moments of all the forces, with 
respect to any three centers A, B, and C in their plane and not all on 
one straight line, is zero, the system of forces is in equilibrium. To 
prove this statement, we reason as follows: If the algebraic sum of the 
moments of all forces with respect to any point, say A, is zero, it can 
be concluded at once that the system is not reducible to a resultant 
couple. However, we may still have a resultant force passing through 
the moment center A or a state of equilibrium. Evidently then, if the 
algebraic sums of the moments of all forces with re.spect to any two 
points, say A and B, are simultaneously zero, the only possibility of a 
resultant is a force acting along the line AB. Finally, if the algebraic 
sums of the moments of all forces, not only with respect to A and B but 
also with respect to a third point C, are zero and C is not on the line AB, 
the possibility of a resultant force falls completely and we must have 
equilibrium. Expressing these three conditions of equilibrium alge- 
braically, we have 

S(Mx)i = 0 2(ilffl). = 0 2(ilfc)i = 0 (19) 

Reconsidering the set of equations (18) or (19), we observe that in 
both cases, three independent conditions are not only necessary but also 
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sufficient to ensure equilibrium of a system of coplanar forces. Natu- 
rally, ■with three equations we can determine only three unknowns. 
This means that in dealing with constrained bodies where unknown 
reactions are to be e'valuated, we shall not be able to determine the 
magnitudes of more than three such forces, or possibfy the magnitude 
and direction of one and the magnitude of another. For this reason 
a system of physical constraints of a rigid body in a plane which gNes 

rise to just three unknowns is said to 
be statically determinate. 

Common systems of constraints 
which satisfy the above condition 
are shown in Fig. 97. In Fig. 97a 
we have a body supported by a 
hinge A and a roller B, which com- 
pletely constrain the body in the 
plane of the figure. The roller at B determines physically the direction 
of Ri but the direction of Ra remains unknown as indicated by the 
wavy-line vector. Thus the three unknowns in this case are the 
magnitude and direction of Ra and the magnitude of Rb. In Fig. 976 
a body is constrained in one plane by three hinged bars which are not 
parallel and do not intersect in one point. ^ In this case the lines of 
action of three reactive forces <Si, S 2 , and Si (coinciding with the axes 
of the bars producing them) are 
kno'wn and again we have only 
three unknown magnitudes to 
determine. 

Any system of supports of a 
rigid body in one plane which con- 
tains more than three degrees of 
constraint 'wiU set up reactive 
forces involving more than three 
unkno'wns. In such case the equa- 
tions of equilibrium (18) or (19) will be inadequate and the system is 
said to be statically indeterminate. Supports in excess of those just 
necessary and sufficient to prevent motion are called redundant sup- 
ports. Two examples of systems with redundant constraints are shown 
in Fig. 98. In each case the corresponding system of reactions will 
involve four unkno'wns and the systems are statically indeterminate. 

* If the three bars in Fig. 976 are parallel or intersect in one point, the body will 
always have some freedom of motion in the plane of the figure and is not ade- 
quately constrained, i.e., it wiU move under the action of applied loads. 
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Applications of Eqs. (18) and (19) in the calculation of statically 
determinate reactions will now be illustrated by several examples. 


EXAMPLES 

1. A revolving crane (Fig. 99a) supported by a pivot C and a horizontal 
ring AB carries, besides its own weight Q applied at E, a vertical load P 
applied at D. Determine the reactions at the points of support if P = 4 tons, 
Q = 2 tons, a = 15 ft, 6 = 3 ft, and c = 6 ft. 

Solution. We begin with a free-body diagram of the entire crane isolated 
from its supports (Fig. 996). Besides the active forces P and Q, we have to 
consider reactive forces exerted by the supporting ring AB and the socket 
at C. Assuming some slight play between the crane and ring, we conclude 



that for the loading shown, the crane will press on the ring only at one point A. 
Thus we have a horizontal reaction at A, as shown, and no reaction at B. 
The reaction on the pivot C can have any direction through this point. Thus, 
in general it can have two independent rectangular components Xc and F„, 
as shown. The magnitudes of these two components define the reaction at C 
just as well as the magnitude and direction of a single force and are easier to 
work with analytically. 

Choosing coordinate axes as shown in Fig. 996 and taking C as a moment 
center, Eqs. (18) become 

Xc — Pa ~ 0 

Ya-P -Q = 0 (a) 

RaC — Pa — Qb = 0 

It should be noted that by taking point C as a moment center, we eliminate 
the unknowns and from the third equation, which can then be solved 
directly for Ra. Substituting the given numerical data into Eqs. (a), we 
obtain Ra = 11 tons, X^ = 11 tons, F, = 6 tons. 

2. A prismatic bar AB of weight Q and length I is supported by a small 
roller at C and presses against a smooth vertical wall at A (Fig. 100). If an 
additional load P is applied at the end B of the bar, find the position of equilib- 
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rium of the bar as defined by the angle a that its axis makes with the 
horizontal. 

Solution. Neglecting friction, the reactions Ra and Rc will have directions 
as .shown in the figure. The point of inteisection 0 of their lines of action 
is at the distance b = a/cos* a from point A. When equilibrium of the bar 

e.xists, the algebraic sum of the moments 
of all forces with respect to point 0 must 
be zero. Hence 



Q ( — \ 5 cos cr) 

Vcos^ a 2 / 


( 


P I Z COS a 


cos* O'/ 


from which 


cos a = 


'2(P + Q)a 
(2P + Q)l 


mi 


For the particular case where F — 0, Eq. (b) reduces to 


cos a 



It is assumed, of course, that a < 1/2. 

3. A hollow right circular cylinder of radius a is open at both ends and 
rests on a smooth horizontal plane as shown in Fig, 101a. Inside the cylinder 
are two spheres having weights W\ and TFj and radii ri and rj, respectively. 
The lower sphere also rests on the horizontal plane. Neglecting friction, 
find the minimum weight Q of the cylinder in order that it will not tip over. 




(c) 


Solution. Let us consider first a free-body diagram for the two spheres, 
assuming that they are joined together at their point of contact as shown in 
Fig. 101b. By virtue of the assumption of smooth surfaces, we conclude 
that the reactive forces Pi and Pi exerted on the spheres by the walls of the 
cylinder are horizontal forces as shown and likewise that the reaction Ri on 
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the bottom of the lower sphere is a vertical force. Thus the two spheres are 
in equilibrium under the action of the five coplanar forces shown in Fig. 1016. 
Using the first and last of Eqs. (18) with Us as a moment center, we obtain 

Pi~Pi = 0 Wib - PiA = 0 

from which 



We now turn our attention to a free-body diagram of the cylinder (Fig. 
lOlc). The action of the spheres on the inside of the cylinder arc represented 
by forces equal and opposite to the previously considered forces Pi and Ps in 
Fig. 1016. Referring to Eq. (c), we see that these forces constitute a couple of 
moment Pih = TFi6 that tends to overturn the cylinder about point A. 
Resisting this overturning moment is the weight Q of the cylinder acting along 
its geometric axis. When overturning impends, the reactive force on the 
bottom of the cylinder is concentrated at A as shown. Equating to zero the 
algebraic sum of the moments of all forces with respect to this point, we obtain 

Qa — TFi6 

from which 

Q = Fi- (d) 

a 

Referring back to Fig. 101a, we see that 

b = 2a — Ti — 72 

and expression (d) becomes 

Q^Wi ~r ? (e) 

a 

In the particular cases of two identical spheres each of weight W and radius r, 
we have 

6 = 2(a — r) 

and expression (d) becomes 

(f) 

It must be kept in mind that expressions (e) and (f) represent in each case the 
minimum value of the weight Q for which equilibrium can exist. 


PROBLEM SET 3.2 

1. A beam ABC hinged to a fixed support at A and resting on a roller at B 
is loaded as shown in Fig. A. Determine the reactions at the points of 
support. Ans. = —400 lb; F„ = 167 lb; Rj,= 633 lb. 
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FIG. A 


2. A homontal beam AB hinged to a vertical wall at A and supported by 
a tie rod CD is subjected to the loading shown in Pig. B. Calculate the hori- 
zontal and vertical components of the reaction at A and the tension S in the 
tie rod. Ans. Z<. = 433 lb; Ya = -50 lb; S = 500 lb. 



100 lb 100 lb 
FIG. B 


3. The vertical mast AB of a crane (Fig. C) is supported by a pivot at B 
and a guide at A. Neglecting friction, determine the reactions produced at A 
and B due to the loads P and Q acting on the crane as shown. The following 
numerical data are given: P = 2 tons, Q = 1 ton, o = 8 ft, 6 = 12 ft, 
c = 14 ft. Ans. Rn = 2 tons; = 3.61 tons. 



FIG. c fig. d 


4. Determine the reactions Ra and Ri, produced at the supports A and B 
of a girder (Fig. D) by the vertical loads Q and the tractive forces F 
exerted by the wheels of a locomotive. Neglect friction in the roller at B. 
The following numerical data are given: Q = 20 tons, P = 1 ton, o = 10 ft, 
f> = 6 ft, ft, = 5 ft, I = 40 ft. Ans. B, = 35t tons; Rt, = 24|- tons. 
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5. Determine the reaction at A and the force S in the bar Dj& due to the 
action of the loads F and Q applied to the crane, as shown in Kg. E. Neglect 
the weight of the crane and assume ideal hinges at A, D, and E. Assume that 
P = 600 lb, Q = 300 lb, a = 6 ft. Am. = 1,140 lb; S = 1,555 lb, 
compression. 



FIG. E FIG. F 


6. A horizontal platform CD carries a truck of weight Q (Fig. F) and is 
rigidly attached to the vertical bar AB, which is hinged at the bottom to the 
horizontal bar AE and at the top to the horizontal lever BFG. Determine the 
weight Q of the truck if a known weight W hanging at G holds the platform 
and its load in equilibrium. The weight of the empty platform is just 
balanced by that of the lever. Am. Q = Wli/(l — h). 

7. The system in Fig. G is in equilibrium for the conditions of loading 
shown. Subsequently the load Q is increased by 200 lb. How far must the 
load P be moved to the right to preserve equilibrium? Am. 8 in. 



8. A 150-lb man stands on the middle rung of a 50-lb ladder, as shown in 
Fig. H. Assuming that the floor and wall are perfectly smooth and that 
slipping is prevented by a string DE, find the tension ;Si in this string and also 
the reactions and at A and B. Am. S = 81.2 lb; Ba = 240.6 lb; 
Ri = 70.4 lb. 

9. A prismatic bar AB of weight Q and length I rests at A against a smooth 
horizontal floor, and under the action of its gravity force Q presses against 
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supports at C and D (Fig. I). Neglecting friction, determine the magnitudes 
of the reactions R^, Rd, and Rc. Ana. Ba — Q\ Rc = Ra = (.Ql/^a) cos a. 




10. Two slender prismatic bars AC and BC, each of length I and weight 
IF, are hinged together at C and supported in a vertical plane by two pegs 
at D and E as shown in Fig. J. Neglecting all friction, find the angle 6 that 
each bar will make with the horizontal in the condition of equilibrium. Ana. 
cos 9 = -^Tfl 

11. A heavy prismatic timber of weight W and length I is supported hori- 
zontally between two fixed fulcrums A and B, as shown in Fig. K. If the 
coefficient of friction between the timber and each fulcrum is p, find the 
magnitude of a horizontal force P applied as shown that will cause impending 
sliding of the timber to the right. The following numerical data are given; 
IF = too lb, a == 20 in., h = 12 in., c = 10 in., Z = 70 in., cZ = 12 in., and 
A = I'. Ana. P = 50 lb. 

*12. Find the magnitude and direction of the least force P necessary to 
cause impending sliding of the timber in Fig. K. Compare this result with 
the value of the corresponding horizontal force as obtained in the preced- 
ing problem. Ans. = 45.2 lb, inclined downward by 26°17' to the 

horizontal. 



*13. A heavy prismatic timber of weight IF is supported in a vertical plane 
as shown in Fig. L. If the coefficient of friction between the timber and each 
of the supports A and B is fi = ^ and the dimensions are as shown, find the 
maximum value of the angle a consistent with equilibrium. Ans. a ? 43°. 
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14. A heavy block of weight W rests on a rough horizontal plane as shown 
in Fig. M. Hinged to this block is a slender bar AB of length I which leans 
against a small frictionless roller at D and carries a vertical load P at its free 
end B. Find the magnitude of P for which sliding of the block will impend 
if the coefficient of friction on the horizontal plane is p. The following 
numerical data are given: 8 = 30“, Z = 30 in., A = 10 in., /ir = i. Neglect 
the weight of the bar AB completely. Ana. P = 0.482W. 



*15. Two beams AB and BC, joined together by a hinge B, are supported 
by four bars, hinged at their ends (Fig. N). Determine the force produced 
in each of these bars due to the action of the load P = 500 lb. The dimen- 
sions of the structure are shown in the figure. Ana. Sa - 188 lb, compres- 
sion; Sd = Sa = 265 lb, compression; Sc = 62 lb, tension. 

3.3. Plane trusses: method of joints. The various methods of 
dealing with the equilibrium of a system of forces confined to one 
plane find a wide application in the analysis of plane truasea. A plane 
truss is defined as a system of bars, all lying in one plane and joined 
together at their ends in such a way as to form a rigid framework. ^ A 
typical example is shown in Fig. 102a, which represents a common 
type of bridge truss. If this truss, supported in a vertical plane as 
shown, is subj ected to the action of a force Q applied at one of the j oints 
and also acting in the plane of the truss, reactions will be produced 
at the points of support. These reactions may be determined by any 
of the methods already discussed in Arts. 1.5 or 3.2. Under the action 
of this system of balanced forces external to the truss as a whole, axial 
forces will be produced in the various bars. The determination of 
these internal forces constitutes the analysis of the truss. 

Sometimes, instead of fastening the bars of a truss together by means 
of pins at their ends (Fig. 102a), they are connected by means of plates 
at each joint to which the ends of the bars are riveted or welded. The 
usual type of riveted connection is shown in Fig. 1026. In either case 
it is usual practice in the analysis of trusses to make the following 

^For various rules of formation of plane trusses, see the authors' “Theory of 
Struotures,’’ pp.. 44, 76, McGraw-Hill, New York, 1945. 
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simplifying assumptions: (1) that the bars are connected at their ends 
by frictionless hinges; (2) that the axes of all bars lie in one plane, 
called the middle plane of the truss; and (3) that all forces acting on the 
truss are applied at the hinges only and also lie in the plane of the truss. 

These three assumptions are of great significance. They amount, in 
short, to the replacement of the actual physical truss of Fig. 102o or 

102b by the idealized truss of Fig, 
102c, consisting of a system of 
weightless^ bars all lying in one 
plane and joined together at their 
ends by frictionless hinges to which 
external forces, acting only in the 
plane of the truss, are applied. 
For such an idealized case it is 
evident, as discussed in Art. 1 . 1 , 
that each bar of the truss is in 
equilibrium under the action of 
forces applied at its two ends only 
and therefore is in either tension 
or compression. From this it 
follows that the reactions which 
each bar of the truss exerts on the 
hinges at its two ends can be rep- 
resented by two equal, opposite, 
and collinear forces which have for 
their common line of action the 
axis of the bar. We have then, at 
each joint of the truss, a system of concurrent forces in one plane that 
must be in equilibrium (Fig, 102c). Thus on the basis of the above 
assumptions, the various methods, previously studied, of handling the 
problem of equilibrium of concurrent forces in a plane can now be 
applied directly to the analysis of trusses. Such procedure is called the 
method of joints. 



EXAMPLES 

1. A plane truss ABE is supported and loaded in a vertical plane as shown 
in Fig. 103a. Determine graphically the reactions at A and E and the axial 
force in each bar. 

‘The analysis of a truss under its own weight is usually treated as a separate 
problem, so that for all other loading conditions the weights of the bars are entiielv 
neglected. ^ 
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Solution, Under the action of the applied force Q, reactions Ra and Re will 
be produced at the points of support as shown. Considering the entire struc- 
ture as a free body and applying the method of Art. l.S, these two reactions can 
be determined without difficulty. The direction of the force Q, applied at D, 
being known and the reaction f2<, being normal to the surface on which the 
roller rests, the reaction Ra at A must have the line of action AO, as indicated 
in the figure. The three forces Q, Ra, and if s also must build a closed triangle, 
as shown in Fig. 1036, and thus the balanced system of forces external to the 
structure as a whole is completely determined. 


G 





As already explained above, these external forces produce axial forces 
in the various bars of the truss and each bar in turn e.xerts on the hinges 
at its ends two equal but oppositely directed reactions Avhich have for their 
common line of action the axis of the bar. The magnitude of either of these 
reactions obviously represents the force in the bar, and whether it is directed 
away from the hinge or toward it determines, correspondingly, whether 
the bar is in tension or compression. For convenience of reference let us 
number each bar of the truss, as shown in Fig. 103o, and denote by S; the 
force in any bar i. 

■ We now begin the analysis of the truss by consideration of the equilibrium 
of the hinge E. Considering this hinge as a free body, as indicated by tiie 
circle around joint E, we find acting upon it the previously determined force 
R, together with the reactions Si and Si exerted by the bars 1 and 2. We sliall 
not know at once whether these last two forces should be directed toward the 
hinge or away from it, but keeping in mind that their lines of action must 
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coincide with the axes of the bars which produce them, the triangle of forces 
(Fig. 103c) for the hinge E can be drawn and the magnitudes of the forces 5, 
and ,5o determined by scaling the corresponding sides of the triangle. Now, 
from the directions of the arrows, which must follow each other tail to head on 
the sides of the triangle of forces, we see that the bar 1 pulls on the hinge, 
indicating tension, and the bar 2 presses against the hinge, indicating compres- 
sion. Arrow's indicating such reactions are now placed at E, as shown in 
Fig. 103o. 

Let ns consider next the equilibrium of the hinge D. We first replace the 
bar 2 by its reaction Sj equal but opposite to the previously considered reac- 
tion of this bar on the hinge E. There remain then but two unknown forces 
at D, representing the reactions on this hinge of the bars 3 and 4. Again we 
do not know whether these last two forces are directed toward the_ hinge or 
away from it, but knowing the directions of their lines of action we can con- 
struct the polygon of forces shown in Fig. 103(f, from which the forces S 3 and 
Si are determined as before. In this case we see from the arrows on the sides 
of the polygon of forces that both bars are pressing on the hinge and hence are 
in compression. Arrow's indicating such reactions can now be placed on the 
axes of the bars 3 and 4 at D, as shown in Fig. 103o. 

Proceeding next to a consideration of the hinge C, the reactions exerted on 
this hinge by the bars 1 and 3 will be known and again only two bars with 
unknown forces will be encountered. The force polygon for this hinge, from 
which Ss and may be determined, is shown in Fig. lOSe. Finally the 

hinge B may be considered, after which the 
forces in all the bars of the truss will have been 
determined. 

2. Determine analytically the axial forces in 
the bars of the plane truss supported and 
loaded as shown in Fig. 104, 

Solution. Owing to the fact that this truss 
is formed as an integral part of its foundation, 
it will not be necessary to consider tlie reac- 
tions at D and E. The analysis of internal 
forces can be commenced at once with a con- 
sideration of the conditions of equilibrium of 
the joint A. Isolating this hinge as a free body, we encounter only two forces 
representing the reactions of the bars 1 and 2 on this hinge. Since two forces 
can be in equilibrium only if they are equal, opposite, and collinear, we con- 
clude that the forces in these two bars are zero, since their axes are not 
collinear. Hence the bars 1 and 2 may be imagined to be completely removed 
from the truss without altering the forces in any of the remaining bars. 

If now we consider the equilibrium of the hinge B; we find acting upon it 
three forces: the loadP and the two forces S3 and S4 representing the reactions 
exerted by the bars 3 and 4. Since we do not know at once whether the 



FIG. 104 
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reactions JSs and 5i are directed toward or away from the hinge but only 
that their lines of action must coincide with the a-xes of the bars that produce 
them, let us assume that they are directed as shown, That is, we assume 
both bans to be in tension. If later in our calculation we find for either of 
these forces a negative value, it will simply indicate that the assumed direc- 
tion for that force is incorrect and hence that the bar exerting it is in compres- 
sion. Thus, by consistently assuming all bars to be in tension, positive results 
will automatically indicate tension and negative results, compression. Pro- 
jecting forces at B onto coordinate axes x and y as shown, Eqs. (3) become 

-Sj - 0.70754 = 0 -P - 0.70754 = 0 

from which we find S 3 = -f-P and 5i = — \/ 2 P. 

We proceed now to a consideration of the equilibrium of the hinge C. 
Remembering that Si = 0 and S3 = +P, the equations of equilibrium for 
this hinge became 

+S 3 - 0.70756 = 0 -Sb - 0.7075o = 0 

from which Sa = — P and 5e = -1- \/ 2 P. 

3. Determine the force produced in each bar of the tower shown in Fig. 105 
due to a horizontal force P applied at the top as shown. 

Solution. Considerable time can be saved by rec- 
ognizing at once that there is no force produced in any 
of the bars 7, 8, 9, or 10. This can be proved as follows: 

Considering the equilibrium of the hinge B and equat- 
ing to zero the algebraic sum of the projections of all 
forces acting on this hinge onto an axis at right angles 
to AB, we conclude that the force in the bar 7 is zero, 
since the reaction of this bar on the hinge B is the only 
force that can have any projection on such an axis. 

Thus the bar 7 can be imagined to be removed, and we 
are left with a similar situation at the hinge (7 and conclude accordingly 
that the force in the bar 8 is zero. Subsequent considerations of the hinges D 
and E result in the same conclusion regarding the bars 9 and 10. Out of tliis 
discussion we can evidently state the following rule; If in any truss there be a 
joint at which only three bars meet and two of these bars lie along tlie same 
straight line, then the force in the third bar is zero, provided that there is no 
external force applied at the joint in question. 

To complete the analjosis, we now isolate the hinge A as a free body and 
imagine that the bars 1 and 2 pull on this hinge with forces Si and S 2 . Then 
projecting forces onto a vertical axis, we obtain 

5i cos 16° -f- S2 cos 15° = 0 

From this we conclude that St = —Si. Projecting forces at A onto a hori- 




122 


GENERAL CASE OF FORCES IN A PLANE [Art. 3.3 


zontal axis, we write 

-Si sin 15° + Si sin 15° + P = 0 
Substituting —Si for Ss in this equation, we obtain 
-2S, sin 15° + P = 0 

from which 

«■ - Jifr? - 

Now since the bars 7, 8, 9, and 10 have been shown to be inactive, there are 
only collinear forces at each of the joints B, C, D, and E, and we conclude that 

S, = Sj = Ss = +1.93P Si = Si = -1.93P 


PROBLEM SET 3.3 

1. Calculate the axial force S, in each bar of the simple truss supported and 
loaded as shown in Fig. A. The triangle ACB is isosceles with 30° angles 
at A and B and P = 1,000 lb. Arts. Si = —667 lb; Si = —1,333 lb; 
S, = +1,154 lb; Si= +577 lb; St = +1,154 lb. 



FIG. A FIG. B 

2. Prove that a tensile force equal to the applied load P is produced in the 
bar DE of the truss shown in Pig. B. 

3, Determine the axial forces in the bars 1, 2, 3, 4, and 5 of the plane 

truss supported and loaded as shown in Pig. C. Ans. S, = — P; Sj = +P: 
Si = -0.5P; Si = +0.442P;S5 0.333P. 



FIG. C FIG. D 


4. Determine the axial force in each bar of the plane truss loaded as 
shown in Pig. D. Ans. Si = +133 lb; Si = -167 lb; Si = -100 lb; 
Si = +133 lb; St = +83 lb; Sa = -250 lb. 
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6. Determine the force S in the bar AB of the simple truss supported and 
loaded as shown in Fig. F. Ans. S == 

7. Determine the axial force in each bar of the plane truss loaded ns shown in 

Fig. G. .dws. Si Si = +2P;Sj = -S, = -2.236P;,S3 = +P;<S 5 - 0. 


.Q, „ 

10 ' ' 


i 

1 1 

i'l 




8. Determine the axial force in each bar of the plane truss supported and 
loaded as shown in Fig. H. ABCD is a square; AC is horizontal. Am. 
Si — +P| Si = —Si — —St = -~Se = d-0.707P; Si — 0. 

9. Determine the axial force tS, in each bar of the plane truss supported 
and loaded as shown in Fig. I. Ans. S, = —1,000 lb; Ss = +2,000 Ib; 
Sc = -2,000 lb; St = -3,000 lb; Sg = +3,000 lb; Sg = -707 lb. 
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10. Using the method of joints, calculate the axial force in each of the bars 
1, 2, 3, and 4 of the plane truss shown in Fig. J. -dns. Si = — 6P; S 2 = 
+1.414P; S 3 = +1.155P; S 4 = +2P. 

3.4. Plane trusses: nietl»od of sections. In Art. 3.3 we con- 
sidered the analysis of plane trusses by the method of joints. We shall 
consider now another method of calculating the axial forces in the bars 
of a truss, the use of which makes it possible to determine the force in 
some chosen bar without going through successive considerations of the 
conditions of equilibrium of all hinges of the truss. Referring to the 
truss shown in Fig. 106a, let us assume that it is required to determine 


m 




the forces in the bars 1, 2, 3, due to a vertical load P applied as shown. 
We first consider the entire truss as a free body and find the reactions 
at A and K to be 4P/5 and P/5, respectively, as shown. Now instead 
of considering the equilibrium of the hinges A, B, C, D, and E in suc- 
cession, as would be necessary by the method of joints, let us imagine 
that by a section mn (Fig. 106a) the truss is cut into two parts and then 
consider the conditions of equilibrium of the part to the right of this 
section (Fig. lOGb). Acting upon this free body, we have the vertical 
reaction at K together with the three forces jSi, S 2 , S3, representing 
the axial forces in the three bars that were cut by the section mn. The 
directions of these forces must, of course, coincide with the axes of the 
bars, so that only their magnitudes remain unknown. Thus we obtain 
a system of coplanar forces in equilibrium, and either system of equa- 
tions (18) or (19) may be employed to determine the magnitudes of the 
three unknown forces. For example, equating to zero the algebraic 
sum of moments of all forces with respect to point E (thus eliminating 
from consideration two of the unknown forces), we obtain 

SiO -j — f 3a = 0 
0 

from which Si = — 3P/5. The negative sign, of course, indicates 
compression instead of tension, as assumed. In a similar manner, by 
taking point F as a moment center, we find ^3 = -t-P/2, tension. Si 
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can be evaluated most easily by equating to zero the alegbraic sum of 
projections of all forces on a vertical axis. Thus, we obtain 



= 0 


from which Si — +P/2 VS, tension. 

The foregoing procedure in the analysis of trusses is called the method 
of sections. It consists essentially in the isolation of a portion of the 
truss by a section in such a way as to cause those internal forces that 
we wish to evaluate to become external forces on the isolated free body. 
By this procedure, we usually arrive at the case of equilibrium of a 
general system of forces in a plane and the usual conditions of equi- 
librium [Eqs. (18) or (19)] may be employed to evaluate the unknown 
forces as was done above. The success or failure of the method rests 
entirely upon the choice of section. In general, a section should cut 
only three bars, since only three unknowns can be determined from 
three equations of equilibrium. 

However, there are special cases 
where we may successfully cut more 
than three bars, and some of these 
will be illustrated in the following 
examples. Here we shall always 
assume tension to be positive and 
compression, negative. 

EXAMPLES 

1. Using the method of sections, 
determine the axial forces in bars 1, 2, 
and 3 of the tower loaded as shown in Fig. 107a. 

Solution. W e begin by making a section mn cutting the three bars for which 
the axial forces are required and consider the portion of the tower above this 
section as a free body (Pig. 1076). Acting on this free body, we have the 
applied force P and the forces iSj, Sj, and Si representing the axial forces in 
the cut bars 1, 2, and 3. 

Equating to zero the algebraic sum of moments of these forces with respect 
to point D, we obtain 

S^a — Ph = 0 



from which Si = -pPh/a, tension. Similarly, with £ as a moment center, we 
have 

-Sia - E 2A = 0 
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from which S 3 = —2Ph/a, compression. Finally, equating to zero the 
algebraic sum of the horizontal projections of the forces, we find 

P — <82 cos O' = 0 

from which S 3 = +P/cos o, tension, where, of course, cos a = aj ■\/h^ + 0=^. 

2. Determine the axial forces produced in the bars 1 and 4 of the tower 
shown in Fig. 108a due to a horizontal force P applied at the joint C. ^ 
Solution. In this case, we make a section mn that cuts four bars but in such 
a way that the axes of three of them intersect in one point, thus making it pos- 
sible to determine the axial force in the 
fourth by using that point of intersec- 
tion as a moment center. 

Considering then the equilibrium of 
the free body in Fig. 1086 and using 
successively as moment centers the 
points E and D, we find 

5ia - P 26 = 0 - Sta - P 2h = 0 

from which »Si = H-2P6/a, tension, 
and Si = —2Ph/a, compression. 

Equating to zero the algebraic sum 
of the horizontal projections of the 
forces in Fig. 1086, we obtain 

S3 - S2 = P 

but the individual magnitudes of these 
two forces cannot be determined from the conditions of equilibrium of the 
free body shown. 



PROBLEM SET 3.4 

1. Using the method of sections, find the axial force in each of the bars 1, 
2, 3, of the plane truss in Fig. A. Ans. Si = +3P;Si = —P;S 3 = —^/sP. 
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2. Using the method of sections, find the axial force in each of bars 1, 2, 3 
of the plane truss in Fig. B. Ans. Si — +1,000 lb; (Sz = —2,000 lb; 1 S 3 = 0. 

3. Referring to Fig. C, find the axial force in the bar x; (a) using the method 
of joints, ( 6 ) using the method of sections. ABC is equilateral. d.ns. 

= - a/3 P/2. 



FIG. C 


c 



FIG. 0 


4. Referring to Fig. D, find the axial force in the bar e; (a) using the method 
of joints, (b) using the method of sections. ABC is equilateral. Ans. 
S* = +123 lb. 

5. Determine, by the method of sections, the axial foice in each of the 

bars 1, 2, and 3 of the plane truss shown in Fig. E. Si = — P; Si = 

+5P/4; 53 = -6P/4. 
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8. Determine the forces in bars 1, 2, and 3 of the plane tiuss loiided and 
supported as shown m Fig. H. Ans. Si = —iPa/h; Si = —P/2; So = 
+iPa/h. 

9. Determine the forces in bars 1, 2, and 3 of the plane tiuss loaded and 
supported as shown in Fig I. Ans. 

Si = 5s = Si = —2Qa/2h. 5'v^'^ 

10. By using the method of sections, find ^ 

the forces produced in bars 1, 2, and 3 of the ^ 

truss shown in Fig, J due to the action of a 1 K 



ball of weight TF = 1,000 lb, resting at the hinge D and supported by a cable 
EF as shown, The cable EF is parallel to AC. Ans. Si = -416,7 lb' 
Sj = +500.0 lb; So = +333.3 Ib. 

11. By using the method of sections, determine the forces in bars 1, 2, 
and 3 of the truss supported and loaded as shown in Fig. K. Ans. Si = 
— 0.82SQ; Si = +0.424Q; So — +0.500Q. 




12. Determiiie the forces in bars 1, 2, and 3 of the plane truss supported 
and loaded as shown in Fig. L. Ans. Si = -P/3; Si = 0; 53 = -2P /3. 

13. Using the method of sections, find the axial force in each of the bars 
1 and 2 of the plane truss loaded and supported as 

shown in Fig. M. Ans. Si = -iP: Si = +4-P. 
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*14. Determine the foice S in the bar AB of the plane tiuss loaded and 
supported as shown in Pig. N. Ans. S = +0.43P. 

*15. Determine the foi ces in bars 1, 2, and 3 of the plane truss supported and 
loaded as shown in Pig. 0; ZCAB — ZDBA = 60°, ZCBA = ZDAB = 30°. 
Am. 'Si = +0.866 P; = -0.769 P; & = -0.963 P. 



*16. Determine the forces in bars 1, 2, and 3 of the plane truss loaded and 
supported as shown in Fig. P if ABCDEF is one-half of a regular octagon. 
Ans. Si = -0.293P: Si = -P; St = -1.207P. 

3.5. Plane frames j method of members. In engineering 
problems of statics we frequently encounter structures consisting of 
several bars or members in one plane so pinned together as to form a 
rigid system, but not otherwise satisfying the definition of a plane truss 
(see page 117). Several examples of such frame structures are shown 
in Fig. 109. They differ from trusses principally in one respect’ the 



FIG. 109 


various members are not limited to the action of forces applied at their 
ends only. Thus the bars composing such structures are subjected to 
bending as well as simple tension or compression and are called flexure 
members. In the case of frames containing such flexure members, the 
actions and reactions between the several parts of the system will not 
be collinear with the axes of the members as in the case of trusses. 
This makes it necessary in the analysis of such structures to consider 
separately the conditions of equilibrium of qach member of the frame 
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rather than of its joints. Thus in contradistinction to the method of 
joints for analyzing trusses, we use what we shall call the method of 
members for the analysis of frames. 

The general problem in the analysis of a frame structure under given 
loading is to find the magnitudes and directions (or more often the 
rectangular components) of the forces transmitted from one member 
to another through the connecting pins. To do this analytically, we 
isolate each member of the structure as a free body and show all forces 
acting on it by vectors. Consider, for example, the three-hinged arch 
ACB loaded as shown in Fig. 110a. This structure consists of two 
rigid bars or ribs AC and BC hinged together at C and to the founda- 
tion at A and B. Since each member is acted upon by a force at some 



intermediate point, it is subjected to bending, and the forces at its ends 
will not be directed along the axis of the member. Accordingly, we 
do not know the direction of the reaction at either A or B] therefore we 
represent these reactions by rectangular components Xa, Ya, and Xt, 
Yi, as shown. Considering the equilibrium of the entire structure, we 
encounter a system of coplanar forces with four unknowns and with 
only three equations of equilibrium and the problem appears to be 
indeterminate. To avoid this difficulty, we disconnect the two bars 
at C and isolate each one as a free body. Figs. 1106 and 110c. Then 
on each of these free bodies we have, in addition to the forces already 
considered, a pair of rectangular components X^, representing the 
force transmitted from one bar to the other through the hinge C. If 
we assume these forces on the free body AC to be directed as shown 
in Fig. 1106, then it follows from the law of action and reaction that the 
corresponding forces on BC must be oppositely directed, as shown in 
Fig. 110c. It makes no difference which way we direct the forces 
Xc, Ye, as long as they are opposite on the two free bodies. If either of 
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them is incorrectly assumed, we shall simply obtain a result with nega- 
tive sign after calculation. 

We now have two simultaneous free-body diagrams (Fig. 1106 and 
110c) involving altogether six unknowns. Since for each free body we 
have three equations of equilibrium, Eqs. (18) or (19), it follows that 
the problem is statically determinate, i.e., we have six equations and 
six unknowns. With paints A and B as moment centers, Eqs. (18) for 
the two systems will be as follows: 

For the free body in Fig. 1106, 

Xa- X, = 0 

+ y, - P = 0 (a) 

XAh +e) +Y,a- Pc = 0 

For the free body in Fig. 110c, 

Xc - Xh - Q = 0 

Fb - F. = 0 (b) 

Fc6 - Xch + Qd ^ 0 

Having numerical data for the dimensions a, 6, c, d, e, h, and the loads 
P and Q, these six equations are easily solved for the six unknowns 
Xa, Ya, Xt, Yi,, and Xc, Y^ When the rectangular components have 
all been found, the magnitude and direction of each pin force can be 
calculated by using Eqs. (2) page 25, if desired. 

Before going further, it should be noted that the procedure outlined 
above brings us in general to a large number of simultaneous equations 
involving as many unknowns. The solution of such a set of equations 
can be troublesome if each equation contains many or all of the 
unknowns. Therefore in writing such equations, we should choose 
such moment centers and axes of projections that as many of the 
unknowns as possible are eliminated from each equation. This is 
usually not difficult to manage. When a system of forces in one 
plane is in equilibrium, -the algebraic sum of their projections on any 
axis must vanish, and the algebraic sum of their moments about any 
point must vanish. There is nothing mandatory about taking x and y 
axes horizontal and vertical, respectively, or using the origin 0 as a 
moment center. 

EXAMPLES 

1. A folding campstool rests upon a smooth horizontal floor and is loaded 
as shown in Fig. 111a. Determine the magnitude of the shear force on the 
pin at E and the position of the load P on the bar CD (that is, the value of a) 
to make this force a maximum. 



132 


GENERAL CASE OF FORCES IN A PLANE [Art. 3.5 


Solution. We begin with a consideration of the equilibrium of the entire 
frame. Since the floor i.s assumed to be smooth, the reactions Ea and Ei, will 
be vertical forces, and we obtain the free-body diagram as shown in Fig. 11 lo. 
Then using points B and A, successively, as moment centers, we find 

Ea = (I — oc)P and Eb ~ aP 


To proceed further, we make a sepaiate free-body diagram for each leg of 
the stool, representing the unknown pin reactions at D, C, and E by rec- 
tangular components, as shown in Figs. 1116 and 111c. We do not know the 
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directions of these forces but only that the components at E on AD must be 
equal and opposite to those at E on BC, since they are in the nature of action 
and reaction. Now writing SM^ = 0 for the free body AD and SMc = 0 for 
the free body BC, we obtain 

-a-«)Pa-t-y.|-i-z.| = o 

oPaH- 7,5 = 0 

from which 

Z, = P and 7, = (1 - 2 q:)P 

The fact that we obtain positive values for these components shows that the 
assumed directions in Figs. 1116 and 111c were correct. 

For the resultant shear force on the pin at E, we have 

P. = P Vi + (1 - 2 q:)2 

the maximum value of which is 

(P«) mo* — P 

when a = 0 or 1, that is, when the load P is at C or D. 
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2. A frame consisting of three members is supported and loaded as shown 
in Fig, 112o. Find the rectangular components of the forces transmitted 
from one member to another thi-ough the connecting pins E, F, G. 

Solution. We begin with a free-body diagram of the entire frame, as shown 
in Fig. 112o. Using A as a moment center, and neglecting any friction at B, 
Eqs. (18) may be wrrtten as fallows: 

-A, + 500 = 0 
r. - fli, - 500 = 0 
-IQRt + 600 X 5 4- 500 X 15 = 0 

from which we obtain = 500 lb, }'„ = 1,500 lb, Rb = 1,000 lb. 



We now make a separate free-body diagram for each of the three member.s, 
as shown in Fig. 1126 to 112(i. On these free-body diagrams, we place the 
given loads at D and C and the numerical values of the previously found 
reactions at A and B, as shown. At each of the points E, F, G, vve indicate 
two rectangular components of force representing the intereactions between 
members at these points of connection, but we do not immediately attach 
any arrows or symbols to these vectors. 

Now let us consider the equilibrium of the vertical bar AC in Fig, 1126. 
At this time none of the four forces acting at E and G is known, but, neverthe- 
less, we can find X, and X, by writing = 0 and SMj = 0, which give 

600 X 5 -h 600 X 10 - eZe = 0 
600 X 10 + 500 X 5 - 6Z„ = 0 

From these two equations, we obtain Xt = 1,500 Ib, = 1,500 lb, directed 
as assumed. Accordingly, we at once record 1,500 lb to the left at E in 
Fig. 112c and 1,500 lb to the right at G in Fig. 112d. 

Next, we consider the equilibrium of the horizontal bar DF in Fig. 112c. 
With F as a moment center, the equations of equilibrium [Eqs. (18)] for this 
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free body become 

Xy - 1,500 = 0 
F, - - 500 = 0 

57. - 500 X 10 = 0 

from which X/ = 1,500 lb, F. = 1,000 lb, and F/ = 500 lb, all directed as 
assumed. The.se numerical values may now be recorded at E in Fig. 1125 
and at F in Fig. 112d, as shown. 

Returning to the free body in Fig. 1126 and writing SFi = 0, we obtain 
1,500 - 1,000 - Fj = 0 

from which Fj = 500 lb directed down. We immediately place a correspond- 
ing 500-lb force up at G in Fig. 112d, and we see that all forces have now been 
evaluated. 

As a check on our arithmetic, we observe that the forces on the inclined 
bar in Fig. 112d, which have all been found from considerations of the other 
free-body diagrams, satisfy the three conditions of equilibrium for this bar. 

PROBLEM SET 3.5 

1. The frame structure as shown in Fig. A supports a load Q = 1,000 lb. 
Assuming ideal pins at all joints, find the compressive force S in the bar BC 
and the shear force on the pin at D. The pulley at E has a radius r = 1 ft. 
Ins. S = 1,250 lb; = 2,016 lb. 



FIG. A fig. B 

2. Find the axial force S induced in the vertical member BD of the plane 
frame supported and loaded as shown in Fig. B. Ans. S = -1-2P, tension. 

3. Referring to the compound 
beam in Fig. C, determine the shear 
force on the connecting pin B and 
the axial force Si in each of the four 
supporting bars. Aws. Rb = 2251b; 
Si = -188 lb; Si = Si = -265 lb; 
Si = 62 lb. 
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4. Referring to Fig. D, find the tension S induced in the tie rod AB of the 
frame ABC .supported and loaded as shown. Ans. 5 = 130 lb. 



5. A ladder, consisting of two equal parts AB and AC hinged together at 
A and connected by a horizontal string DE, rests on a smooth horizontal plane 
(Fig. E). Determine the tensile force <S that will be produced in the string 
by the applied load P. The following numerical data are given: I = 10 ft, 
a = 7 ft, A = 5 ft, a = 60“. Ans. S = 0.35P. 

6. A plane figure-four frame ABDE is supported on an inclined plane and 
loaded as shown in Fig, P, Calculate the axial force induced in the member 
BD. Ans. 8b^ — 106.7 lb, tension. 




7. Determine the horizontal and vertical components of the reactions at 
A and B for the X frame supported and loaded in one plane as shown in Fig. 
G. Ins. Xa = 1.732P, in; Ya = 0.423P, up;X6 = 2.732P, in; Ft = 0.677P, 
up. 

8. A bracket made up of two members BD and AC is loaded as shown in 
Pig. H. Neglecting the weights of the members and pulleys, calculate the 
horizontal and vertical components of the reactions at A and B. Each 
pulley has a radius r = 1 ft. Ans. X^ = —Xt = 1,167 lb; = +500 lb; 

Yb = 0 . 
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9. Calculate the shear forces on the pins A, B, C, and E of the plane frame 
supported and loaded as shown in Fig. I. Neglect the weights of the 



FIG. J 


members, and assume that the horizontal floor is 
smooth. Aws. Ra = 100 lb; Rt = 300 lb; R, = 200 
lb; iS. = 400 lb. 

10. Calculate the pressure exerted against the sides 
of an ice cube of weight TF = 100 lb by the points 
A and B of the tongs which support it (Fig. J). The 
dimensions of the tongs are as follows: a = 4 in., 
6 = 8 in., c = 8 in., d = 16 in. Ans. R^ = Ri, = 
95 1b. 

11. Calculate the shear force R, on the pin C of the 
ice tongs in Fig. J. Ana. Rc = 167.4 lb, 

12. Find the reactions at the supports A and B 
of the semicircular three-hinged arch loaded as shown 
in Fig. K. Ans. R^ = 4.01 tons, fft = 4.15 tons. 



'’I®- K FIG. L 


13. Calculate the horizontal and vertical components of the reactions at A 
and B of the frame structure loaded as shown in Fig. L. Ans Xa = 63 lb- 
F„ = 42 lb; Xt = 117 lb; Fj = 78 lb. 

14. Calculate the components of reactive forces at A and B of the frame 

structure in Fig. L if the horizontal bar GH pushes against a smooth vertical 
wall at H instead of the roller as shown. Ans. Xa = 162 lb- F =in8 1h- 
Z. = 811 b;n = 541b. ’ “ ’ 

15. Calculate the total shear force on each of the pins A, B, and F of the 
frame structure loaded as shown in Fig. M. Each bar is inclined at 46° and 
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AE and BD are conneoted at their mid-points F. Ans. Ra = Rb ~ 1,118 lb; 
Rf - 1,414 lb. 




16. Determine the horizontal and vertical components of the reactions at 
A and B of the frame shown in Kg. N. Each of the stationary pulleys at D 
and E is 32 in. in diameter and the weights of pulleys and members are to be 
neglected. Ana. = 633 lb; F„ = 802 lb; Xt = 633 lb; Fj = 198 lb. 

3.6. The funicular polygon. While the method of projections 
and moments described in Art. 3.2 can always be used in the solution of 
problems of statics, it is sometimes advantageous to use graphical 
methods in working with a system of forces in a plane. The method of 
composition of forces by successive applications of the parallelogram 
law, besides being very tedious, is not always satisfactory, since the 
lines of action of the forces sometimes do not intersect within the limits 
of the drawing and sometimes we have parallel forces. It is the pur- 
pose of this article to present a graphical method of analysis which can 
be applied to any system of forces in a plane. 

Let us consider first the simple case of two forces P and Q acting on a 
body, as shown in Fig. 113fl. We begin with the construction of the 
polygon of forces ABC (Fig. 113b), the closing side AC of which gives 
both the magnitude and direction of the resultant R of the given forces. 
There remains, then, only the determination of the position of its line of 
action. To accomplish this, we take an arbitrary point 0, called a 
vole, in the plane of the polygon of forces and join it by lines 1, 2, and 3 
with the apexes of the polygon. These lines are called rays and like the 
other lines in the figure may be considered as vectors representing 
forces. Taking, for instance, the arrows as indicated inside AAOB, 
we may consider the force P as the resultant of the forces 1 and 2. In 
the same manner, the force Q may be considered as the resultant of the 
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forces 2 and 3, the directions of which are indicated by the arrows 
inside ABOC. Referring, now, to Fig. 113a, it is evident that the 
action of the forces P and Q will not be changed if each of them is 
replaced by its two components indicated in big. 113b. These replace- 
ments will be made in the following manner : Beginning with any point 
a in the plane of action of the forces (Fig. 113a), we draw the line ab 
parallel to the ray AO. From the point of intersection b of this line 
with the line of action of the force P, we draw the line be parallel to the 
ray BO, and from the point of intersection c of this line with the line 
of action of the force Q, we draw the line cd parallel to the ray CO. 
The polygon abed, obtained in this way, is called a funicular ‘polygon 



HG. 113 


for the forces P and Q. The apexes of this polygon are on the lines of 
action of the given forces, and its sides are parallel to the rays of the 
polygon of forces. We assume now that, at point h, the forces 1 and 2 
replacing the force P and, at point c, the forces 2 and 3 replacing the 
force Q are applied as shown in Fig. 113a. In this way the given 
system of forces P and Q is replaced by a system of four forces applied 
at points b and c. Since the pair of forces 2 acting along the line he are 
equal and opposite, they are in equilibrium and may be removed from 
the system and there remain only the forces 1 and 3, which are equiva- 
lent in action to the given forces P and Q. The magnitude and direc- 
ts of the resultant of these forces are given in Fig. 113b by the vector 
AC and a point on its line of action is given by the point of intersection 
e of the forces 1 and 3 acting along the first and last sides of the funic- 
ular polygon (Fig. 113a). 

If we imagine a weightless flexible string going along the sides ab, he, 
and cd of the funicular polygon with its ends fixed at a and d, this string 
will evidently be in equilibrium under the action of the forces P and Q. 
The tensile forces in the portions ab and be of the string will be numeri- 
cally equal to the forces 1 and 2, indicated in the figure at b, and will 
balance the force P . In the same way, the tensile forces in the portions 
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be and cd of the string balance the force Q. This relation between the 
constructed polygon abed and the configuration of equilibrium of a 
string submitted to the action of the given forces explains the origin 
of the name “funicular polygon," i.e., string polygon. 

The graphical constructions discussed above are perfectly general 
and can be used also in the case of parallel forces in a plane. We take 
as a second example the simple case of two parallel forces P and Q 
applied to a body as shown in Fig. 

Il4a and begin with the construc- 
tion of the polygon of forces which, 
in this case, is represented by a 
portion ABC of a straight line 
Fig. 1146) parallel to the lines of 
action of the forces.' choos- 
ing a pole 0 and drawing the rays 
1, 2, and 3, we may construct a 
funicular polygon abed (Fig. 114a) as before with its sides parallel 
to these rays. Replacing the force P by its components 1 and 2 
applied at point 6 and the force Q by its components 2 and 3 applied 
at point c, we see again that the forces 2 balance each other and can be 
removed leaving only two nonparallel forces 1 and 3, which are equiva- 
lent to the given forces P and Q. The magnitude and direction of the 
resultant of these forces are given by the vector A C in the polygon of 
forces (Fig. 1146), and a point on its line of action is obtained by the 
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point of intersection e of the first and last sides of the funicular polygon 
(Fig. 114a). 

The same procedure may be used in the case of two unequal parallel 
forces acting in opposite directions, as shown in Fig. 1 15a. In this case 
again, we begin with the polygon of forces ABC, select a pole 0, and 
draw rays 1, 2, and 3. Starting with any point a in the plane of action 

' The slight separation of the two vertical lines in Pig. 1146 is made only for more 
easily distinguishing the several superimposed vectors. 
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forces in a plane the graphical conditions of equilibrium will be (1) a 
dosed force polygon and (2) a closed funicular polygon. These condi- 
tions are entirely independent of the order in which the force.s are 
geometrically added in constructing the polygon of forces, of the posi- 
tion in the plane of the polygon of forces of the pole 0, and of the point 
in the plane of action of the forces at which the construction of the 
funicular polygon is started. They are equivalent to the analytical 
conditions of equilibrium as represented by Eqs. (18) or (19) of Art. 3.2 
and, in general, may be used for the graphical solution of any problem 
of statics involving a system of coplanar forces in equilibrium. 

However, just as the analytical solution of a problem of statics can 
often be greatly simplified by a proper choice of a moment center or of 
an axi.s of projection, so can the graphical .solution of such a problem 
often be greatly simplified by a proper choice of the order in which the 
forces are added in constructing the polygon of forces, of the position of 
the pole 0, or of a starting point in the plane of action of the forces for 
the construction of the funicular polygon. The most expedient pro- 
cedure to be followed in any particular instance depends largely upon 
the conditions of the problem, and no set of rules can ever take the 
place of a sound understanding of the fundamental relation between 
the funicular polygon and the polygon of forces together with its pole 
and rays. 


1 . 

6, c, 


EXAMPLES 

The hoisting cable of a crane (Fig. 118a) is carried over a series of pulleys 
d, and e which are attached to the joints of the crane as shown. Deter- 
mine the forces e.xerted by the axles of 
the pulleys on the joints of the truss to 
which they are attached. 

Solution. These forces may be ob- 
tained in a very simple manner by 
observing that the flexible cable itself 
represents a funicular polygon for the 
required system of forces. Neglecting 
friction in the pulleys, it is evident that 
the tensile force in the cable is uniform 
throughout its length and numerically 

Now, with any pole 0 as a center (Pig. 1186), let a circle 

be drawn, the radius of which represents, to some scale, the magnitude of the 
force P m the cable, and from this pole let rays OA, OB, OC, OD, and OE, 
parallel to the portions ah, be, cd, de, and ef, respectively, of the cable be 
drawn. Then, obviously, ABCBE is the polygon of forces for the required 
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equal to the load P. 
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.system and tlie sides AB, . . . , DE represent the forces acting on the joints 
of the truss. 

2. Determine graphically the reactions fia and R, produced at the supports 
A and C of the horizontal beam AB (Pig. 119a) due to the action of a vertical 
load F applied at the free end B. 

Solution. It is evident from the conditions of support that the reactions Ra 
and Rc are vertical forces, the lines of action of which pass through the points 
A and C, respectively. The three parallel forces P, S„, and Rc, being in 
equilibrium, must build a closed polygon of forces, and their funicular polygon 
must he closed. 

We begin the construction of the polygon of forces (Fig. 119b) by laying 
out to scale the vector TJE representing the known force P. Following this 


r> 
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will come the vector 'EF representing the reaction Ra and then the vector PD 
representing the reaction Rc and closing the polygon of forces. However, 
since we know the magnitude of neither not Rc, the polygon of forces can- 
not yet be completed and we can do no more than draw the line EF' in the 
known vertical direction of the reaction This done, we select an arbitrary 
pole 0 (Fig. 119b) and draw rays 1 and 2 as shown. Kay 3 cannot yet be 
drawn because the position along EF' of the apex F of the polygon of forces 
is not known. However, through any point b on the line of action of the force 
P we can now draw two sides of the funicular polygon parallel, respectively, 
to rays 1 and 2. Prolonging these sides until they intersect, at points a 
and c, the known lines of action of the reactions Rc and R„, respectively, we 
obtain the apexes a and c of the funicular polygon and can draw its closing 
side ac after which the missing ray 3 in the polygon of forces can be drawn 
through point 0 parallel to this closing side ac of the funicular polygon. The 
intersection of ray 3 with the vertical line EF' determines the apex F of 
the closed polygon of forces. The vectors EF and FD represent, respectively, 
the reactions Ra and Rc. 

It should be noted that, while any position of the point F along the line EF' 
(Pig. 1196) can satisfy the condition of a closed polygon of forces, only the 
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point F as obtained above can simultaneously satisfy the condition of a closed 
funicular polygon. 

3. Determine graphically the reactions ffa and Rh at the supports A and B 
of the truss loaded and supported as shown in Fig. 120a. 

Solution. Since the truss is in equilibrium under the action of the applied 
forces Q together with the reactions Ra and Rb, all these forces considered 
together must build a closed polygon of foices and their funicular polygon 
must be closed also. Proceeding on this basis, we begin with the construction 
of the polygon of forces (Fig. 1206). The vectors representing the active 
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forces <3 are laid out in order, and from point F the vertical lineFff' is extended 
in the known direction of the reaction Rj,. Since, however, we know neither 
the magnitude of this reaction nor the direction of the reaction Ba, the closed 
polygon of forces cannot yet be completed. We know only that from some 
point G on the vertical line FG' the vector US representing the reaction R^ 
must close the polygon. An arbitrary pole 0 is now selected and the rays 
1, 2, 3, 4, 5 and 6 drawn, as shown in Fig. 120b. The ray 7 cannot yet be 
drawn, since the apex G of the polygon of forces is not known at this stage of 
the construction. 

We now begin the construction of the funicular polygon (Fig. 120a). As 
we have already seen, a general characteristic of the funicular polygon is 
that its various apexes must lie on the lines of action of the given system of 
forces. Now in this problem it happens that one of the forces, namely the 
reaction R^, is not known in direction; all that is known regarding it being that 
its line of action must pass through point A. Hence it follows that, if we are to 
succeed in completing the construction of the closed funicular polygon (which 
we must do to find the direction of the missing ray 7 in Fig. 1206), we must 
begin at point A in the plane of action of the forces. Beginning at point A , the 
sides ab, be, cd, de, ef, and fg of the funicular polygon are now drawn and the 
closing side ag established. The missing ray 7 in the polygon of forces can 
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DOW be drawu parallel to the closing side ag of the funicular polygon. The 
intersection of ray 7 with the line FG' determines the apex G of the closed 
polygon of forces. Thus the vectors FG and OA completely determine the 
reactions Rt and Ba, respectively. 

4. A horizontal beam is supported by three bars hinged at both ends as 
shown in Fig. 121a. Find graphically the axial forces S\, S 2 , Sz induced in 
these bars if the beam is loaded as shown. 

Solution. We assume that the sketch in Fig. 121a is constructed to scale 
so that the positions and directions of the applied loads and supporting bars 
are correctly shown. Since the axes of the supporting bars represent the 



(a) (^) 


RG. 121 

lines of action of the reactive forces which they exert on the beam, we may 
regard Fig. 121a as a free-body diagram and we see that the beam is in equi- 
librium under the action of six coplanar forces. Accordingly, these forces 
must build a closed force polygon and any corresponding funicular polygon 
must also be closed. 

We begin the construction of the force polygon (Fig. 1216) by laying out 
to scale the vectors ZS, SC, WD, representing the applied loads as shown. 
The three remaining vectors representing the reactions may be added on in 
any order. We choose to take the two vertical reactions Sa and ;Si together 
(and in that order) and then the vector 8 i which must close the polygon. In 
this way, we are able to close the polygon of forces without yet knowing the 
individual magnitudes of (S3 and Si, that is, the position of point F on the 
vector representing (S3 -h (Si is not yet known. 

To locate point F, we choose an arbitrary pole 0 and draw rays 1, 2, 3, 4, 6 
to the known apexes E, A, B, G, D, respectively, as shown. Then beginning 
at any convenient point a on the line of action of 81 in Fig. 121a, we con- 
struct a corresponding funicular polygon abcdef, as shown. The closing side 
of this funicular polygon now determines the direction of ray OF in Fig. 1216 
and accordingly the magnitudes of Sz and Si. 
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We see from the directions of the arrows on the vectors in Fig. 1216 that 
the vertical bars are in compression and the inclined bar is in tension. The 
magnitudes of these axial forces in the bars may now be scaled from the force 
polygon. 


PROBLEM SET 3.6 


1. Find the resultant R of the coplanar forces shown in Fig. A by con- 
structing a funicular polygon. JLns. 
ii; = i4iib. 

2. Find the resultant of the coplanar 
forces acting on the gravity dam section 
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shown in Fig. B by constructing a funicular polygon. Forces are shown in 

kips (1 kip = 1,000 lb). 

I . I I ™ I 3. Determine, graphically, the re- 
m supports of a girder AB 

due to the locomotive loading shown 
in Fig. C. Ans. R^ = 208.4 kips; 
Rh = 221.6 kips. 

4. Treating the flexible cable over- 
running the pulleys in Fig. D as a funicular polygon, find graphically the forces 

exerted on the members of the frame by the 
axles of the pulleys B and D. Each sta- 
tionary pulley is 1 ft in diameter. Ans. 
P6 = 4,685 lb; Pa = 2,065 lb. 

5. Find graphically the reactions at A and 
B for the beam loaded as shown in Fig, E. 
Ans. = 86 lb; Rb = 77 lb. 

40 lb 

751b 
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50 lb 
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6. Determine graphically the reactions Ba and Ri, at the supports A and B 
of the horizontal beam AB due to the action of the vertical loads applied as 
shown in Pig. F. Ans. Ra = 481 lb; JZj = 349 lb. 



FIG. F FIG. G 


7. Determine graphically the reactions Ra and Rh at the hinged ends A 
and B of the three-hinged semicircular arch loaded as shown in Fig. G. Ans. 

= 2.04Q;fli = 1.88Q. 

8. By using the funicular polygon, determine the resultant of the four 

active forces applied to the beam AB in Fig. H. M = —1,200 ft-lb. 


c 



FIG. H FIG. 1 


9. A system of hinged bars in one plane is subjected to vertical loads P\, 
Pi, and Pi, applied as shown in Fig. I. Neglecting the weights of the bars, 
and assuming Pi = 100 lb, find the magnitudes of the other forces if the sys- 
tem is in equilibrium for the configuration shown. Hint. Note that abode 
must be a funicular polygon for the three forces. A.ns. Pi = 85.7 lb; Pa = 
286 lb. 

10. Two forces P act on the beam AB, as shown in Fig. J. Determine 
graphically the reactions and Pi, at the supports. Ans. Pa = P/3, down; 
Rh = P/3, up. 


p p 



FIG. J FIG. K 

11. Determine graphically the reactions Pc and Pd produced at the sup- 
ports of the horizontal beam AB (Fig. K) due to the action of the vertical 
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loads P applied as shown in the figure. P = 600 lb. Ans. Pi = 1,300 lb; 
B, = 1,700 lb. 

12. Determine graphically the reactions at the supports A and B of the 
horizontal beam AB subjected to the action of a system of vertical forces 
applied as shown in Fig. L. Ans. Ra = 40 lb, down; Ri, = 340 lb, up. 



A and B of the truss loaded and supported as shown in Fig. M. Q = 100 lb. 
Ans. Ra = 305 lb; = 289 lb. 


14, Determine graphically the forces Si, Si, and S 3 in the bars AD, BE, 
and CF that support the horizontal beam AC loaded as shown in Fig. N. 
Ans. Si = -712 lb; 52 = +566 lb; S 3 661 lb. 



15. Referring to Fig. 0, find graphically the reaction Ra and the axial 
forces Si and S3, if loads act on the truss as shown. The superimposed grid 
consists of 1-ft squares. 


3.7, Maxwell diagrams. We shall discuss here a graphical 
method of analysis of simple trusses based on the method of joints 
previously explained in Art. 3.3. Referring to Fig. 122a, we have a 
simple truss ABC supported at A and B and carrying a vertical load 
P at C. Thus the vertical reactions at A and B are each P/2 and we 
have the entire truss in equilibrium under the action of three parallel 


149 


Art. 3.7] GENERAL CASE OF FORCES IN A PLANE 

forces as shown. Denoting the axial forces in the bars by Si, 8^, Ss, 
and considering the equilibrium of each of the joints A, B, C, in suc- 
cession, we obtain the closed triangles of forces shown in Fig. 122& 
from which the magnitude.? of the axial forces Si, Si, Sz can be scaled. 

We note now that each of these axial force vectors appears in two 
different polygons, once for each of the joints at the ends of that 
member. To avoid this duplication of vectors, the separate polygons 
of forces, under certain conditions, can be superimposed to form one 
composite diagram called a Maxwell diagram^ for the truss. For 
example, the polygons of forces in Fig. 122&, when superimposed, make 



FIG. 122 


the composite diagram shown in Fig. 122c. Such superpo,sition is 
desirable, since it reduces the amount of necessary construction and 
makes a more compact record of the analysis. 

In constructing separate polygons of forces for the various hinges of 
a truss, it makes no difference in what order we add the vectors. Each 
hinge is in equilibrium, and the forces acting on it must build a closed 
polygon in any order. However, if we wish to superimpose these 
polygons as in Fig. 122c, they must be constructed in a definite manner. 
It may be noted now that, for each polygon in Fig. 122b, the vectors 
foUow each other in the same order as the forces they represent are 
encountered in going around the corresponding hinge in a clockwise 
direction. This accounts for the fact that all the polygons can be 
superimposed as shown in Fig. 122c without duplicating any vector. 
In general, we may state the following rule : To construct a Maxwell 
diagram for a given truss, we must go around every hinge of the truss 
in the same direction (either clockwise or counterclockwise) and add 
the vectors in the order in which they are so encountered. The vectors 
representing the closed polygon for the truss as a whole must be 
assembled in this same order also. 

^ See Clerk Maxwell, On Beciprooal Figures and Diagrams of Forces, Phil. 
Mag., vol. 26, p. 250, 1864. 
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In the construction of Maxwell diagrams for the analysis of trusses, 
a special system of notations, called Bow’s notation, is generally used 
for the designation of the various forces involved. In this system, the 
spaces between the lines of action of the forces are each given a lower- 
ca.se letter and each force correspondingly designated by the letteis 
of the two spaces separated by its line of action. 

Consider, for example, the simple tru.ss ABODE, supported and 
loaded as shown in Fig. 123a. In accordance with Bow’s system of 
notation, we letter the spaces between the three external forces with 



FIG. 123 


a, b, and c and those between the bars of the truss with d, e, and f as 
shown, in the figure. Thus the load Q may be referred to as force ah, 
the reaction Rb as force be, and the reaction Ra as force ca. In the 
same way the force in the bar AC may be referred to as ad, that in the 
bar CE, as e/, etc. 

Let us begin now with the construction of a Maxwell diagram for this 
truss. First, the closed triangle of forces abc (Fig. 1236) for the entire 
truss as a free body is constructed, beginning with the vector ab, 
representing the known force Q, and laying out the vectors 6c and ca 
parallel, respectively, to the lines of action of the corresponding forces 
Rb and Ra. It should be carefully noted that these vectors follow each 
other in the order in which the corresponding forces are encountered 
in going around the free body (the entire truss in this case) in a clock- 
wise direction. As mentioned before, it is essential in the construction 
of the Maxwell diagram that this same order be maintained in drawing 
the remainder of the polygons of forces for the various hinges. 

Next, in considering the hinge A as a free body, we begin with the 
already established vector ca and construct the closed triangle of forces 
cad by drawing through point a (Fig. 1236) the vector S, parallel to 
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the bar AC, and through point c, the vector dc, parallel to the bar A D. 
Thus a new point (point d) is established in the Maxwell diagram. 
We note again that the three vectors ca, ad, and dc follow each other 
in the order in which the corresponding forces are encountered in going 
around the free body (hinge ^4) in a clockwise direction. 

Proceeding now to a consideration of hinge D as a free body, we 
begin with the vector cd (Fig. 123c) which represents the reaction of 
bar AD on this hinge and which is already established. Drawing, 
through point d, the vector de, parallel to bar CD and through point 
c, the vector ec, parallel to bar DE, the triangle of forces ede for hinge 
D is obtained and the new point e established. 

There being now only two unknown forces at hinge C representing 
the reactions of bars CE and CB, we may consider this hinge next. 
The vectors ed, da, and ab (Fig. 123d), representing, respectively, the 
reactions on this hinge of bars DC, AC, and the action of the load Q, 
are already established, and we note that they follow each other in the 
proper order. The polygon of forces edabf is completed by drawing, 
through points b and e, the vectors bf and fe parallel to the axes of the 
corresponding bars and a new point / is established. 

Either the hinge B or E may be considered next as a free body. 
Considering B, we note that only one force c^, representing the reaction 
on this hinge of the bar EB, remains unknown. Since both points 
c and / are already established in the diagram (Fig. 123e), we may 
check the accuracy of our construction by noting whether or not the 
vector cf is parallel to the axis of the bar EB as it should be. 

Figure 123e represents the completed Maxwell diagram. It will be 
noted that, while no consideration of the equilibrium of the hinge E 
has been made, the closed triangle of forces cef for this hinge, never- 
theless, is present in the diagram. The force in any bar of the truss 
can now be found by scaling the length of the corresponding line in 
the completed diagram. 

Bow’s notation is particularly advantageous when we come to decide 
the sign of these forces, i.e., whether they represent tension or compres- 
sion. Let us consider, for example, the force in bar DE, which is 
represented in magnitude by the line ce in the Maxwell diagram. 
Going around joint D in a clockwise direction, the reaction which the 
bar DE exerts on this hinge will be read as ec. Now in the force 
diagram the vector ec, from e to c, is directed from right to left, indi- 
cating pressure against hinge D, and hence we conclude that the bar 
is in compression. If, instead, we consider the reaction of this same 
bar on the hinge E, then reading clockwise around this hinge we have 
ce instead of ec and in the force diagram the vector ce, from c to e, shows 
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that the bar presses on the hinge E, thus indicating compression as 
before. 

EXAMPLES 

1. Construct a Maxwell diagram for the plane truss supported and loaded 
as shown in Fig. 124a. The truss is symmetrical with respect to a vertical 
line through its apex, has interior angles at A and B equal to 30°, and equal 
panel distances along the lower chord AB. The loads are in kips. 

Solution. The first step in the analy.sis of this truss will be the determina- 
tion of the vertical reactions at the supports A and B. This may be done 
either graphically or analytically, and we find Ra = 15.5 kips and Rb = 12.5 




kips, as shown. Having the reactions, we now letter the truss in accordance 
with Bow's notation and begin in Fig. 1246 by constructing the closed polygon 
abcdefga for the entire truss as a free body. It will be noted tliat the vectors 
in this polygon are added in the order in which the corresponding forces are 
encountered in going around the entire truss in a clockwise direction. Going 
around each hinge of the truss in the same clockwise direction, the polygons of 
forces for these hinges may now be constructed as already e.xplained, and we 
obtain finally the composite diagram, as shown in Fig. 1246. This diagram is 
drawn to the scale 1 in. = 20 kips, and from it the axial force in any bar of the 
truss may be found. The student will find it a worthwhile exercise to follow 
through the diagram and ascertain for each bar whether it is in tension or 
compression. 

2. A crane supports a load P which hangs on a flexible cable overrunning 
small pulleys attached to the top chord joints, as shown in Fig. 125a. Find 
graphically the axial forces produced in the various bars. 

Solution. We assume that the diagram of the truss in Fig. 125o has been 
drawn to scale. Then to determine the internal forces in the bars, we need 
to know first the magnitudes and directions of the external forces Pi, Pi, Pi 
exerted on the joints by the axles of the pulleys. These, we find by observ- 
ing that the cable, under uniform tension P, represents a funicular polygon 
for the desired forces, as already discussed in Example 1 of Art. 3.6 (see 
page 142). Accordingly, in Fig, 1256, we construct a circle the radius of 
which represents, to some convenient scale, the magnitude of the load P. 
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Then dramng mys Oa, Ob, Oc, and Od, parallel to the several portions of the 
cable, we find the forces Pi, Pj, Ps exerted on the joints of the truss, as shown. 
This done, we place these forces on the truss (thereafter ignoring the cable) 



FIG. 125 



and letter (or number) the spaces between lines of action of forces in accord- 
ance with Bow’s notation as shown. 

Beginning at the top joint and working down in order we now proceed 
with the construction of a Maxwell diagram as shown in Fig. 1250. Normally 
this diagram could be superimposed directly on the construction already made 
in Fig. 1256, but here it is shown separately for 
the sake of better clarity. The magnitudes of 
the axial forces in the bars can now be scaled 
from the diagram (Fig. 125c). 

PROBLEM SET 3.7 

1. Construct a Maxwell diagram for the 
truss supported and loaded as shown in Fig. A and determine therefrom the 
axial force in each bar. Assume P — 1 kip. 

2. Construct a Maxwell diagram for the truss supported and loaded as 
shown in Pig. B. Assume P = 1 kip, a = 5 ft. 





■154 GENERAL CASE OF FORCES IN A PLANE [Art. 3.7 

3. Construct a Ma.vwell diagram for the truss supported and loaded as 
shown in Fig. C. Assume P = 1 kip, a = 4 ft. 

4. Construct a Maxwell diagram for the truss supported and loaded as 
shown in Fig. D. Assume P = 1 kip, o = 10 ft. 



5. Construct a Maxwell diagram for the roof truss supported and loaded 
as shown in Fig. E. 

6. Construct a Maxwell diagram for the truss supported and loaded as 
shown in Pig. P. All inclined bars are at 45° to AB. 




7. Construct a Maxwell diagram for the truss supported and loaded as 
shown in Pig. G. All bars are of the same length and P = 1 kip. 

8. Construct a Maxwell diagram for the truss supported and loaded as 
shown in Fig, H. Make the analysis entirely by graphical methods. 
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9. Construct a Maxwell diagram for the tower loaded as shown in Fig. I. 
Assume P = 1 kip. 

10. Construct a Maxwell diagram for the tower in Fig. I, if the loads P are 
horizontal. 

3.8. Distributed force in a plane. As pointed out in Art. 2.5, 
there are many cases of distributed force that may be a.ssumed to be 
confined to one plane. Sometimes the direction of such distributed 
force varies from point to point in its plane of action and cannot be 
treated in the same manner as before. The pressure distributed 
around the rim of a wheel due to a shrunk-fit steel band is one example 
of such force. Another case is that of hydrostatic pressure on various 
surfaces such, for example, as water pressure against the curved 
upstream face of an arch darn, water or steam 
pressure in pipes, etc. 

A general situation is represented in Fig. 

126, where some kind of load is exerted against 
a plane curve AB and varies in magnitude and 
direction from point to point along this curve_ 

Such distributed force will be completely de. 
fined by its line of application AB together 
with the direction and intensity of force at each 
point on that line. Usually the direction of 
force is normal to the line of application at each point, in which case 
only the intensity, i.e,, the force per unit length oi A B needs to be 
stated. Thus in Fig. 126, the magnitude of the element of force dQ 
acting on any element of length ds of the line of application is 

dQ = qds (a) 

where q is the intensity of the distributed force. Since these elements 
of force, considered as concentrated forces, constitute a coplanar 
system, the equations developed in Art. 3.1 for defining their resultant 
must apply. In the case of distributed force, however, it will be neces- 
sary to make the summations of projections and moments by the aid of 
the calculus since we are dealing with infinitesimal quantities. 

Various methods of dealing with the equilibrium of bodies under the 
action of distributed force in a plane will now be considered. 

Hoop Tension. If a circular ring or hoop of inside radius a is sub- 
mitted to the action of internal hydrostatic pressure of uniform 
intensity q as shown in Fig. 127a, circumferential tension (so-called 
hoop tension) will be produced in the ring, the thickness of which is 
assumed small compared with its radius. 
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To find this tension, we begin with a consideration of the equilibrium 
of one-half of the ring isolated as shown in Fig. 1276 and wherein 
either of the circumferential forces jS at A or JB represents the required 
hoop tension. It must be self-evident that this tension will be the 
same at every point around the circumference. To replace the 
distributed hydrostatic pressure by a single resultant force Q, we con- 
sider two elements of the semicircle AB symmetrically situated with 
respect to the vertical axis Oy and each of length ds = a dB as shown in 
the figure. It follows from Eq. (a) that the magnitude of the element 



(a) (6) 


FIG. 127 

of force acting on each of these elements is qa d6. Replacing these 
elements of force by their horizontal and vertical components, we see 
that the two horizontal components balance each other and only the 
two vertical components need be considered. The resultant of these 
two vertical components is evidently a vertical force of magnitude 

2qa sin 9 d6 (b) 

acting through point 0. A similar argument holds for any other pair of 
elements of the hydrostatic pressure. Hence the total resultant of the 
distributed pressure is obtained by summing up the elemental result- 
ants, as represented by expression (b), for all pairs of elements of the 
arc between A and B. This summation may be expressed as follows: 

Q = 2qa sin 6 dB = 2qa — cos B^J^ — 2qa (c) 

Then from symmetry we conclude that the hoop tension is 

S == iQ = qa (d) 

We see from this result that the action of uniform pressure around 
the ciroumference of the semicircle is equivalent to the same pressure 
uniformly distributed across the diameter AB. In general it can be 
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proved that uniform normal pressure along any line of application 
AB (rig. 128) is equivalent to the same uniform pressure on the chord 
AB. To show this, we consider 
one element ds of the curve AB as 
shown in Fig. 12Sb. Resolving the 
corresponding elemental force qds 
into horizontal and vertical compo- 
nents, we obtain, respectively, 

dij 


q ds sin 8 = q ds ^ q dy 
q ds cos 


, dx , 
= 5 as = q dx 



FIG. 128 


Then, by summation, the resultant force has the components 
X= {^qdy = q \ldy^q BC 
Y - q dx = q dx — q • AC 
and by Eq. (2), page 25, we obtain 

Q = = g -b = q' AB 

This shows that the uniform normal distribution of force along the 
curve AB is equivalent to the same uniform distribution along the 

chord AB. 

Bell Friction. We encounter 
another type of distributed force 
in the case of the pressure be- 
tween a belt and the pulley or 
drum on which it runs. In Fig. 
129a, for example, a pulley of 
radius r is driven in the direction 
shown by virtue of the friction 
developed between its rim and 
the encircling belt, which also 
runs on another pulley (not 
shown) . It is evident that the tension Si in the belt on the side leaving 
the pulley is greater than the tension Si on the side approaching, the 
difference being gradually taken up in friction between the belt and 
the rim of the pulley. It is desired to find the ratio Si/ St between the 
maximum and minimum tensions in the belt on the two sides of the 
pulley when slipping impends. 
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To do this, we consider the conditions of equilibrium of any element 
of the belt of length ds r dB located at the angle B from the point of 
tangency B (Fig. 129a). A free-body diagram of this element showing 
all forces acting upon it is given in Fig. 1296. Since these forces 
represent a system of forces in equilibrium in one plane (the middle 
plane of the pulley), the algebraic sum of their projections on any axis 
must be zero. Projecting all forces on the x axis and remembering 
that dB is a very small angle, we obtain 

S + dF - (<S + d;S) = 0 

from which 

dF = dS (e) 

That is, the increment of friction developed over the length r dB of the 
element is equal to the increment of tension in the belt over the same 
length. 

Projecting all forces onto the y axis and again remembering that dB 
is a very small angle so that sin dB « dB, we obtain 

dA - S ^ - (.S + dS) ^ = 0 

from which, neglecting small quantities of the second order, we obtain 

dN =SdB (f) 

Equation (f) gives us the element of normal pressure at any point on 
the belt in terms of the tension S in the belt at that point. 

When slipping impends, we have 

dF ^ ydN 

which, by using Eqs. (e) and (f), becomes, 

dS — fiS do 

or = fide (g) 

This expresses the ratio between the increment of tension over the 
length of the element to the total tension in the belt at the point defined 
by the angle 8. Integrating Eq. (g) over the entire line of contact 
AB, of length r/3, we obtain 

ln| = M^ or (h) 

We see that the ratio between the tensions Si and S 2 in the belt on the 
two sides of the pulley increases very rapidly with the magnitude of the 
central angle ^ of the line of contact AB. This explains how a man 
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may hold a great load on the end of a rope simply by taking a turn or 
two of rope around a post. It will also be noted that the ratio Si/S'^ 
is independent of the radius r of the pulley. 

Center of Pressure. Another problem involving distributed force is 
illustrated in Fig. 130. The opening to a penstock through the base 
of a gravity dam is closed by a circular plate AB and it is desired to 
define the resultant water pressure P on the plate. This is really a 
problem involving force distributed over an area, but we can easily 



bring it to an equivalent distribution in the vertical plane of the 
diameter AB of the plate. 

Looking directly at the plane of the plate (Fig. 1301?), we consider 
one element of area dA in the form of a horizontal strip at depth y as 
shown. Then since the intensity of water pressure p = wy is constant 
across the length of this strip, the corresponding element of force 
dP = wy dA acts at the mid-point of the strip, i.e., on the vertical 
diameter AB. This conclusion holds for each such horizontal strip, 
and we obtain a series of elemental forces distributed along AB and all 
lying in the same vertical plane, Fig. 130a. The point P through 
which the resultant pressure acts on the plate is called the center of 
pressure and we need only to find the depth y to completely define its 
position on the vertical diameter AB. 

We considered this kind of problem previously in Art. 2.5 and came 
to the conclusion that the force P was equal to the area of the load 
diagram (Fig. 130a) and acted through its centroid. This is true in 
this case also, but owing to the fact that the magnitudes of dP do not 
vary linearly with y because of variation of dA with y also, the load 
diagram is not easily defined and the calculation of its centroid presents 
difficulties. 

To calculate the resultant pressure without reference to the load 
diagram, we simply take the sum of aU parallel elemental forces dP 
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and obtain 



We recognize the integral on the extreme right as the statical moment 
of the area of the plate about the axis 00 in Fig. 130/t. This can be 
written in the equivalent form 

V dA = Ay, (i) 

as discussed in Art. 2.3, and expression (i) becomes 

P = wAy, = v,A (k) 

where p, = wy, is the intensity of water pressure at the centroid C of 
the plate. Using this formula, the resultant pressure on the plate can 
be calculated in a very simple manner. It is only necessary to multiply 
the area of the plate by the intensity of pressure at its centroid. 
Equation (k) is quite general and can be used to calculate the lesultant 
pressure on any plane area subjected to hydrostatic pressure. 

Although Eq. (k) defines the magnitude of the resultant pressure in 
a very simple way, we still do not know its point of application, i.e., the 
position of the center of pressure. To find the depth y to this point, 
we use the theorem of moments. Taking point 0 (Fig. 130a) as a 
moment center and equating the moment of the resultant P to the sum 
of moments of dP gives 

Py = f\jdP (1) 


Noting further that dP = wy dA and using expre.ssion (i) for P, Eq. 
(I) takes the form 


from which 




y = 


rB 

2/2 dA 


(m) 


This formula defines the position of the center of pressure entirely in 
terms of properties of the plate shape and its position with reference 
to the water surface. Although derived on the assumption of a circu- 
lar plate, Eq. (m) ivill be valid for any shape of plate that has a vertical 
axis of symmetry AB. The evaluation of the integral in the denomi- 
nator of expression (m) has been discussed. The integral in the 
numerator of expression (m) is called the moment of inertia of the area 
of the plate with respect to the axis 00 from which the distances y are 
measured (Fig. 1306). Moments of inertia of plane areas are fully 
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discussed in Appendix I, page A.l, and we find for this case that 



Thus Eq. (m) becomes 

yl + dV4 ^ ^ 


(n) 


and we see that the center of pressure is below the center of gravity 
by the distance d^/4!/o, where d is the diameter of the plate. 


PROBLEM SET 3.8 

1. A horizontal cylindrical tank having a semicircular cross section of 
radius r = 2 ft is filled with water (specific weight w = 62.4 Ib/ft®) as shown 
in Fig. A. Find the magnitude and direction of the resultant force R exerted 
on the left-hand wall AC. Consider a unit length of the tank normal to the 
plane of the figure. Ana. R = 232 lb; a = 67“31'. 

2. Determine the resultant pressure force P exerted on one of the semi- 
circular ends of the tank in Fig. A and the depth y to its point of application. 
Hint. See Appendix I, page A.6 for moment of inertia of a semicircle. Ans. 
P = 332 lb; § = 1.18 ft. 



FIG. A FIG. B 


3. A rotating flywheel of radius r = 1 ft is braked by the device shown in 
Fig. B. Calculate the braking moment M produced by a vertical force P 
applied to the lever at D if the coefficient of friction between the belt AB and 
the rim of the wheel is = 0.5. Ans. M = 1.72P ft-lb. 



FIG. C 


FIG. D 
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4. Referring to Fig. C, what is the minimum magnitude of the weight Q 
that can hold the weight P = 1 ton in equilibrium if the coefficient of friction 
between the cord and the pulley is /a = 0.4? Assume that the pulley is locked 
and cannot turn. Ans. Q = 569 lb. 

5. A belt is stretched over the two pulleys A and B of equal diameters 

d = 12 in. so that, when the pulleys are not rotating, the initial tensions in the 
portions CD and EF of the belt are equal to 1,000 lb each (Fig, D). Find 
the maximum possible turning moment that can be transmitted from one 
pulley to the other if the coefficient of friction between the belt and pulleys is 
jj, = 0.5. Assume that, when moment is being transmitted from one pulley to 
the other, the tension in the belt is increased on one side by the same amount 
that it is decreased on the other. Ans. = 7,872 in. -lb. 




(a) 


B 


TlllliiiEirillir' 


Uniform load 
( 6 ) 

FIG. 131 


3.9. Flexible suspension cables. In engineering structures, we some- 
times encounter fle.xible cables or chains suspended between two supports at 

their ends and subjected to the action of vertical 
load continuously distributed along their 
lengths. The distribution of load may, in 
general, be uniform or otherwise. Two of the 
most commonly encountered cases of loading 
are illustrated in Fig. 131. Figure 13 la repre- 
sents the case of a flexible chain freely suspended 
in the gravity field and subjected to the action 
of its own distributed weight only. Such load- 
ing is, of course, uniformly distributed with 
respect to the curve of the chain itself. Figure 
1316 represents the case of a thin wire cable or cord subjected to the action 
of a uniformly distributed load attached to it by vertical hangers. In the 
event that this loading is large compared with the weight of the cable itself, 
we may assume in this case that the load is uniformly distributed with respect 
to the horizontal span. 

In discussing such cables as those shown in Fig. 131, two questions at once 
present themselves: (1) What is the shape of the curve that the chain or cord 
will assume in the condition of equilibrium, and (2) how does the tension 
vary from point to point along the curve? To answer these questions, we con- 
sider now the general ease of a cable ACDB supported at its ends A and B and 
acted upon by vertical load distributed along the horizontal in any manner as 
represented by the load diagram A'abB' in Fig.l32a. With the lowest point C 
of the curve as an origin, let coordinate axes x and y be selected as shown. Let 
D be any point on the curve with coordinates y. We now consider the por- 
tion CD of the cable or chain as a free body (Fig. 1326). We may imagine, 
without altering the conditions of equilibrium, thatthis portionhas been frozen 
in its configuration of equilibrium before being cut out. In this way, we 
satisfy the requirement of a rigid body. This free body is in equilibrium under 
the action of three forces : a vertical force Q representing that portion of the dis- 
tributed load between C and D and two tensile forces H and S representing the 
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reactions exerted by the unconsidered portions of the chain on either side. 
The forces H and S are tangent to the curve at C and D, respectively, and 
the vertical force Q acts through the centroid of that portion of the load dia- 
gram between these same two points. Since the three forces must build a 


B 



FIG. 132 


closed triangle as shown in Fig. 132e, we may now write 

Q 

tan 0 = 

which, since tan 6 = dy/dx, becomes 


^ _ s. 

dx H 


(a) 


We also have from the triangle of forces in Fig. 132c, 

S = -Jm + Q2 (b) 

Equation (a) is the differential equation of the curve of equilibrium assumed 
by the cable under the action of the load that it carries, while Eq. (b) defines 
the tension at any point on the curve. The solution of these equations for the 
two particular cases of loading illustrated 
in Fig. 131 will now be discussed separately. 

Paraholic Cable. Assuming that the 
cable in Fig. 133 carries vertical load of 
intensity q uniformly distributed with re- 
spect to the horizontal span I, Eq. (a) 
becomes 

dy qx 

wherein q/H is a constant. Integrating once, we obtain 



wherein the integration constant C is equal to zero, since for the coordinate 
axes as chosen in the figure we have y - 0 when x = 0. Hence 


qx 

2H 


(d) 
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Equation (d) is the equation of the curve of equilibrium assumed by the 
cable, and we see that for a uniform distribution of load along the horizontal 
span it is a portion of a parabola with a vertical axis. 

From Eq. (b) we have 

S = + iqxY (e) 

from which we note that the tension in the cable is a minimum at the lowest 
point C, where it is equal to H, and that it increases toward the ends of the 
cable, being a maximum at the higher support. 

For the forces at tlie ends A and B of the cable, respectively, we have from 
Eq. (e) 

Sa = (f) 

To determine the distances a and b locating the low point C with reference to 
the supports A and S, we use Eq. (d) successively for the portions AC and BC 
of the cable and note that, when a: = — o, y = /i while, when x = h, y = 
Thus we obtain 

~ 2H ~ 2H 


Subtracting the first of these equations from tlie second and using the notation 
ft — — fi, we obtain 

2hH = g(6» - a“) 


Also we have 


a b ~ I 


From these last two equations 


-L _bK 

2 ql ^ “ 2 gf 


(h) 


It will be noted that, when h — 0, that is, when the supports A and B are on 
the same level, we obtain a = b = 1/2. 

Substituting the above expression for b into the second of Eqs. (g), the 
following equation for calculating H is obtained; 



from which 


In Eq. (i) the minus sign should be used for all cases where the vertex of the 
parabola corresponding to the configuration of equilibrium of the cable lies 
between the supports as shown in the figure, while the plus sign should be 
used for all cases where the vertex of this parabola lies to the same side of 
both supports. In the particular case where the supports are on the same 
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level, fi = f« — f, a = b = 1/2, and proceeding as before, we obtain 

gP 


H = 


8 / 


(i) 


In most practical problems the span I, the sags/i and fi, and the intensity q 
of the uniformly distributed load will be given so that from Eq. (i) or (j) the 
minimum tension H in the cable naay be found at once, after which any of the 
quantities previously defined in terms of 
H can be calculated without difficulty. 

Catenary Cable. Assuming that the 
cable in Fig. 134 hangs freely in the 
gravity field and is subjected only to its 
own weight uniformly distributed along 
the curve, Eq. (a) becomes 


dx 


31 

H 


(k) 



where q is the weight per unit length of the cable and s is the length of the arc 
CD. Before this equation can be integrated, it will be necessary to express the 
length s as a function of the coordinates x and y. To do this, we use the 
relationship. 


which, with the above value of dy/dx, becomes 


ds — .^1 -h 

Integration of tbis last equation gives 

— arcsinh ^ = x + Ci 
q u 

where Ci is a constant. Since, for the coordinate axes as shown in Fig. 134, 
we have s = 0 when x = 0, it is evident that Cj — 0 and the above equation 
becomes 


H . , qx 
s ~ — Binh ^ 


H 


Substituting the value of s from Eq. (1) into Eq. (k), we obtain 

dy = sinh ^ dx 

which can now be integrated, and we find 

V = ^ cosh ^ + Cj 


( 1 ) 


(m) 
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In this case, for the coordinate axes as shown in Fig. 134, we have j/ = 0 when 
a: = 0. Hence C2 = —H/q, for which value the above expression becomes 

2/ = y (cosh ^ - 1 ) (n) 

Equation (n) is the equation of the curve of equilibrium assumed by the 
cable when hanging freely under its own weight and represents a catenary 
with vertical axis, 

Remembering that Q = gs and using Eq. (1), we obtain 

Q = H sinh ^ 


which, when substituted into Eq. (b), gives 

S = = H cosh ^ 

Substituting for cosh (qx/H), in the above expression, its value from Eq. (n), 
we obtain 

S = H + qy ( 0 ) 

Prom Eq. ( 0 ) we note that, as in the case of the parabolic cable, the tension S 
is a minimum at the low point C where it is equal to H and that it increases 
toward the ends of the cable, being a maximum at the higher support. For 
the tensions at the ends A and B, respectively, we have 


Sa — H qfi 

Sc = H + sA 

(P) 

To determine the value of H, we use 
and BC of the cable, obtaining 

Eq. (n) successively for the portions AC 

=|(coshf ~l) 

/. = |(coshg-l) 

(q) 

Equations (q) may be written 



a = ~ arccosh (^ + 

6 = “ arccosh (^ "h 

(r) 


Adding these last two equations and remembering that a + 6 = f, we obtain 


^ = arccosh + l) + arccosh (^ + l) (s) 

In most practical problems the span I, the sags /i and /z, and the weight q 
per unit length of cable will be given so that from Eq. (s) the minimum tension 
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H in the cable can be found by using tables of hyperbolic function, s, after 
which any of the quantities, previously defined in terms of H, may be 
calculated without difficulty. 


PROBLEM SET 3.9 

1. A flexible wire cable weighing 2 lb per foot of length overhangs two 
small pulleys A and B and carries at its ends two equal weights P = 1 ton as 
shotvn in Fig. A. The distance between the puUeys is 1 = 200 ft, and they 
are at the same elevation. Treating the weight of the cable as though uni- 
formly distributed with respect to the horizontal span, calculate approxi- 
mately the sag / at the middle of the span. Ans. / » 5 ft. 



2. A flexible cable AC weighing 2 lb per foot of length is fastened at A 
and rests on a perfectly smooth plane AB which has a slope of 1 vertical to 
5 horizontal (Fig. B), If a horizontal force P = 900 lb is applied to the 
free end C and the horizontal distance from A to C is 120 ft, find the distance 
X to the point B where the cable breaks contact with the incliired plane. Find 
also the maximum tensile force in the cable. Ans. x ~ 30 ft; S, = 930 lb. 

3. A flexible cable AB (Fig. C) is stretched between points A and B until, 
at the lowest point C, the sag / = 1 ft. Determine the tensile force H at 
point C if the span 1 = 60 ft, li = 2 ft, 
and the weight of the cable per unit 
length is g = 6 Ib/ft. Assume that 
the weight of the cable may be con- 
sidered as uniformly distributed along 
its horizontal projection L Ans. H = 

1,2101b. 

4. The cable shown in Fig. C carries a load Q = 100,000 lb uniformly 
distributed with respect to the horizontal span 1. Determine the maximum 
tension in the cable if 1 = 100 ft,/ = 12ft, /r = 10ft. Ans. Smm = 94,7001b. 

5. For a certain value of P the sag-span ratio for the cable shown in Fig. A 
is f/l = Find what the sag-span ratio will be if the load P is doubled. 
Ans. //f = 

6. The cable AB (Fig. D) carries a load of 100 lb per foot of horizontal 
span as shown. Find the maximum tensile force in the cable if the tension at 
A is just twice as great as that at B. Ans. Sa — 2,610 lb. 






FIG. C 
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FIG. D 



FIG. E 


7. A prismatic bar BC of length. £ and weight W is hinged to a wall at C 
and supported at B by a flexible cable AB of weight Q, as shown in Fig. E. 
The points A and B are on the same level. Find the sag / at the middle of 
the span if i = 12 ft, a = 60°, W = 10 lb, and Q = 2 lb. Assume in calcu- 
lation that the weight Q of the cable is uniformly distributed along the hori- 
zontal span AB. Ans. / = 3 in. 

*8. A flexible cable 100 ft long and weighing 5 lb per foot of length is freely 
suspended at its ends from two supports 60 ft apart and having the same 
elevation. Find the sag / at the middle of the span. Ans. f = 39.8 ft. 

*9. A flexible cable of uniform weight per unit length rests partly on a hori- 
zontal plane and passes over a small pulley at A, as shown in Fig. F. By 
gradually increasing the force S applied to the end of the cable, the length of 
contact BC with the plane diminishes to a certain limiting value c at which 
sliding of the cable along the plane impends. Find this limiting value c if 
a = 200 ft, / = 20 ft, and the ooefBcient of friction between the cable and 
the plane is n = 0.5. Ans. c = 147 ft. 


Jty 


/7//////PZ 


FIG. F 



*10. Determine the minimum length L of a flexible cable AC of uniform 
weight per unit length which can hang in equilibrium as shown in Fig. G. 
Neglect friction and the dimensions of the pulley B. What is the sag-span 
ratio? Ans. Z/„i„ = 1.14£ -|- 0.80£ = 1.94£;//£ = 0.238. 
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FORCE SYSTEMS IN SPACE 


4.1, Concurrent forces in space: metliod of projections. 

Composition. If several forces in apace have the same point of applica- 
tion, their resultant can be found by successive applications of the 
parallelogram law, as was done in the case of concurrent forces acting 
in a plane. Let us consider, for example, the case of three forces 
Fi, Fi, Fi applied to point 0 of a body and represented by the vectors 
OA, 05, and 07), respectively, as shown in Fig. 135o. Applying the 
parallelogram law to the forces Fi and Fj, 
we obtain their resultant^ acting in the 
plane AOB as shown. Replacing Fi and 
F 2 by their resultant 00 and again apply- 
ing the parallelogram law to the partial 
resultant OC and the force F 3 , we obtain 
the resultant R of all three forces, as rep- 
resented by the diagonal OE of the 
parallelogram ODBC. We see that this 
resultant of three concurrent forces in 
space is given by the diagonal of the 
parallelepiped constructed on the vectors OA, OB, and OD, asindicated 
in Fig. 135o. 

The same resultant can be obtained also by constructing (in space) 
the polygon of forces, as shown in Pig. 135&. We begin with the free 
vector representing the force Fi and from its end construct the 
vector AC representing the force Fi. From C we construct the vector 
CB representing the force F 3 . Now by comparison with Fig. 135a, it 
is evident that the free vector OP (Fig. 1355) representing the geo- 
metric sum of the given forces Fi, Fj, and F 3 gives the magnitude and 
direction of the resultant R of the given forces. 

The constructions represented in Fig. 135 can obviously be extended 
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for any number of forces applied at one point. Hence we conclude that 
the resultant of any number of concurrent forces in space can always 
be obtained as the geometric sum of the given forces and that its line 
of action passes through the point of concurrency of the given forces. 

If the parallelepiped of forces in Fig. 135a is projected onto any 
plane, say the horizontal plane, we shall obtain a system of concurrent 
forces in one plane, as shown in Fig. 136a. Now projecting the space 

polygon in Fig. 1356 onto the same 
plane, we obtain a plane polygon, 
as shown in Fig. 1366. The two 
sets of vectors in Fig. 136, being 
similar projections of equal parallel 
lines in space, are mutually equal 
and parallel. Thus we conclude 
that the resultant R' of F[, Fj, and 
Fj, representing any plane projection of a system of concurrent forces 
Fi, Fa, Fa, in space, gives us the corresponding projection of the true 
resultant R. Briefly, the resultant of the projections is equal to the 
corresponding projection of the resultant. This idea is very useful in the 
solution of problems, since it enables us to work in one plane and to 
use any and all methods already developed for coplanar systems. 

The method of projections discussed in 
Art. 1.4 for the case of concurrent forces 
in a plane is particularly useful in dealing 
with concurrent forces in space. From the 
above discussion, it follows that the projec- 
tion on any axis of the resultant of several 
concurrent forces in space is equal to the 
algebraic sum of the projections of the 
components on the same axis. Denoting, 
as before, by X,, F., Z,- the projections of 
any force F.- on rectangular coordinate axes x, y, z (Fig. 137) and by 
X, Y, Z the corresponding projections of the resultant R, we have, from 
the above statement, 

X = HXi Y = XYi Z = 2Z. (a) 

For calculating the projections of a force Fi, we have 

Xi = F, cos Ui Yt = F, cos pi Zi = Fi cos y,- (b) 

where a,-, fit, y,- are the angles that the force makes with the positive 
directions of the coordinate axes x, y, z, respectively, as shown. The 




FIG. 136 
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magnitude of the resultant is obtained from the equation 


B = \/x^ + 


(o) 


Denoting by a, (3, 7 , without subscripts, the angles that the resultant 
makes with the positive directions of the coordinate axes x, y, e, 
respectively, we obtain these angles from the equations 


cos a 


X 

R 


cos P = 


Y 

R 


cos 7 = 


Z 

R 


(d) 


Equations (a) to (d), inclusive, completely define the resultant of any 
system of concurrent forces in space. 

Equations of Equilibrium. If a system of concurrent forces in space 
is in equilibrium, their resultant must vanish. Referring to Eqs. (c) 
and (a) we see that this condition requires 

ZXi = 0 2F, = 0 SF. = 0 (20) 

where the summations are understood to include all forces in the sys- 
tem. These are the equations of equilibrium for concurrent forces in 
space. 

Applying Eqs. (20) to any system of concurrent forces that are in 
equilibrium, we see that not more than three unknown quantities can 
be calculated. For instance, if all forces of the system except three are 
completely known and the directions of these three are known, then 
their magnitudes can be found by using Eqs. (20). Again, if all forces 
of the system except one are known, then the three projections of the 
unknown force can be determined from Eqs. (20). 

For a few particular cases some general statements can at once be 
made on the basis of Eqs. (20). For example: (1) Three concurrent 
forces that do not lie in one plane can be in equilibrium only if all three 
forces are zero. (2) If two of four concurrent forces that do not all lie 
in one plane are collinear in action, then equilibrium can exist only if 
the other two forces are both zero. The two collinear forces must, of 
course, be equal in magnitude and opposite in direction. (3) If the 
lines of action of all but one of any number of concurrent forces in 
space lie in one plane, then equilibrium can exist only if this one force is 
zero. (4) If the known lines of action of all but two of any number of 
concurrent forces in space lie in one plane and one of these two forces 
is known in magnitude, then the magnitude of the other can always be 
found without difficulty. The proof of each of these statements is left 
to the student. 
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EXAMPLES 


1. Three concurrent forces F\, F^, and Fz have the lines of action OA, OB, 
and OC as shown in Fig. 138, and the magnitudes shown in the following 
table. Find the magnitude and direction of their resultant R. 

Solution. We begin by computing the lengths of the lines OA, OB, and OC, 
from the observed coordinates of the points A, B, and C, as follows; 


OA = + (3)" + 0 = VTs 

OB = V'(4)* + a)" + (4)“ = 

OC = Vay + (-2)^ + (4)‘> = 


F, 

lb 

COS 

cos 


X. 

F. 

z. 

Fi 


0.555 


0 

22.2 

33 3 

0 

Fn 

10 

0.698 

0.174 



1 7 

7.0 

Fz 

30 

0.218 

-0 436 

mm 

6 5 

-13 1 

26,2 





s 

35.7 

21.9 

33.2 


Using these values, the direction cosines of the lines of action of the forces are 
easily computed and tabulated as shown in the table. Then using Eqs. (b), 
we find the projections of the given forces as shown in the last three columns 
of the table. Finally, making the summations of projections and using Eqs. 
(c) and (d), we obtain 



B = V(36.7)2 + (21,9)2 + (33.2)2 53.45 ib 

35.7 


“ 53.4 

o 21.9 

^ = arccos — 

33.2 

y = arccos 


= arccos 0.668 = 48°05' 


arccos 0.410 = 65“45' 


= arccos 0.622 = 51°36' 


53.4 

As a check, we have 

cos® a + cos® |8 + cos® 7 = 1 


since the chosen coordinate axes are orthogonal. 

2. Two equal forces F, lying in a horizontal plane and acting at right angles 
to each other, are applied at A to the top of a pole AB (Fig. 139). To elimi- 
nate bending of the pole a guy wire AC is used, the tension in which can be 
adjusted by using a turnbuckle D. Determine the proper tensile force Si 
in the wire and the corresponding compressive force Si in the pole if each 
force F — 100 lb. 

Solution. Let us begin by considering the conditions of equilibrium of the 
ring A at the top of the pole. If bending of the pole is completely eliminated, 
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the reactioa S 2 exerted by the pole on this ring will be a force in the direction 
of the axis AB of the pole as shown. By virtue of the flexibility of the guy 
wire the reaction 3i that it exerts on the ring A will act along the axis AC of 
this wire and we obtain the free-body diagram as 
shown in the figure. 

Taking the xy plane to coincide with the plane 
ABC and the z axis perpendicular to this plane, we 
conclude from the third of Eqs. (20) that the plane 
ABC must bisect the 90° angle between the forces F 
if the guy wire is to prevent bending of the pole. 

Projecting all forces at A onto the x axis, we obtain 

-Si cos 60° + 2F cos 45“ = 0 

from which Si = 2 -^F = 283 lb. To determine 
the compressive force Si in the pole, we equate to 
zero the algebraic sum of the projections of all forces at A on the y axis and 
obtain 

j 8 j — 181 cos 30° = 0 

from which 81 = Si cos 30° = 245 lb. 

3. A tripod with legs OA, OB, OC of equal lengths I and hinged together 
at 0 is supported on a horizontal floor so that the points of support A, B, 
and C form an equilateral triangle with sides of 
lengths V3 f/2, as shown in Fig. 140. Determine 
the magnitudes of the compressive forces produced 
in the three legs by a load P hanging from 0 as 
shown. Assume that there is sufficient friction 
between the ends of the legs and the horizontal floor 
to prevent slipping. 

Solution. We begin by considering the equilib- 
rium of the hinge at 0 which is acted upon by the 
four concurrent forces Si, Si, S 3 , and P as shown in 
Fig, 140a. Taking point 0 as the origin of coordi- 
nates with the z axis vertical and projecting all forces 
onto the z axis, we obtain 

(Bi -f jSz -h B 3 ) cos 7 — P = 0 (e) 

where 7 is the angle that each leg of the tripod 
makes with the vertical. 

From the equality of the lengths of the legs 
together with the fact that Ai.ABC is equilateral, 
we conclude that the z axis pierces the plane of the 
floor at the intersection of the medians of AABC. From this it follows, for 
the given dimensions, that each leg makes with the z axis an angle 7 = 30°. 


O 
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Now projecting the system of forces at 0 onto the horizontal plane of the 
floor, we obtain the system of forces in one plane as shown in Fig. 1406. Since 
the original system of forces is in equilibrium, it follows from the discussion on 
page 170 that the coplanar system of forces represented by this horizontal 
plane projection of the original system is also in equilibrium. Considering 
this system of forces in a plane, we see that Si = S 2 = Sg, from which we 
conclude that Si = Sa = S 3 = S. Returning now to Eq. (e) and remember- 
ing that 7 = 30°, we find 

P 2P 

“ 3 cos 30° ^ 3 ^ 

4. A bracket made up of six bars hinged together at A and B and to a 
vertical wall at C, D, E, and F carries a vertical load P at hinge B, as shown in 

Fig. 141. ABEF lies in a horizontal plane, 
and points C and D are vertically below E 
and F, respectively. Calculate the axial 
force induced in each bar. 

Solution. As a preliminary step, we com- 
pute the length of bar BC, which is 

BC = + 4“ 4- 52 = 5 \/2 ft 

Now considering hinge B as a free body, we 
see that it is in equilibrium under the action 
of four concurrent forces; the load P and 
three forces Si, S 2 , S 3 representing the reac- 
tions of the bars CB, AB, and FB, which we 
assume to be in tension. Equating to zero the algebraic sums of projections 
of these forces on the coordinate axes x, y, z, we obtain 

—Si — ■ — )Si = 0 -t-P fi- — Si = 0 -j-Ss -b — Si — 0 
5 V2 5 V 2 5 VZ 

from which Si = — 1.4P, Si = -|-0.8P, Si = -fO.GP. The negative sign 
for Si indicates that bar BC is in compression. 

Consideration of the equilibrium of hinge A and the determination of the 
axial forces in bars 4, 5, and 6 are left to the student. 

5. A rectangular block of weight TF rests on an inclined plane that makes 
the angle a with the horizontal, as shown in Fig. 142a. Find the magnitude 
of a horizontal force P applied to the center of the block and acting in a plane 
parallel to the inclined plane that will cause motion of the block to impend. 
Assume that the angle of friction <(> for the surface of contact is greater than a 
and that the proportions of the block are such that sliding will impend before 
tipping. 

Solution. At the instant of impending slipping the block is in equilibrium 
under the action of the gravity force W, the applied force P, and a reaction R 
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exerted by the inclined plane. Since these three forces are in equilihrium, 
we conclude that they must intersect in one point and also lie in one plane. 
Further, when sliding of the block impends, we know that the reaction B is 
inclined to the normal to the inclined plane by the angle of friction ip. 

Choosing 0 as the origin of coordinates with the z axis normal to the inclined 
plane and the x axis horizontal and equating to zero the algebraic sum of the 



projections of all forces on the z axis, we obtain 

R cos Ip = TF cos o: (f) 

Projecting the entire system of forces onto the inclined plane, we obtain 
the system of coplanar forces in equilibrium as shown in Pig. 1426, from which 
we conclude that 

ffi* sin^ ip = + IF^ sin' a (g) 

Eliminating R between Eqs. (f) and (g) gives 

P = TF -\/p' cos' a — sin' a (h) 

where g = tan <p = coefficient of friction. It will be noted that for the limit- 
ing case where a — <p, Eq. (h) gives P = 0. Also for the limiting case where 
a = 0 and the inclined plane becomes a horizontal plane, Eq. (li) gives 
P = P.W. 

We see from the first limiting case that when all available friction is already 
being used to resist sliding of the block down the plane, then there is no 
resistance to lateral slipping. This explains, for example, why a rear-wheel- 
drive automobile can skid so freely from side to side when climbing a grade 
on wet or icy pavement. For the same reason, a car loses lateral stability if 
the brakes are too suddenly applied so as to cause the tires to slip. 

6. The small pulley in Pig. 143a drives the large one in a counterclockwise 
direction by a V belt overrunning their rims, as shown. The angle of the V 
in both pulleys is 2Qr, the total angle of contact on the small pulley is |8, and 
the coefficient of friction between belt and rim is g. Find the ratio 
between the tensions in the two branches of the belt when slipping impends 
if the belt contacts the grooves only on its sides and is assumed to be perfectly 
flexible. 
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Solutioii. We use here the same method of analysis already discussed in 
Art. 3.8 for a fiat belt (see page 157). In Fig. 1436, we show a free-body 
diagram for one small element of the belt defined by the angle 6 measured 
from the point of tangency A on the small pulley. The forces acting on this 
element are (1) tensions S and S + dS acting noi-mal to the two cut faces of 
the element and inclined by angles d6/2 to the y axis, as shown; (2) normal 
forces dNi and dNi on the sides of the element, inclined by angles a to the 
z axis, as shown; and (3) friction forces dFi and dF 2 lying in the two side planes 
and parallel to the y axis, as shown. These forces may be regarded as a 
concurrent system in space that are in equilibrium (uniform running of the 



FIG. 143 



belt over the pulleys does not alter the conditions of equilibrium). Thus 
Eqs. (20) become 

(2S + dS) sin ^ — (dNi + dNn) sin a = 0 

JQ 

(S + dS - S) cos ^ - idFi + dFi) = 0 
{dNi — dNi) cos a = 0 


From the last equation, we see that dNi = dNi = dN, and when slipping 
impends, dFi = dFi = y dN. Substituting these values into the first two 
equations, noting that sin {dd/2) = dd/2, cos {dd/2) = 1, and neglecting 
small quantities of second order, these equations reduce to 

S d6 — 2 dN sin a = 0 
dS — 2fi dN = 0 

Eliminating dN, we obtain 

dS y d6 
S “ sin a 

Integrating expression (i) over the entire line of contact AB, that is, from 
0 = 0 to 9 = /3, we find 


In 


§1 

Si 


sin a 


or 


Si 

— = Qfi0/»iu a 
02 


(j) 


For the case of a flat belt, a = w/2 and expression (j) coincides with Bq. (h) 
on page 158. We see that for a small value of a, the V belt is much more 
efficient than a flat one. 
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PROBLEM SET 4.1 

1. The lines of action of three forces concurrent at the origin 0 pass, 
respectively, through points A, B, C, having coordinates 

Xa = —1 1/a = +2 Za = +4 

Xb — +3 j/t = 0 Zb = —3 

Xo = +2 1/a = —2 2a = +4 

The magnitudes of the forces are = 40 lb, Fb = 10 lb, F^ = 30 lb. Tind 
the magnitude and direction of their resultant. Ans. R = 53.6 lb; a = 
78“35'; /3 = 84°26'; 7 = 12°35'. 

2. Referring to Fig. 139 and assuming unequal forces Fi = 100 lb and 
Fi = 80 lb instead of equal forces F, find the required tension Si in the guy 
wire AC to prevent bending of the pole and the 
corresponding compression Si in the pole. Be 
sure that the guy wire is placed in such a vertical 
plane as to eliminate bending of the pole. Ans. 

Si = 266 lb; Si = 222 lb. 

3. A vertical mast AB of length Z = 16 ft is 
guyed by four wires BC, BD, BE, and BF, each 
of length h = 20 ft and forming a regular square 
pyramid as shown in Fig. A. Determine the 
compressive force 5 in the pole if each guy wire 
carries a tension of 1 ton. Ans. <S = 3t tons. 

4. A mast AB supported by a spherical socket 
at A and horizontal guy wires BC and BD carries a vertical load F at IS as 
shown in Fig. B. Find the axial force induced in each of the three members of 
this system. Ans. Si = +0.8F; 52 = +0.6F; S 3 = — 1.4F. 

5. Repeat the solution of Prob. 4 if point F is 1 ft vertically below the 
position shown in Fig. B and all other dimensions remain unchanged. Ans. 
Si = +1.03F; Ss = +0.75F; 5, = -1.77F. 

X 


A 

FIG. B FIG. C 

6. In the case of the tripod shown in Pig. C there is no friction between the 
ends of the legs and the floor on which they rest. To prevent slipping of the 
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legs their ends are connected by strings along the lines AB, BC, and AC. 
Determine then the tensile force S in each of these strings if each leg makes 
30° with the vertical and P is a vertical load. Ans. 8 = -wP ■ 

7, Four balls of equal radii r form a pyramid supported by a smooth hori- 
zontal plane surface (Fig. D). The three lower balls are held together by an 
encircling string as shown. Determine the tensile force 
8 in this string if the weight of each ball is Q and the 
5 V s surfaces of the balls are perfectly smooth. Neglect any 

initial tension that may be in the string before the top 
placed upon the other three. Ans. S = 0.136Q. 
( J Imagine that Fig. D represents three hemispheres, 

N . "W radius r and weight Q/2 so arranged that they 

S rest with their flat faces on a horizontal plane and support 

FIG. D a full sphere of radius t and weight Q above them. In 

such case, determine the limiting value of the coefficient 
of friction between the flat faces of the hemispheres and the horizontal plane 
for which equilibrium will be possible. There is no string to prevent slipping 
of the hemispheres. Assume the upper 
sphere to be perfectly smooth. Ans. 

M ^ V2/5. A-^Q 

9. A small block A of weight W 
straddles a bar BC of triangular cross 
section as shown in Fig. E. If sliding 
of the block impends when the axis 

BC of the bar makes the angle 8 with Pm ^ 

the horizontal as shown, what is the 

value of the coefficient of friction m between the block and the faces of the 
bar? Ans. p = tan 8 sin (a/2). 

10. Determine the forces produced in the bars 1 to 6, inclusive, of the space 
truss shown in Fig. F, owing to the action of four vertical loads P applied as 
shown. ACBD and A'C'B'D' are two squares with parallel sides of lengths 
a and 2o, respectively, and the distance between horizontal planes ACBD and 
A'C'B'D' is 2a. Ans. 81 = 82 = -0.25P; Sa = 8 i = -1.06P; 5^ = 58 = 0. 



FIG. F 
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11. The system of hinged bars shown, in Pig. G forms a cube. If, by 
means of a turnbuokle 1, a tensile force P is produced in the diagonal bar 
HB, what forces will be induced in 
the other bars of the system? 

12. A flexible suspension bridge 
cable is supported at the top of a 
tower by a saddle, as shown in Pig. 

H. The portion ACB of the cable ia 
a parabola with vertex at C and the 
groove in which the cable rests is a 
60° V notch as shown. Find the 
limiting ratio Pi/Pa for which slipping 
of the cable in the saddle will impend 
if the coefficient of friction p = 0.25. 

Ana. P 1 /P 2 = 2.193. 

4.2. Concurrent forces in. space: metliod of moments. 

Mom&ni of a Force with Respect to an Axis. The tendency of a force to 
produce rotation about any fixed axis in a body to which it is applied is 

measured by the moment of the force with 
respect to that axis. Consider, for ex- 
ample, a body free to rotate about the 
vertical axis O 0 and acted upon by a force 
Fi applied at point A, as shown in Fig. 
144o. Passing a plane OAG through 
point A and normal to the axis Oz, we 
resolve the force F,- into rectangular com- 
ponents Fi sin a normal to this plane and 
Fi cos a lying in the plane. Then it is 
intuitive that only the latter component, 
lying in the plane, has any tendency to rotate the body around Oz. 
Accordingly, we define the moment of F< with respect to the axis Oz as 
the product of its orthogonal projection Fi cos a and the distance d of 
this projection from point 0, where the axis pierces the plane. Thus 

{Mf)i = Fi cos a- d (a) 

We see that this is identical with the moment of the projection Fi cos a 
with respect to point 0 and is represented by the doubled area of 
AO AC. The moment {Mf)i is considered positive if the rotation ia 
in the direction indicated by the fingers of the right hand when the 
thumb is pointed in the positive direction of the axis Oz (Fig. 1445). 
This is called the right-hand rule, and viewing the plane OAC from the 
positive end of the axis Oz, we see that it agrees with the counter- 
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clockwise rule introduced before in discussing moment of a force with 
respect to a point (see page 40). 

Exlension of the Theorem, of Varignon. If a parallelogram of forces 
ACBD consisting of a force R and its components P and Q (Fig. 146) is 
projected onto a plane normal to a given axis Oz, we obtain a parallel- 
ogram of forces A'C'B'D' from which we conclude that the resultant of 
the projections of the components P and Q is equal to the correspond- 
ing projection of their resultant R. 
Then it follows at once from Varig- 
non’s theorem and the above defini- 
tion of moment of a force with respect 
to an axis that the algebraic sum of 
moments of two concurrent forces P 
and Q with respect to any axis is equal 
to the moment of their resultant with 
respect to the same axis. In Art. 4.1 
we have seen that the resultant of any 
number of concurrent forces in space can be obtained by successive 
applications of the principle of the parallelogram of forces. Hence, 
applying Varignon’s theorem at each successive step, we conclude 
finally that the algebraic sum of the moments of any system of concur- 
rent forces with respect to an axis is equal to the moment of their 
resultant with respect to the same axis. 

It can be shown in a similar manner that the above extension of the 
theorem of moments holds also for the case of parallel forces in space. 
Thus we may consider the theorem 
completely general and say that the 
moment of the resultant of any force 
system about any axis is equal to the 
algebraic sum of moments of its com- 
ponents about the same axis. 

In analytical investigations of prob- 
lems of statics, we often use rectan- 
gular coordinate axes z, y, z as axes of 
moments. For this reason expres- 
sions for the moments of any force P, 

with respect to the three coordinate axes will be helpful. Taking the 
axes as shown in Fig. 146, we denote by X„ 7„ Z, the projections of any 
force P, and by xt, y,, a, the coordinates of its point of application A . 
Then using the right-hand rule for sign of moment in each case and 
keeping in mind that the moment of P, is equal to the algebraic sum of 
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the moments of its components, we may write 

(M^). = — F,s, (M^)^ = X^, - Z,x, (M^). = Y,x, - Xiy^ (21) 

where 

X, — F, cos a, Y, — F, cos A- Z, = Fi cos 7,- (b) 

Although derived on the assumption that the force F, has positive 
projections, Eqs. (21) are always valid if proper attention is paid to the 
signs of the projections as defined by Eqs. (b). 

Equaiiona of Equilibrium. We have seen above that the algebraic 
sum of moments of a system of concurrent forces in space with respect 
to a given axis is equal to the moment of their resultant with respect to 
the same axis. Further, this sum of 
moments is zero if the resultant force 
intersects the axis, is parallel to it, or 
vanishes itself. These three possibili- 
ties are sometimes useful in deciding the 
question of equilibrium of a system of 
concurrent forces in space. 

Consider, for example, the force 
system concurrent at a point A in space, 
as shown in Fig. 147, and let 1-1, 2-2, 3-3, be three nonparallel axes 
defining a plane abc that does not contain point A. Now suppose 
that the algebraic sum of moments of the forces about the axis 
1-1 is zero. Then if there is a resultant, it must either be parallel 
to, or intersect, this axis. If the sum of moments about the axis 2-2 
is also zero, the resultant, if one exists, can only lie along the line Ab, 
since it cannot be parallel to both 1-1 and 2-2 which are nonparallel. 
Finally, if the sum of moments about the axis 3-3 is likewise zero, 
the resultant has to vanish completely, because it was already con- 
fined to the line Ab which is neither parallel to, nor intersects, the 
axis 3-3. Thus the forces must be in equilibrium. These three 
necessary and sufficient conditions of equilibrium may be expressed 
algebraically by the following equations; 

2(Mi), = 0 2(lf2)f = 0 SCilfa). = 0 (22) 

where (JWiji, (Afa),, (AT a).- denote the moments of any force F. with 
respect to the axes 1, 2, and 3, as discussed above and in which the 
summations are understood to include all forces in the system. 

In the solution of problems, it is not necessary to adhere rigorously 
to the three conditions of equilibrium represented by Eqs. (22). We 
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can, for example, use only one of these moment equations together 
with two of Eqs. (20) developed in Art. 4.1 or various other combina- 
tions. In short, if a system of concurrent forces is in equilibrium, the 
algebraic sum of their moments with respect to any axis must be zero 
and, likewise, the algebraic sum of their projections on any axis must 

be zero. We can write any three such 
equations of equilibrium that will give us 
the most direct solution of a given problem. 

EXAMPLES 

1. A shaft AB inclined to the vertical by an 
angle oi has an arm CD welded to it at right 
angles, as shown in Fig. 148. Calculate the 
moment of a vertical force P applied at D with 
respect to the axis AB if the arm is of length 
a and the plane ABD makes the angle 8 with 
the vertical plane AzB. 

Solution. Through point D, we pass a verti- 
cal plane parallel to the plane AzB. In this 
plane, we resolve P into rectangular components P cos a. and P sin a as shown. 
The component P cos a is parallel to AB and has no moment about this axis. 
The component P sin cc is perpendicular to AB and its arm, equal to the dis- 
tance between the two vertical planes, is a sin 6. Hence, the required moment 
of P, equal to the sum of moments of 
its components, is Pa sin a sin 6, which 
according to the right-hand rule is 
positive. 

2. Three bars each of length I are 
hinged together at D and to fixed points 
A, B, C, as shown in Fig. 149, where 
OA = OB = OC = a. Find the ten- 
sion S produced in bar PD by a vertical 
load P acting at D, if o = 4 ft and 
Z = 5 ft. 

Solution. We begin by passing a 
vertical plane OBDE through bar BD 
and intersecting the xz plane along OE. 

In this plane, we resolve the tensile 
force P at D into horizontal and vertical components S sin 8 and S cos 6, 
respectively, as shown. Now taking moments of all forces acting at D with 
respect to the horizontal axis AC (thus avoiding consideration of the axial 
forces in bars DA and DC), we have, as a condition of equilibrium, 

S sin 8 ■ DE + S COB 8 ■ EF = P ■ EF 




(c) 
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DE = a — I cos 9 
EF — I sin 8 ^ 

V2 

Substituting these expressions in Eq. (c) and reducing, we obtain 

S = p (^/“) e - l/\/2 
sin 8 — (1/^/2) cos 9 

The remainder of the problem is purely a matter of finding the magnitude of 
the angle 6 from the geometry of the structure (Fig. 149). To do this, we 
first note from the symmetry of the system that the direction cosines of OD 
are all three equal, and since for orthogonal axes x, y, z, 

cos^ a + cos'* j8 -)- cos* 7 = 1 

we must have cos^ a = cos'* — cos'* 7 = Thus we find the angles 
a = |3 = y = arccos (l/Vs) = 54“45'. 

The lengths a and I being given, we now have two sides and one angle (S 
of AOBD, and using a little trigonometry, we finally obtain 

Eliminating 6 between Eqs. (e) and (d), we obtain the value of S entirely in 
terms of the given lengths o and 1. However, for numerical calculation it is 
simpler to compute 8 from Eq. (e) and then S from Eq. (d) without trying to 
combine them. For example, taking a = 4 ft and i = 6 ft, Eq. (e) gives 
sin 8 = 0.9953, 8 = 84°27', cos 8 = 0.0967. Substituting these values 
together with i/a = 1 .2500, we obtain S = 0.580P. We see from this example 
that the geometry of space systems can sometimes complicate the problem, 
even though the statics itself is comparatively simple. 


PROBLEM SET 4.2 

1. A pulley A of radius a is supported from the face of a vertical wall by 
two braces A£ and AC together with a tie bar AD, as shown in Fig. A. A 
flexible cord EAF is fastened to the wall at E, passes over the pulley, and 
carries at its end F a load Q. Find the tensile force S produced in the tie bar 
AD if Q = 100 lb, 0 = 6 in., 6 = 4 ft, c = 7 t ft. Ans. iS = 53 lb. 

2. A ball of radius r and weight Q is hung from the corner of a room by a 
string AB of length 1 as shown in Fig. B. Neglecting friction between the 
ball and the walls, find the tensile force S in the string AB, which in the 
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absence of friction will pass through C. The following numerical data are 



given: r = 6 in., Z = 10 in., Q = 100 lb. Ans. 
S = 118 lb. 

3. Using the method of moments, find the axial 
force S produced in the vertical mast AB of the 
crane which supports a vertical load P = 5 tons, 
as shown in Fig. C. Ans. 5 = 6 tons. 



FIG. A 


FIG. B 


4. Find the tension T in each of the guy wires BD and BE of the crane 
loaded as shown in Fig. C. Ans. T — 4.38 tons, each. 



5. A strut AB attached to the face of a 
vertical wall at A by a spherical hinge stands 
perpendicular to the wall and is supported 
by two guy wires, as shown in Fig. D. At 
Bj in a plane parallel to the wall, two forces 
P and Q act as shown, Q being horizontal and 
P, vertical. Using the method of moments, 
find the axial forces produced in the members 
if P = 500 lb and Q = 400 lb. Ans. Si = 
103 lb; Si = 1,625 lb; Si = -1,600 lb. 



6. Calculate the tension T in the guy wire CD and the compression S in 


each strut of the shear-leg derrick shown in Fig. E if the vertical load P = 1 
ton. Ans. T = 3.70 tons, S = 1.64 tons. 
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7. A space truss as shown in plan and elevation in Fig. F supports three 
vertical loads P = 1,000 lb at A, B, and C. Find the axial force Si in each of 
the bars 1, 2, 3, if = BC = CA = 3 ft and BE = EF = FD <= 6 ft. 
Ans. Si = Si = Si — — P/4. 




8. Referring again to the space truss in Fig. F, prove that the axial force in 
each of the diagonal bars DC, EA, and FB, is zero for the condition of loading 
shown. 

9. If the space truss in Fig. F is subjected to only one vertical load P at A, 
find the axial force Si in each of the bars 1, 2, 3. Use the same numerical 
data given in Prob. 7 above. Ans. Si = Si = 0; Ss = —P/4. 


4.3. Couples in space. In discussing couples in a plane (Art. 2.1) 
it was shown that the action of a couple on a body is not changed by 
transformation or displacement of the 
couple in its plane provided its moment 
remains unchanged. We shall now 
prove that the action of a couple on a 
rigid body to which it is applied will not 
be changed if the plane of the couple be 
displaced parallel to itself. Consider, 
for example, a couple PP acting in a 
plane M as shown in Fig, 150. To 
prove that, without changing the action of this couple, it can be dis- 
placed from the plane M to the parallel plane N, we proceed as follows; 
Taking, in the plane N, the line A'B' equal and parallel to AB, we 
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apply at each of the points A'a,n.d B' two equal and opposite forces P 
equal to the forces acting in the plane M. These forces are in equi- 
librium and do not change the action of the original couple in the plane 
M. The two forces P applied at points A and B' and acting upward 
can now be replaced by their resultant R which acts in the upward 
direction at the noid-point 0 of the line AB' as shown. In the same 
manner the two forces P acting downward at points B and A' can be 
replaced by their resultant R acting downward at point 0. The two 
forces R acting at point 0 balance each other and can be removed from 
the system leaving only the upward force P at A' and the downward 
force P at B' in the plane N. These two forces constitute a couple 
in the plane N that is equal and statically equivalent to the original 
Hence it is proved that the action of a couple 
on a rigid body will not be changed if the plane 
of the couple be displaced parallel to itself. 
This statement regarding a couple may be 
considered as analogous to the theorem of 
transmissibility of a force (see page 8). 

From the preceding discussion we conclude 
that a couple is completely defined by three 
elements: (1) the magnitude of its moment, 
(2) the aspect of the plane in which it acts, 
defined by the direction of the normal to this plane, and (3) the direc- 
tion of rotation in the plane, i.e., the sense of the couple. These three 
elements can be represented completely by a vector as follows: If a 
couple PP (Fig. 151) is given, we take any point C in the plane of the 
couple and draw through it a normal to this plane. Along this normal 
we measure a distance CD which, to a certain scale, represents the 
magnitude of the moment of the couple and on which we indicate, by 
an arrow, a direction such that between this direction and the direction 
of rotation of the couple there exists the same relationship as between 
the translation and rotation of a right-hand screw. The vector CD 
obtained in this way completely defines the given couple. Since the 
plane of a couple can be displaced parallel to itself without changing 
the action of the couple, we conclude that any vector CD' equal and 
parallel to the vector CD represents an equivalent couple. The vecto- 
rial representation of a couple is very useful when we have to deal with 
couples differently or iente d in space, and in our further discussions a 
vector, such as CD or C'D'i will be called a moment vector to distinguish 
it from a force vector.^ 

' We shall take it as axiomatic that the rules of addition of force vectors apply 
also to moment vectors. 


couple in the plane M. 
C4 ^c'> f\ ‘D' 




TP 

y 


FIG. 151 
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Since the position of a couple in its plane is of no consequence and 
since the plane of a couple can be displaced parallel to itself without 
changing the action of the couple, it follows that any system of couples 
differently oriented in space can be represented by moment vectors 
that can be taken concurrent at any point in space. Hence it follows 
at once by analogy to the case of concurrent forces in space that the 
resultant couple M of any system of couples Mi, if 2, . . • , ifn may 
be found by the method of projections. 

Consider, for example, the system of couples in space as represented 
by the moment vectors if 1, if 2, . . . , in Fig. 152, where each couple 
must be visualized as acting any- 
where in a plane normal to the corre- 
sponding moment vector. Taking 
coordinate axes x, y, z, as shown, and 
denoting by /3,, 7, the direction 
angles of the vector if., we see that 
the projections of this vector are 

(if*). = if. cos m 
{My), = if. cos d, (a) 

(if*). = if. cos 7, 

These three projections or rectang- 
ular components of any moment 
vector if, represent three component 
couples which act in the three coordi- 
nate planes. For example, (if.,), represents a couple in the xz plane 
which is counterclockwise in sense. 

Proceeding in the same manner with the moment vectors Mi, 
Ml, .. . , and then adding algebraically all corresponding projections, 
we obtain the three rectangular components of the resultant couple 
M as follows : 



if, = S(if*). My = S(if„)i = 2(if*). (b) 


The magnitude of the moment of the resultant couple is given by the 
expression 


if = -s/Ml -i- Ml + Ml 


(c) 


Denoting by a, §, 7 the angles that the normal to the plane of the 
resultant couple if makes with the coordinate axes x, y, z, respectively, 
we have, for determining the orientation of this plane, the following 
equations: 


cos a = 


if 


cos /? = 


Jlf„ 

M 


cos 7 = 


M 


(d) 
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If a system of couples in space is in equilibrium, the resultant must 
be zero, and therefore we conclude from Eq. (c) that the conditions of 
equilibrium for such a system are expressed by the equations 

2(M.). = 0 SW. = 0 S(il/.), = 0 (23) 

These equations of equilibrium for a system of couples in space are 
completely analogous to Eqs. (20) for concurrent forces in space. 
However, in using Eqs. (23), it must be kept constantly in mind that 
we are dealing with moment vectors and not with force vectors. The 
actual forces of a couple always lie in a plane normal to the moment 
vector representing them and are not considered in a direct manner 
at all. 


EXAMPLES 

1. Eive equal forces P act on the corners of a cube with edges of length a, 
as shown in Fig. 153o. Find the equilibrant of this system of forces. 

Solution. The two vertical forces at A and D represent a couple of moment 
Pa in the front face of the cube. At any convenient point 0 in space (Fig. 



1536), we represent this couple by a moment vector directed along the z axis 
normal to the face ABCD of the cube. The force at G and the one parallel 
to it at A represent another couple of moment Pa in the bottom face of the 
cube. We represent this couple by a moment vector directed along the y 
axis in Fig. 1536. The resultant of the two moment vectors in Fig. 1536 
has the magnitude \/2 Pa and is directed normal to the diagonal plane ABEF 
of the cube. Thus the resultant of four of the five forces in Fig. 153a is a 
couple of moment \/2 Pa in the plane ABEF. To balance this couple, we 
need one of the same magnitude but opposite sense. The remaining force P 
acting along BA and an equal but opposite force acting along EF would give 
such a couple. Hence, the dotted force vector P at F in Fig. 153a is the 
equilibrant of the system. 

2, A round bar having a semicircular axis ACB of radius r lies in a hori- 
zontal plane and is firmly attached to a vertical wall at its ends A and B by 
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bolted flanges, as shown in Fig. 154a. Find the reactions at A and B if the 
bar is subjected to uniformly distributed twisting moment of intensity m, 


that is, m in.-lb per inch of circumference acting 
as shown. 

Solution. We divide the bar into elements 
each of length r dB so that acting on each element 
we have a small twisting couple of moment mr dB 
which lies in a vertical radial plane normal to the 
axis of the bar at that point. The corresponding 
moment vectors then lie along the axis of the bar, 
as shown in Fig. 1546, and their geometric sum is 
the horizontal moment vector a5 of length 2mr. 
To balance this, we need a moment vector ba of 
the same magnitude. This can be supplied by 
two couples Ma and Mt, each equal to mr and 



acting in vertical planes through A and B per- 
pendicular to the wall, as indicated in Fig. 154o. 
These couples are the required reactions and 


(b) 

FIG. 1 54 


they are created by tensions in the upper flange bolts together with compres- 


sions in the lower flange bolts. 


PROBLEM SET 4.3 

1. Three circular disks A, B, and C of radii /« = 15 in., n = 10 in., and 
r, = 5 in., respectively, are fastened at right angles to the ends of three rigidly 
connected arms which all lie in one plane as shown in Fig. A. If couples act 
on the disks A and B as shown in the figure, find the magnitude of the forces 
P of the couple that must be applied to the disk C and the angle a that the 
arm OG must make with the arm OB in order to have equilibrium. Ans. 
P = 50 lb; « = 143°08', 



FIG. A FIG. B 


2. Six equal forces P = 6 lb act on a cube with edges of length a = 5 in., 
as shown in Fig. B. Determine the resultant of this system of couples. 
Ans. M = 50 Vs in.-lb in the octahedral plane ABC. 
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3. Couples of moments Mi, Mi, Ms act on a prismatic block as shown in 
Fig C What must be the relationship between the magnitudes of moment 

..., . „ . Ml Mi Mi 

of these couples if the block is m equilibrium f Am. 



FIG. C FIG. D 


4. A piece of round pipe in the form of a circular quadrant of radius r is 
attached to two mutually perpendicular vertical walls by flanges A and B as 
shown in Fig. D. If the pipe is subjected to uniformly distributed twisting 
moment of intensity m as shown, find the reactions at A and E. Assume 

that the ends of the pipe can rotate freely 
inside the flanges so that no twist can be 
L~~ \ exerted on either flange. Ans. M^ = 

.Y r. M, = mT. 

5. Calculate the magnitude of the total 
\ r E '/ ^ torque M that can be transmitted through 

the disk clutch shown in Fig. E if the disks 
FIG. E are of radius r and the coefficient of friction 

is n. Assume that the total normal force 
N is uniformlj' distributed over the area of contact between the two disks. 
Neglect friction in the bearings. Ans. M = ^fiNr. 

6. Forces act along the edges of a prism as shown in Fig. F. Show that 
their resultant is a couple, and define it with reference to the coordinate axes 
xyz as shown. Ans. M = 100 in.-Ib. 



FIG. F 


FIG. G 


7. A pipe assembly is supported and loaded as shown in Fig. G. Find the 
reactions at A and B, assuming that the flanges cannot resist twist at A and 
B. Neglect the weight of the assembly. A«s. M^ = Mb = Ml^2. 
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4.,4.. Parallel forces in space. Let us consider here a .system of 
parallel forces . . . , acting on a flat plate aa shown in Fig. 

155. Using auccea.sively the method of composition of two parallel 
forces discussed in Art. 2.1, we readily find the resultant Ri of the forces 
Fi, Fi, Fz, acting upward, and the resultant 
of the forces Ft, Fz, acting downward. 

We see that for any such system we shall 
always obtain two parallel but oppositely 
directed partial resultants R, and R^, as 
shown. If these two forces are unequal in 
magnitude, they reduce to a resuUanf, 
force B = Ri — Ri, in the direction of the 
larger force. If they are equal in magni- 
tude but noncollinear, they represent a 
resultant couple. If they are equal in 
magnitude and collinear, they are in 
equilihriwn. Thus a system of parallel forces in space may reduce to 
(1) a resultant force, (2) a re,sultant couple, or (3) a state of equilibrium. 

To distinguish these three possibilities analytically, we refer the 
forces to a coordinate system x, y, z, and denote the given forces by 
Zi, Zi, , Zn, as shown in Fig. 156. From the preceding discussion 
it follows that, if there is a resultant force, it is equal to the algebraic 

sum of the given forces. The line of action 
of this resultant force may be found from 
the condition that its moment with respect 
to each of the coordinate axes x and y is 
equal to the algebraic sum of the corre- 
sponding moments of all the given forces 
with respect to the same axis, in accordance 
with Varignon’s theorem. Denoting by Xi 
and 2 /i the coordinates of the point of appli- 
cation of any force Z, and by x and y the 
coordinates of the point of application of the resultant Z, this resultant 
force may be defined analytically by the equations 




Z = 



HZi 


^ ZiZiVi) 

" 2Zi 


(24) 


where the summations are understood to include all forces in the 
system. 

When the algebraic sum of the given forces is equal to zero, the 
possibility of a resultant force vanishes but there remains the possi- 
bility of a resultant couple. To define this couple if it exists, the alge- 
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braic sum of the moments of the given forces with respect to each of 
the coordinate axes x and y must be calculated. If either one of these 
sum.s is different from zero, the system reduces to a resultant couple 
and the calculated sums of moments are its components in the yz and 
xz planes. Denoting these components by ilfx and ilf„, respectively, 
the conditions that the system reduce to a resultant couple may be 
expressed analytically as follows d 

S2. = 0 ilfx = S(Z.2/.) Af„=-S(Z,x,) (25) 

Having the rectangular components Mx and My of the resultant couple 
M, its magnitude and the orientation of its plane can be found by using 
Eqs. (c) and (d) of Art. 4.3. If either of the above sums of moments is 
zero, it indicates that the resultant couple lies in one of the coordinate 
planes. 

If both the above sums of moments are zero, the possibility of a 
resultant couple vanishes also, and we conclude that the conditions of 
equilibrium for any system of parallel forces in space are expressed by 
the equations 


HZi = 0 2(Z.2/<) = 0 S(Z,a:.) = 0 (26) 

In. using Eqs, (26) to determine reactions exerted on a supported body 
under the action of applied parallel loads, it must be realized that with 

three equations of equilibrium, we can 
only find three unknowns, usually the 
magnitudes of three reactive forces whose 
lines of action are given. 

Consider, for example, the case of an 
ordinary table -with four legs which sup- 
ports several vertical loads, as shown in 
Fig. 157. Since the legs will all be under 
simple compression, they will exert verti- 
cal reactions Ra, Rh, Ro, Rd at the four 
corners of the table. We have then, act- 
ing on the table top as a free body, a 
system of parallel forces in space that are in equilibrium. However, 
the four unknown reactions cannot be found from Eqs. (26), and the 
problem is statically indeterminate. 

Intuitively, we may feel that each leg carries a definite compressive 

* The minus sign in the expression for M, is necessary in order to make the right- 
hand rule for sign of moment compatible with conventional positive coordinates. 
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force and that we should be able to determine these axial forces by 
statics, but this is not the ease. There are many ways in which we 
can divide the total load Pi + P 2 + Pa among the four legs so as to 
satisfy Eqs. (26) and we have no way of knowing from statics which 
is the correct distribution. The correct distribution depends on the 
flexibility of the top of the table, the floor, the legs, etc., in short, upon 
elastic deformations of the bodies which we do not consider in statics. 


EXAMPLES 


1. A shaft bent in two right angles rests in open half bearings at A and B 
and is tied down by a vertical string CE, as shown in Fig. 158. Acting at the 
free end P is a vertical load P. Find the tensile force S in the string and the 
reactions Rc and Rb at the bearings if the dimensions are as shown in the figure. 

Solution. Neglecting friction, the bearing 
reactions will be vertical and we obtain a 
system of parallel forces in space that are in 
equilibrium. With B as origin and coordinate 
axes directed as shown, Eqs. (26) become 

Ra + P 5 — P — 

-Pc - RJ + Sic + d) = 0 
Pa - Sb = 0 

From the last equation, we see that S = Pa/b. 

Substituting this in the other two equations 
and solving for and Rt, we find 


R, 


■-^I[ 


1 + 


Pi, = P [1 + 


(--!)] 


(b) 



Numerical values of and Rb for given dimensions of the system can now be 
calculated from these formulas. We note, since the bearings are open, that 
negative values of and Rt cannot be produced, A study of expressions (b) 
shows that the reactions will both be positive, i.e., up, if the quantities within 
the brackets are positive. This requires 


e 4" d 
c 


a ^ c 
^h^c+d 


(c) 


Geometrically conditions (c) mean that the line CD joining the two ends of 
the shaft must out the central portion of the shaft somewhere between A 
and B. 

2 . A movable crane mounted on three wheels, the bearings of which form 
an equilateral triangle ABC with sides of length o, rests on a horizontal track 
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as shown in Pig. 159. The distribution of the weight Q of the crane itself 
is such that its center of gravity E is vertically above the centroid of the 
equilateral triangle ABC. For all possible values of the angle a that the 
vertical plana of the boom can make with the vertical middle plane of the 
crane, determine the corresponding maximum values of the load P that can 

be suspended from point D without 
causing the crane to tip from the track. 

Solution. For small values of the angle 
a, as indicated by the position FD of the 
boom (Fig. 1596), the condition of im- 
pending tipping of the crane about the 
axis AB with the wheel C lifting from the 
track will represent the criterion for the 
determination of the critical value of 
the load P, while for larger values of the 
angle a, as indicated by the position FD' 
of the boom, the condition of impending 
tipping of the crane about the axis AC 
with the wheel B lifting from the track 
will represent the criterion for the deter- 
mination of the critical value of the load 
P. Hence, the possibility of tipping of 
the crane about each of these axes must 
be investigated separately and the cor- 
responding critical values of the load P compared to determine within what 
range of values of the angle a each criterion holds, 

Considering first the condition of impending tipping of the crane about the 
axis AB and remembering that in such case there is no pressure between the 
wheel C and the track, we find, by equating to zero the algebraic sum of the 
moments of all forces with respect to the axis AB, 

P„ FH -Q-FE = 0 

Using the given dimensions of the crane, this becomes 



PJ, cos a — Q — = 0 

2 Vs 

From this expression, we find 

Per = 

2 Vs I cos a 


(d) 


It win be noted that the above value of Per varies with a from a minimum 
value of Qa/2 Vs I, when a = 0, to a value of infinity when <x = -ir/2. How- 
ever, before the value a — 7r/2 is reached, tipping of the crane about the axis 
AB ceases to be the criterion of equilibrium, and we therefore proceed now to 
investigate the condition of impending tipping about the axis AC, which 
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governs for large values of a as indicated by suoli a position of the boom 
as FD' in Fig. 1696. Remembering that in this case there will be no pressure 
between the track and the wheel B and proceeding as before, we obtain 


or 


Per ■ D'J -Q- EG ^ 0 
Per{FI -FK) - Q- EG ==0 


Using the given dimensions, this becomes 


Per [z cos (120° a) - “ g ^ “ 


Qa 


From this expression, we find 
Per = 


Qa 


31 sin tx — -s/s I cos a — 


(e) 


To determine the value of a below which Eq. (d) should be used and above 
which Eq. (e) should be used, we simply equate the two values of P„ and 
obtain, for determining this value of a, the following equation: 


sm a 


_a± V4&P - 3a^ 
81 


(f) 


For the particular ease where a = Z, Eq. (f) reduces to 

_ 1 + Vis 


8 


= +0.964 or a = 74°30' 


'Water surface 

io 


In this case the negative sign in Eq. (f) has no significance, since, on account 
of the construction of the crane, it is impossible for a to have a value greater 
than 90°. For the case where a = I, the position a = 0 is the most serious, 
and from Eq. (d) the critical value of the load 
for this position is found to be Per = Q/2'\/3- 

3. A horizontal cylindrical water trough 
has a quarter-circular cross section as shown 
in Fig. 160. If the trough is full, find the 
resultant water pressure P exerted on the end 
bulkhead OAB and the coordinates S and y 
defining its point of application. 

Solution. The water pressure exerted 
against the inside face of the bulkhead acts 
normal to that surface and its intensity 
increases linearly with the depth. Thus taking an element of area dA with 
the coordinates a:, y, as shown, we have for the corresponding element of 
pressure 

dP = wydA (g) 



FIG. 140 



196 


FORCE SYSTEMS IN SPACE [Art. 4.4 


where w is the weight per unit volume of water. These elements of pressure 
represent a system of parallel forces in space and, with proper changes in 
notation, we may use Eqs. (24) to find their resultant. It is only necessary 
to replace the summations of Zi in these equations by corresponding integrals 
of dP. Thus from the first equation 

P = JdP = wfy dA = wAy^ (h) 

where A is the total area of the bulkhead and Vc is the depth to its centroid C 
(not shown in the figure). As we observed once before (see page 160), this 
resultant hydrostatic pressure is simply equal to the product of the area on 
which it acts and the intensity of pressure at its centroid. For a circular 
quadrant, we have A = Trr-/4:, yc = 4r/37r, and Eq. (h) gives P = sarVS. 

To locate the point of application of this resultant P, we use the second and 
third of Eqs. (24), again with proper change of notation, and write 
_ _ Ja; dP _ wjxy dA _ 

^ ~ fdP ~ wfy dA ~ Ay^ 

_ f v dP _ wfy^ dA _ 

^ ~ fdP ~ ivfydA ~ Aye 

In these expressions, the quantity I*, = ^xy dA is the product of inertia of the 
area of the bulkhead with respect to the xy axes and J* = fy^dA is the 
moment of inertia of this area with respect to the z axis. These properties of 
a plane area are fully discussed in Appendix I (see pages A. 5 and A. 11). Prom 
there, we find for a semicircular quadrant, as shown in Pig. 160, that = rVS 
and I, = irr''/16. Substituting these values into Eqs. (i), we obtain 

® ■= ^ = 0.375r y = = 0.589r 

It should be noted that the point (x,y), called the center of pressure, does not 
coincide with the centroid of the area OAB. 

PROBLEM SET 4.4 

1. A homogeneous rectangular plate ABCD of width a, length b, and weight 
Q is supported horizontally by three vertical strings, as shown in Pig. A. De- 
termine the axial forces Si, Si, and S 3 in the three supporting strings. Ans. 
Si = S 3 = -|-Q/2; Ss = 0. 
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2. A homogeneous semieircuiar plate of weight Q and radius r is supported 
in a horizontal plane by three vertical strings a.s shown in Fig. B. Deter- 
mine the tensile forces iSi, Si, and Ss in these strings. Ans. Si = 0.38Q; 
Si = 0.13Q; Sz = 0.49Q. 

3. A rigid rectangular frame supported in a horizontal plane by knife-edges 
at A, B, and C is subjected to vertical loads, as shown in Fig. C. Calculate 
the reactions at the supports. Ans. Ra = 100 lb; Ri, = 145 ib; R^ = 45 lb. 

4. A homogeneous flat triangular plate of weight IF is supported on a 
horizontal plane by three ball bearings placed under its corners. Prove that 
the reactions at the points of support will each be equal to 17/3. 



5. A homogeneous half cube weighing 100 lb is supported at points A, B, 
and C, as shown in Fig. D. Two couples, each of moment M = 60 in.-lb, 
act in the plane faces ABDE and BBFC as shown, Find the magnitudes of 
the reactions at A, B, and C. Ans. R„ = 28.3 lb; Ri, = 33.3 lb; = 38,3 lb. 

6. Find the resultant of the system of five parallel forces acting as shown in 
Pig. E. The xi/ plane is subdivided into 1-in. squares. Ans. Z = — 15 lb; 
i = 0; 5 = 10 in. 



FIG. E FIG. F 

7. Find the resultant of the system of five parallel forces acting as shown 
in Fig. F. The xv plane is subdivided into l-in. squares as shown, Ans. 
Af, = no in.-lb; = 70 in.-lb. 

8. Three identical bars, each of length I, are nailed together at their mid- 
points to form a triangular frame which is supported in a horizontal plane as 
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sliown in Fig, G. Find the magnitudes of the reactions at A, and C if a 
vertical load P is applied at E as shown. Neglect the weights of the bars. 
Ans. Ea = tF; Rt = yF; Rc = tF. 

y 


FIG. G fig. H 

9. A triangular sailcloth attached to a vertical mast AB and a horizontal 
boom AC is subjected to uniformly distributed wind pressure of intensity p 
normal to its surface, as shown in Fig. H. Find the tension S in the horizontal 
stay rope at if p = 100 psf. Ans. S = 800 lb. 

4.5. Center of parallel forces and center of gravity. In Art. 2,3 
we have seen that in the case of a given system of parallel forces applied 
to given points in a rigid body there is one and only one point, called 
the cenier of parallel forces, through which the resultant always passes 

regardless of the direction of the parallel 
lines of action of the forces. 

The location of this center of parallel 
forces may be determined very conven- 
iently from the condition that the mo- 
ment of the resultant with respect to any 
axis must be equal to the algebraic sum of 
the moments of the given forces with 
respect to the same axis. Let Ai, 
A 2 , An (Fig. 161) be any system 

of points in a rigid body, and let x,, ?/,■, a,- be the coordinates of any point 
A, referred to the rectangular coordinate axes x, y, z. Then to locate 
the center C of parallel forces for a given system of forces Fi, F 2 , ■ . . , 
Fn applied at these points and acting in any direction, let us first imagine 
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the line of action of the resultant (and consequently to the center of 
parallel forces) the following expression: 




-SFi 


(27a) 


Next, we imagine the parallel lines of action of the given forces to be 
parallel to the xz plane. Then proceeding as before, the perpendicular 
distance from this plane to the line of action of the resultant (and con- 
sequently to the center of parallel forces) is given by the equation 






(27&) 


Finally, we imagine the given parallel forces to act through their 
points of application parallel to the xy plane. Then the perpendicular 
distance from this plane to the line of action of the resultant (and con- 
sequently to the center of parallel forces) is given by the equation 


2Pi 


(27c) 


Since we know that the center of parallel forces is independent of 
the direction of the forces, we conclude that Eqs. (27) define the coordi- 
nates of this point for any direction of the forces. 

Since the center of gravity of a body (see Art. 2.3) is the center of 
parallel gravity forces represented by the weights of the various par- 
ticles of the body, it follows that the coordinates of the center of gravity 
of any body can be determined by the use of Eqs. (27) . In the case of 
a body of homogeneous material, we conclude that the position of the 
center of gravity depends only upon the shape of the body and not 
upon its density. Thus the center of gravity of a body of uniform 
density is coincident with the centroid of the volume of space occupied 
by the body. 

It follows from the form of Eqs. (27) that the center of gravity of a 
body of uniform density which has a plane of symmetry lies in that 
plane. If the body has two planes of symmetry, the center of gravity 
lies on the line of intersection of these planes. If the body has three 
planes of symmetry, the center of gravity lies at the point of inter- 
section of these planes and is completely determined. Thus the center 
nf crravH.v of a. .snhere of uniform density lies at the center of the sphere, 
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If a body may be considered as made up of several finite parts the 
centers of gravity of which, individually, are known, then to locate the 
center of gravity of the composite body, it is only necessary to deter- 
mine the coordinates of the center of parallel forces represented by the 
weights of the several parts applied, respectively, at the known centers 
of gravity of these parts. 

If the bounding planes or surfaces of a body can be defined analyti- 
cally and the density of the material at each point in the body is known, 
the coordinates of the center of gravity can always be found by dividing 
the body into infinitesimal elements and then making the summations 
indicated in Eqs. (27) by integration. 


EXAMPLES 


1. Locate the center of gravity of the slender homogeneous wire AOBD 
(Fig. 162) which consists of the straight portions AO and OB, each of length r 

at right angles to each other and the portion 
BD representing a quarter of a circle of radius 
r the plane OBD of which is perpendicular to 
AO. 

Solution. Since the wire is slender and of 
uniform cross section, its center of gravity may 
be considered as coincident with the centroid 
of the composite line AOBD represented by 
its axis. Let us imagine then a system of 
parallel forces having magnitudes numerically 
equal to the lengths r, r, and 7it/2 of the three portions of the line to be 
applied at the known centroids Ci, Cz, and Cs. First, letting these forces act 
parallel to the y axis as shown in the figure and using Eqs. (27a) and (27c), we 
obtain 



_ (7rr/2)(2r/7r) -|- r(r/2) _ 3r _ r(r/2) _ r 

2r -)- wr/2 i + ir 2r -)- ■rr/2 4 ir 

Next, letting the same forces act parallel to the z axis and using Eq. (27b), we 
obtain 

^ (Tr/2)(2r/rr) _ 2r 
2r + xt/ 2 4 -f tt 

2. Locate the center of gravity of a homogeneous right circular cone of 
altitude h and radius of base r (Fig. 163). 

Solution. Since the cone is of uniform density, we conclude at once that its 
center of gravity is coincident with the centroid C of its volume, and further, 
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since the geometric axis OB is an axis of symmetry for the cone, we conclude 
that the centroid lies on this axis. Then it is only necessary to determine the 
coordinate Xc to have the centroid com- 
pletely located, and to do this, the method 
of integration will be very convenient. We 
proceed as follows: Choosing the rectangu- 
lar coordinate axes as shown in the figure 
and selecting as a typical element a thin 
disk of radius y and thickness dx which is 
at a distance x from the verte.x 0 of the 
cone, we see that the volume of this element 
isdF = ds which, since j/:rc = r:/t, may 
be written dV = (irr^//i“) a’ dx. Then using Eq. (27a) and making the 
indicated summations by the calculus, we obtain 

{’"^x^dx i'‘x‘'dx .... „ 

Jo h-‘ _ Jo _ /iV4 _ 3^ 

f*7rr= , . /•'* j, /iV3 1 

jo * 

From this result, we conclude that the center of gravity of a homogeneous 
right circular cone lies on its geometric axis at a distance of onc-quarter of the 
altitude from the plane of the base. 



PROBLEM SET 4.5 

1. A homogeneous slender wire 12 in. long is bent in two right angles as 
shown in Fig. A. Determine the coordinates of its center of gravity. Ans. 
a:„ = 2.0 in,; = Zc = 0.07 in. 




2. Determine the coordinate pc of the center of gravity (7 of a right circular 
cylindrical can of height h and radius of base r if it is made of very thin metal 
of uniform thickness and density (Kg. B). The can is closed at the bottom 
and open at the top. Ans. y, = h^f(^h -4- r). 
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3. A steel shaft of circular cross section has a circular steel hub pressed onto 
it as shown in Fig. C. For the dimensions shown in the figure, determine the 
distance x, from the left end of the shaft to the center of gravity C of the 
composite body. Ans. Xc = 6.28 in. 



FIG. C FIG. D 


4. The corner of a rectangular box made of thin sheet metal of uniform 
thickness and density is cut off as shown in Fig. D. Determine the coordi- 
nates x„ Ho, and 2^ of the center of gravity of the corner. Ans. Xc = 1.25 in.; 

= 1.25 in.; 2 ^ = 2.25 in. 

5. Referring to Fig. E, locate the centroid of the composite area consisting 
of a square in the xy plane, a triangle in the yz plane, and a circular quadrant 

in the xz plane. Ans. Xc = 0.365o; Pc = 0.292o; 
Zc = 0.219a. 

6. Prove that the center of gravity of any 
homogeneous pyramid with base area A and alti- 
tude h lies on the line joining the vertex of the 
pyramid with the centroid of the area of its base 
at a distance equal to one-quarter of the altitude 
from the plane of the base. 

7. Determine the height of the center of gravity of a right circular cone 
above the plane of the base if the density of the material at each point in the 
cone is proportional to the distance of that point from the plane of the base. 
Ans. Xc = 'sh. 

8. Determine the distance Xc of the center of gravity of a homogeneous 
hemisphere of radius r from the plane of its base. Ans. Xc = Ir. 

9. From a solid homogeneous hemisphere of radius r, it is desired to cut out 
a cone the base of which coincides with that of the hemisphere. What should 
be the altitude h of this cone so that its vertex C will be tlie center of gravity 
of the remaining material? Ans. h = 0.451r 

10. Determine the distance Xc of the center of gravity of a homogeneous 
truncated right circular cone from the plane of the base if the radius of the 
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base is ri, the radius of the top ri, and the altitude of the truncated portion h. 

Ans. xc = - 

4 (ri + rirj -|- r2) 

11. A homogeneous body consists of a circular cylindrical portion of radius 
r attached to a hemispherical portion of radius r as shown in Pig. P. Deter- 
mine the height h of the cylindrical portion if the center of gravity of the 
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composite body Hes at the center 0 of the circular plane face of the hemisphere, 
jins, h = r/T/2- 



FIG. r- FIG. G 

12. A homogeneous body consists of a right circular conical portion attached 
to a hemispherical portion of radius r as shown in Fig. G. Determine the 
altitude h of the cone if the center of gravity of the composite body coincides 
with the center C of the circular base of the cone. Ans. k = \/3 r. 

13. Determine the coordinate of the center of gravity of a steel rivet 
having the dimensions shown in Fig. H. Assume the head of the rivet to be 
hemispherical. Ans. = 1.16 in. 



FIG. H FIG. I 

14. Determine the distance Xc of the center of gravity C of a hemispherical 
thin shell of radius r from the plane of the base. Ans. .r, = r/2. 

*15. Determine the coordinates Xe, Vc of the centroid (7 of a homogeneous 
half of a right circular cylinder of radius r and height h as shown in Fig. I. 
Ans. Xc = r/4; = Bh/IQ. 

4.6. General case of forces in space. Composition. We con- 
sider now the most general case of a system of forces in space which 
are neither concurrent nor parallel. Such a system can always be 
reduced to a resultant force, applied at an arbitrary point, and a 
resultant couple. To show this we consider in Pig. 164a several 
forces Fi, F^, Fz, applied to a body at points A, B, C, respectively. 
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Choosing coordinate axes through any convenient point 0 in the body, 
we pass a plane through the line of action of each force and the origin 
0, as shown. In each of these planes, we resolve the corresponding 
force into an equal parallel force F'^ at 0 and a couple F[F" , as 
explained in Art. 2.1, page 67. This operalion for the force Fi is 
illustrated in Fig. 164b. We see that the couple is equal to the 
moment of the force Fi with respect to point 0 and can be represented 
by the moment vector Mi normal to the shaded plane and directed 
in accordance with the right-hand rule, as shown. Repeating this 
operation for each of the given forces in Pig. 164a, we obtain finally a 
statically equivalent system of forces F[, F'^, F'^, concurrent at the 
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chosen point 0, and a system of couples ilfi, il/ 2 , Ms, as shown in Fig. 
I64c. Each force F[ is equal and parallel to the given force F, and 
each moment vector is normal to the plane defined by the line of 
action of the given force Fi and point 0. We already know from Art 
4.1 that the concurrent forces F[, F'^, F!, reduce to a resultant force R 
defined by Eqs. (a) to (d), page 170, and from Art. 4.3 that the system 
of couples Ml, M 2 , Ms reduces to a resultant couple M, as defined by 
Eqs. (a) to (d), page 187. Thus any system of forces in space reduces 
to a resultant force and a resultant couple, as stated at the beginning 
of this discussion. 

The resultant force vector R and the resultant moment vector M 
obtained in the above manner always define a plane through the chosen 
origin 0. We now take a new set of coordinate axes x'y'z' through 0 
such that the plane defined by the vectors R and M becomes the x'z' 
plane, as shown in Fig. 165a. In this plane, we can always resolve 
the moment vector M into two rectangular components : M', coinciding 
with the line of action of R, and M" perpendicular thereto, as shown in 
the figure. Now at point 0i on the y' axis, we may introduce two 
oppositely directed collinear forces R' and R" each equal and parallel 
+n 7 ? 
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force R" at Oi constitute a couple which balances the component M" of 
the original couple M. Thus we have left only a force R' applied at 0i 
and a couple M' in a plane normal to the line of action of R'. The 
moment vector M' can now be moved to point Oi, and we have finally 
the simplified system shown in Fig. 165h, where the resultant couple 
acts in a plane normal to the line of action of the resultant force 
This simplest possible representation of a system of forces in space is 
sometimes called a wrench, and point Oi is called the true center of the 
system.' 

Equations of Equilibrium. From the preceding discussion, we con- 
clude that, in the general case of a system of forces in space, equilibrium 
can exist only if both the resultant force R and the resultant couple 
M vanish. Thus the equations of equilibrium, as already obtained in 
Arts. 4.1 and 4.3, are as follows; 

SX. = 0 S7. = 0 S7, = 0, , g 

S(M«). = 0 S(il/„). = 0 = 0 ^ ^ 

These six equations of equilibrium apply to any system of forces, and 
all cases discussed previously can be 
obtained from this general case. 

If the forces are all parallel and we 
take the z axis parallel to them, the 
first, second, and last equations will 
always be satisfied and we arrive at 
Eqs. (26) of Art. 4.4. 

If the forces all intersect in one 
point and we choose this point as the 
origin of coordinates, the last three of 
Eqs. (28) will always be satisfied and 
we arrive at Eqs. (20) of Art. 4,1. 

If the forces are all in one plane 
which we can take as the xy plane, 
the third, fourth, and fifth of Eqs. 

(28) will always be satisfied and we 
arrive at Eqs. (18) of Art. 3.2. 

In a similar manner it can be 
shown that for the cases of parallel 
forces in a plane and concurrent forces in a plane, Eqs. (28) can be 
reduced to Eqs. (11) of Art. 2,2 and Eqs. (3) of Art. 1.4, respectively. 

' Althouah of academic interest this reduction of a system of forces in space to a 
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We see from Eqs. (28) that there are only six independent conditions 
of equilibrium for the general case of a system of forces in space. This 
mean.s that in dealing with the equilibrium of a constrained body under 
the action of applied loads, we cannot determine more than six un- 
known elements pertaining to the reactive forces. If we encounter 
more than this number the problem will be statically indeterminate. 

Even when there are only six unknowns, the problem of solving six 
simultaneous equations can be rather troublesome. Thus, in writing 
conditions of equilibrium for a system of forces in space, we always try 
to select axes upon which to project the forces or about which to take 
moments in such a way that each equation will contain as few un- 
knowns as possible. It is not at all necessary to adhere to orthogonal 
coordinate axes x, y, z for projections and moments. If the system of 
forces is known to be in equilibrium, the algebraic sum of their projec- 
tions or moments with respect to any axis must vanish. The several 

examples which follow will serve to 
illustrate the best procedure to use in 
each case. 

EXAMPLES 

1. Four forces act on a rectangular 
parallelepiped as shown in Fig. 166. 
Reduce the system to a resultant force U 
applied at 0 and a resultant couple M. 
Solution. We first calculate the projec- 
tions and moments of each force with respect to the coordinate axes and 
tabulate the data as follows: 


Fi 

a 






4 

-4 

0 


0 

0 


5 

0 

+3 

+4 1 



0 

7.07 

+5 

-3 

+4 1 

+12 

0 

-15 

4 

0 

+4 


0 

0 

+20 

S 

+1 

-1-4 

+8 

+12 

0 

+ 5 


Using the summations from this table in the formulas for re.sultant force and 
couple, we obtain 



R = \/P -b 4= -h 8= = 9 lb 
a — arccos ^ = 83°37' 

0 — arocos t = 63°37' 

7 = arccos | = 27“16' 


M = V'l22 + 6^ = 13 fUb 
a' = arccos tx = 22°33' 
j0' = arccos 0 = QO^OO' 
t' = arccos ^ = 67°23' 
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2. A horizontal shaft supported in bearings at A and B has attached at 
right angles to it two pulleys which are loaded as shown in Fig. 167. Neglect- 
ing friction, find the magnitude of the 
load P necessary to hold the system in 
equilibrium if Q = 600 lb. Determine 
also the horizontal and vertical com- 
ponents of the bearing reactions as indi- 
cated in the figure. 

Solution, We begin by considering the 
shaft together with the two pulleys as a 
free body. Neglecting friction, we con- 
clude at once that the bearing reactions 
at A and B cannot have components in 
the direction of the axis of the shaft and 
hence each of these reactions is completely 
defined by horizontal and vertical components as shown in the figure. 
Choosing rectangular coordinate axes as shown and using the given dimen- 
sions, Eqs. (28) become 




Xa -)- Xi P = 0 
Ya+Yi-Q = 0 

401*6 - 60Q = 0 
-iOP - 40Xt = 0 
8Q - 12P = 0 


(a) 


Then, taking Q = 600 lb, we find P = 400 lb, 
Xj = -100 lb, X, = -300 lb, Yi = 900 lb, 
Fa = —300 lb. The negative signs simply indi- 
cate that the reactions Xa, Xb, and Fo act oppositely 
to the directions assumed in the figure. 

3, A prismatic bar AB of length 2r and weight 
Q is suspended from a horizontal oeiling by two 
vertical strings AC and BD of equal lengths 1. 
When subjected to the action of two horizontal 
forces P forming a couple of moment M, the bar 
rotates by an angle a in the horizontal plane, as 
shown in Pig. 168. Determine the magnitude of 
the moment M of this couple and the tensile force >5 in each string if the 
angle a is given. 

Solution. Considering the bar AB as a free body, we see that it is in 
equilibrium under the action of the vertical gravity force Q, the horizontal 
couple PP and the inclined forces S representing the reactions of the sup- 
porting strings on the ends of the bar. Denoting by the angle that each 
of the inclined strings makes with the vertical, we now replace each of the 
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forces jS by its rectangular components 

Sh = S sin P and S„ = S cos /3 

which are horizontal and vertical, respectively, as shown in the figure 
Equating to zero the algebraic sum of the projections of all forces on a 
vertical axis, we obtain 

2S cos /3 - Q = 0 (b) 

Noting from Kg. 168b that the two horizontal components Sh constitute a 
couple in the horizontal plane AC'BD' with the arm equal to 2r cos ( 01 / 2 ) and 
equating to zero the algebraic sum of the moments of all forces with respect 
to the vertical line of action of the force Q, we obtain 

M — S sin /S 2r cos ? = 0 ( 0 ) 

A 

Finally, from the figure it is evident that 

sin /9 = y sin 2 cos /3 = 'sjl - ^ sin“ ^ (d) 

Substituting the values of sin P and cos P from expressions (d) into Eqs. (b) 
and (c) above and solving, respectively, for the tensile force S and the moment 
M of the couple, we obtain 

s = __ M = (e) 

2 sin^ («/2) -s/P — 4r^ sin“ (a/2) 

By way of checking these results it will be noted that the expression for S 
has the dimension of force while the expression for M has the dimension of 
force times length. Further, for the particular ease where ct = 0, Eqs. (e) 
reduce to S = Q/2 and M — 0, as they obviously should. It is interesting to 
note also that for the case where a = ir = 180° we obtain again Jl/ = 0 but 

S = Ql/2 ■\/l^ — In this case the 
strings are crossed in one plane and a con- 
sideration of the equilibrium of the corre- 
sponding coplanar system of forces leads to 
this same result for the tensile force iS. 

4. A rectangular parallelepiped ABCD- 
EFGH with dimensions a, b, and c is sup- 
ported by six hinged bars arranged as 
shown in Pig. 169. Determine the forces 
produced in these bars due to the action of a 
horizontal force P applied at the corner & 
and acting along the edge OH. 

Solulion. We begin by considering the parallelepiped as a free body. 
Replacing the six supporting bars by the reactions that they exert on the 
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body and remembering that these forces must act along the axes of the bars 
which produce them, we obtain the free-body diagram as shown in the figure. 
In making this diagram, we assume all bars to be in tension, as indicated 
by the arrows. If, later, in calculation we find negative values for auy of 
the forces S{, this will simply indicate that the corresponding bars are in 
compression. 

Writing, first, an equation of moments with respect to the axis BF which 
is parallel to or intersected by all bars except bar 5, we obtain 

— (Se cos a) a — Pc = 0 

from which St = —Pc/ a cos a; hence, compression. In the same way, by 
considering moments of all forces with respect to the axis AE, we conclude that 
iSs = +Pc/a cos a, tension. Already knowing the value of Sb this last result 
may also be obtained directly by equating to zero the algebraic sum of the 
projections of all forces on the a,xis AC. 

Now by taking moments of all forces, first with respect to the axis AB and 
again with respect to the axis C'C, we conclude, successively, that 

Si = —St and /Si = —S^ 

Equating to zero the algebraic sum of the projections of all forces on the axis 
AB, we now obtain 

—Si cos + jSs cos j8 + F = 0 

from which Si — —St = +P/2 cos /3. 

Finally, equating to zero the algebraic sum of the moments of all forces 
with respect to the axis AC, we obtain 


[St sin /3) I + (St sin |0) | + (S 3 sin a) a + Sia + Pb = 0 


from which, using the previously determined values of Si, Sa, and Si, we find 
St = -Si = P(b + c tan a)/a. 

Summarizing the results, we have 


S3 St = 


Pc 


Si = -St = 


2 cos 0 


St = -5, = P 


b + c tan a 


5. Determine the forces produced in the six supporting bars of the rec- 
tangular parallelepiped shown in Fig. 170a if a horizontal force P acts along 
EF as shown, 

Solulion. The solution of this problem can be greatly simplified in the fol- 
lowing manner: First we add at hinge A two more forces P that are equal and 
parallel to the given force P at P as shown in Fig. 170a. The addition of these 
two forces which are in equilibrium does not change the action of the system, 
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but we may now consider that we have a force P at A and a couple consisting 
of the given force P at E and the opposite force P at A. This couple, the 
moment of which in the end plane of the parallelepiped is Ph, can now be 
replaced by a couple of the same moment, as represented by the forces Ph/a 
applied at hinges C and D as shown in Fig. 170b (see Art. 4.3), Since all 
forces now act at hinges A, C, and D, we obtain by successive considerations 



of the equilibrium of these hinges the following results: Si = St = Ph/a, 
Ss = Si = 0, 3i = P CSC a, and Si = P cot a. See Fig. 1706 for directions 
of reactions. 


PROBLEM SET 4.6 

1. Three forces act on a rectangular parallelepiped ns shown in Pig. A. 
Reduce the system to a resultant force R applied at 0 and a resultant couple 
M. Ans. P = 66 lb; ilf = 823 ft-lb. 




2. Referring to Fig. B, determine the coordinates of a point Oi in the xy 
plane at which the resultant force R should be applied in order that the corre- 
sponding resultant couple M will lie in a plane normal to the line of action of 
R. What is the magnitude of moment of this couple? Ana. xi = 0.321 ft; 
yi = 1.42 ft; M = S.78 ft-lb. 

3. Show that the force system in Pig. B can be reduced to a resultant force 
Ri applied at 0 and a horizontal force Ri applied at A. What are the magni- 
tudes of these forces? Ans. Ri = 6.25 lb; Ri = 4.33 lb, 
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4. Referring to Fig. C, find the tensions Si and S 2 in the two horizontal 
strings 1 and 2 that support the upper end of the mast AB, assuming a spheri- 
cal hinge at A. The force P at R is vertical, the one at the mid-point C is 
parallel to the y axis. Ans. iSi = 0.8P; S 2 = I.IP. 

5. Find the tensions fii and Sj in the strings CD and CE attached to the mast 
AB at its mid-point C, as shown in Fig. D. The load P is vertical. Am. 

P. 




6. To hoist a load Q the windlass shown in Fig. E is used. Assuming 
that the force P applied to the handle of the crank acts at right angles to the 
arm CD and in a plane perpendicular to the horizontal axis AB, find the 
magnitude of this force and the components of the reactions at the bearings if 
equilibrium exists for the position and dimensions as shown. Neglect friction, 
dns. P = 0.250Q; Xi = 0.021Q; Yt = 0.703g; Xa = -0.146Q; 7, = O.OSIQ. 

7. A prismatic bar AB of weight Q and length I is supported by a smooth 
horizontal floor and a smooth vertical wall and is held in equilibrium by two 
horizontal strings AC and BD attached to its ends as shown in Fig. F. Deter- 
mine the wall and floor reactions and B/,, respectively, and the tensile force 
in each string. Ans. R„ = g/4; Rj, = Q; Sc = Q/A y/Il S^ = Q/2 y/%. 
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8. The rectangular lid ABLE of a chest has a weight TT = 48 lb and is 
propped open with a stick DF as shown in Fig. G. Determine the compres- 
sive force S in the stick and the components of the hinge reactions at A and B. 
Neglect friction in the hinges and assume that the lid is free to slide in the 
direction of the axis AB. Arts. iS = 13.86 lb; Xa = 6.93 lb; Xi, = 0; 
7„ = 12.00 lb; = 24.00 lb. 



FIG. G FIG. H 

9. A slender bar OA hinged to a fixed point 0 is supported in a horizontal 
plane by strings AB and CD as shown in Fig. H. Calculate the tensile forces 
Si and S 2 induced in these strings by a vertical force Q applied to the bar at 
its mid-point C. Ans. Si - S 2 = IQ. 

10. A bar AB of length 2r is pivoted at its center C and is free to rotate in 
a horizontal plane as shown in Fig. I. Attached to the end B of this bar is 
a string that passes through a screw eye at D and carries at its end a load Q 
ns shown. Neglecting friction, find the magnitude of a horizontal force P, 
applied to the end A of the bar and acting at right angles to its axis, that will 
hold the bar in equilibrium when it makes an angle a with the position A'B'. 
Assume r = 4 ft, A = 3 ft, a = 45°. Ans. P = 0.650(3. 



FIG. I FIG. J 

11. A prismatic bar AB of length I and weight Q is pivoted at one end A 
and supported at its other end P by a vertical wall that is at a distance a from 
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the pivot A (Fig. J). If motion of the bar impendg, find the value of the 
angle a that the plane AOB makes with the vertical xy plane. The coefficient 
of friction between the end B of the bar and the wall is Neglect friction in 
the pivot at A. 

Hint. When motion of the bar impends, the wall reaction at B must lie in 
a plane that is normal to the plane o f the wall and tangent at B to the circle 
DBS. Ans. tan a = iia/\/l^ — a®. 

12. The horizontal shaft of a windmill is supported in bearings at A and 
B and carries a pulley of radius r = 12 in. at C as shown in Fig. K. Deter- 
mine the force P applied to the rim of the pulley as shown that will maintain 
equilibrium when the wind pressure on each blade is equivalent to a normal 
force of 100 lb applied at a distance of 30 in. from the axis of the shaft. Each 
blade sets at an angle of 30“ with the plane EOFH, which in turn is at right 
angles to the axis of the shaft. Ans, P = 500 lb. 




13. A small crane is supported on a horizontal plane by a socket at A and 
by two guy wires BD and BE and carries a load P at C as shown in Fig. L. 
Determine the forces Si and Si in the two guy wires if the vertical plane ABC 
makes an angle a with the vertical plane BGF. The following data are given; 
Q = 6 ft, A = 10 ft, O' = 20°, P= 1,000 lb. Ans. Si = 770 lb; S 2 = 359 lb. 


14, A slender bar OA is hinged to a 
vertical wall at O and held perpendic- 
ular thereto by two guy wires BC and 
DE as shown in Fig. M, A vertical 
load P acts at A; the weight of the 
bar itself is negligible. Find the ten- 
sions Si and Si in the guy wires and 
also the rectangular components of 
the hinge reaction at 0 if P = 100 lb. 
Ans. Si = 179 lb; Si = 262 lb; 
Xo = 286 lb; Yo “ -67 lb; Zo = 
-36 Ib. 


y 



FIG. M 
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B 



15. A rigid bar AB is hinged to a horizontal floor at A and supported at 
B by two struts BD and BE as shown in Pig. N. Calculate the axial forces 
iSi and Si induced in these struts by forces P and Q acting at the mid-point C 
of the bar. The force Q is vertical; the force P is horizontal and perpen- 
dicular to AB. Numerical data are given as follows; a = 30°, ^ = 20°, 
P = 100 lb, Q = 50 lb. Ans. Si = 35.57 lb; 5^ = -64.42 lb. 

16. A rectangular table top is supported horizontally by means of six 
hinged bars arranged as shown in Fig. 0. Determine the forces in the six 
bars if a vertical force of 200 lb and a horizontal endwise force of 100 lb act on 
the table as shown. Ans. Si = St = -167 lb; -S3 = -|-1671b;.Si = -Sb = 0; 
-36 = -67 lb. 




17. An equilateral triangular table top with sides of length a is supported 
in a horizontal plane by three vertical bars and three inclined bars hinged to 
its corners as shown in Pig. P. Determine the axial forces that will be pro- 
duced in these bars owing to a couple of moment M acting in the plane of 
the table top as shown. Each inclined bar makes an angle of 30° with the 
horizontal. _ Ans. Si = Si = Si = + 2M/3o; -S3 = -Ss = -Se = - 4Af/3a. 

18. A triangular prism of weight W = 300 lb is supported by six hinged 
bars as shown in Fig. Q. There is also a horizontal force P = 400 lb acting 
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at A! as shown. Calculate the axial force in each supporting bar. Ans. 
Sj = S 3 = -Ss = 0; Si = +100 lb; St = -400 lb; S 9 = -200 lb. 




19. Determine the axial force Si in each of the six bars supporting the 
horizontal slab shown in Fig. E due to the 
vertical load P applied as shown. jIjis. 

S, = S,= -Pi S3 = +P; Si = 84 = 

Ss = 0. 

*20. In Fig. S, the two bars AB and OD, 
pinned together at G, form the diagonals 
of a horizontal square AOBD. The ends 
A and 0 are attached to a vertical wall by 
spherical hinges, point B is supported by 
a guy wire BE, and a vertical load P is 
applied at D. Find the rectangular com- 
ponents of the reactions at + and 0. Ans. 

X. = 0; y. = +P; Z„ = -P; Xo = +P] 

Yi = -P; Xc = +P. 




PRINCIPLE OF VIRTUAL WORK 


5.1. Equilibrium of ideal systems. In engineering applications 
of statics, we are usually concerned with the question of equilibrium of 
a rigid bodj’’, or system of connected rigid bodies, either completely 
or partially constrained by various supports and subjected to applied 
active forces. As we have seen from previous examples, this question 
may involve either the calculation of reactions in the case of a com- 
pletely constrained system or the defining of possible configurations of 
equilibrium of the system when it has some freedom of motion. It is to 
this second kind of problem that we shall now give our attention. 

Virtual Displacements. In Fig. 171, we begin with the case of a 
lever AB hinged at 0 so that it is free to rotate about the z axis normal 

to the plane of the figure and acted 
upon by forces P and Q also acting 
in this plane. The position of the 
lever is completely defined by the 
angle 9 that it makes with the x 
axis and the problem is to find the 
value of 9 for which equilibrium 
can exist if the forces P and Q are 
specified. Since rotation about 
the z axis is the only kind of motion that the bar can make, we say that 
it has one degree of freedom. The angle 9, defining the position of the 
lever, is called the coordinate of the system. 

In our further discussion, it will be necessary to consider infinitesimal 
displacements of the lever from the position defined by 9. These dis- 
placements are obtained by giving to the coordinate 9 a small increase 
or decrease 69. When this is done, any point D on the axis of the lever 
at the distance r from 0 will describe an infinitesimal arc r 69 which can 
he treated as a rectilinear element perpendicular to AB. Such dis- 
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placements are called virtual dis-placemenis. Thus the virtual dis- 
placements of points A and B are a 80 and h 80, perpendicular to the axis 
of the bar and oppositely directed. 

In Fig. 172, we have a system of three rigid bodies consisting of crank, 
connecting rod, and piston of an engine. The crank can rotate freely 
about the s axis perpendicular to the plane of the figure through 0 and 
the configuration of the system is completely defined by the angle 0 that 
OA makes with the fixed x axis. 

Thus again we have a system with 
one degree of freedom and the angle 
0 can be taken as the coordinate of 
the system. To define virtual dis- 
placements of various points in this 
case, we give to the coordinate 6 an 
infinitesimal increment 80. Then 
the virtual displacement of the crankpin A is r 80 perpendicular to 
OA. Having the displacement of point A and observing that point B 
is constrained to move along the x axis, we can now express the cor- 
responding virtual displacement of B as follows: The distance x of the 
piston from 0 is 

X = r cos 0 -f - 1 cos ip 



Then the change in x due to an increase 80 in the angle 0 is 

Sx = — r sin 0 80 — 1 sin <p 8(p (a) 


From the triangle AOB (Fig. 172), we have 


sin p = I sin 0 


P = arcsin 



Substituting these e.xpressions into Eq. (a), we obtain for the virtual 
displacement of the piston 


5x = — r 80 


1 -k 


cos 0 


■\/{l/ry — sin^ 0 J 


sin 0 


(b) 


If, for example, we take 0 = 60° and l/r = 2, the virtual displacements 
of A and B will be r 80 and — l.llr 60, respectively. From these two 
examples, we see that the problem of defining virtual displacements of 
various points of a movable system is purely one of geometry. 

Virtual Work. We are now ready to consider the problem of how to 
define the equilibrium configuration of such systems as discussed above. 
To do this, we must introduce the concept of work. In Fig. 173, the 
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point of application .4 of a force F, moves an infinitesimal distance 5s,. 
Then the force F, is said to do work which is defined as the product of 
the displacement 5s, and the projection F, cos o;, of the force on the 
direction of the displacement. Thus using for work the symbol SU,, 
we have 

SU, = F, cos a, 5s, (c) 

This increment of work has the dimension of force X 
length and is considered positive when the projection 
of the force and the displacement have the same sense 
When we make a virtual displacement of a movable system of rigid 
bodies acted upon by forces, the points of application of the forces 
move and the forces do a small amount of work called virtual work. 
In dealing with such systems, we will assume that there is no friction in 
hinges, bearings of an axle, or along sliding surfaces such as the cylinder 
walls of the piston in Fig. 172 and that the parts of the system are rigid. 
Such systems are called ideal systems. Then only the applied active 
forces will do work on any virtual displacement of the system and we 
take as the ’principle of virtual work, the following statement : If for each 
virtual displacement of an ideal system, the work produced hy the active 
forces is zero, then the system is in a configuration of equilibrium. Using 
expression (c) for the virtual work of a force, this principle can be stated 
in analytic form by the equation 

SF, cos a, 5s, = 0 (29) 

where the summation must include all active forces on the system. 
Applying Eq. (29) to the lever in Fig. 171, we obtain 

P cos 0 a 50 — Q sin 9 55 = 0 

from which 


, „ Pa 

tan fl = Tu: 
Qb 


(d) 


When the magnitudes of P and Q and the distance a and h are given, 
expression (d) defines the value of d for which the bar can be in equilib- 
rium. 

Applying Eq. (29) to the engine in Fig. 172, we obtain, for a posi- 
tive 50, 

-Qr 50 - P 5x = 0 

where Sx is defined by Eq. (b). Taking 0 = 60° and l/r = 2, we have 
already found that 5x — — 1.11 r 50, Substituting this in the equation 
of virtual work, we obtain 

-QrS&+ l.llPrS0 = 0 
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from which 

I = 1.11 (e) 

It should be noted that in this case we have specified the configuration 
of the system and then found the ratio between the active forces P and 
Q required to maintain equilibrium. The advantage of the principle of 
virtual work in the case of a system like that in Fig. 172, lies in the fact 
that we can establish a relation between P and Q for equilibrium of 
the system without having to con- 
sider any of the reactive or inter- 
nal forces such as the reaction at 0 
or the compressive force in the 
connecting rod. 

The first applications of the 
principle of virtual work to prob- 
lems of statics were made by 
Stevinus (1548-1620). Consider- 


ing the conditions of equilibrium ( 6 ) 

of systems of pulleys like those jltf 

shown in Fig. 174, he concluded TP 

that, in each case, the ratio be- p,q ,74 

tween the loads P and Q depends 


only upon the inverse ratio of the vertical displacements of their points 
of application. Take, for example, case a. Giving to point B a small 
downward displacement Sx, we see that point A moves up by the 
amount Sx/2. Hence, the equation of virtual work becomes 

QSx ~P^-^ = 0 

from which Q = P/2. Applying a similar reasoning successively to 
each of the three movable pulleys in case b, we find that the upward 
displacement of point A is equal to one-eighth of the downward dis- 
placement of point B. Hence Q = iP. In case c the frame A con- 
taining the movable pulleys is suspended on six branches of the rope 
and its vertical displacement will be only one-sixth that of the end 
B of the rope. Hence Q = IP. The weights of the pulleys and of the 
rope are neglected in all these examples. 

An analogous method was used by Galileo (1564-1642) in discussing 
the equilibrium of two particles connected by an inextensible and 
perfectly flexible string and resting on smooth inclined planes (Fig. 
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175). Giving to the particle P an infinitesimal displacement 5si along 
the inclined plane, the particle Q displaces along its inclined plane by 
the same amount. In calculating the work done by the active forces P 
and Q on this virtual displacement of the system, only the projection of 
each force on the corresponding displacement should be considered. 

Then the principle of virtual work gives in 
this case 

— P 5si sin a + Q 5si sin ;8 = 0 
and we obtain 



By taking the angle a much smaller than the angle j3 we can lift the 
load P with a much smaller load Q but the vertical displacement of P 
will be less than that of Q in the same proportion as Q is smaller than 
P. It is assumed, of course, that there is no friction. 

In the preceding examples, we considered only systems that had some 
freedom of motion. However, the principle of virtual work can be 
used also in the case qf a completely constrained system. Consider, 
for example, the case of a beam AC which is hinged at A and supported 
by a roller at B as shown in Fig. 176o. It 
is required to find the reaction produced at 
J3 by a vertical load P applied as shown. 

Assuming no friction, we conclude that Pi, 
will be a vertical force. To find its mag- 
nitude by using the principle of virtual 
work, we remove the support at B and 
replace it by the force Ri, as shown in Fig. 

1765. In this way, we obtain a movable 
system with one degree of freedom. De- 
fining a virtual displacement of the system by a small angle of rotation 
56 of the axis AC about point A, we see that the virtual displacements 
of the points of application of P and Ri, are x 59 and I 56, respectively, 
as shown. Thus the equation of virtual work becomes 



Rbl 56 - Px 56 ^ Q 

from which Rb = Px/l. 


EXAMPLES 

-ing the screw press shown in Fig. 177 and neglecting friction in 
I the relation between the moment of the couple PP acting in the 
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plane perpendicular to the axis of the screw and the reaction Q of the com- 
pressed body. 

Solution. We imagine the compressed body to be replaced by the reactive 
forces Q that it exerts on the screw and on the frame. These forces should be 
considered as active forces on the ideal system repre- 
sented by the frame and screw, which we assume to be 
absolutely rigid bodies. A virtual displacement of this 
system compatible with its constraints will be an 
infinitesimal rotation of the screw by an angle 5B. 

Then the work done by the couple of moment 2Pa is 
2Pa 56. Denoting by h the pitch of the screw thread, 
the corresponding virtual displacement of the end of the 
screw is h 56/2% and the work done on tills displacement 
by the force Q acting on the end of the screw 
is —Qh 56/2%. The force Q which acts on the frame 
produces no work. Then the principle of virtual work gives 

2PaS6 - = 0 

from which 

2Pa = g (g) 



RG. 177 


2. When equilibrium exists, find the relation between the forces P and Q 



acting on the differential pulley shown in Fig. 178. 

Solution. If an infinitesimal angle of rotation 56 is given 
to the fixed pulley, the work produced by the force P is Pri 56. 
The corresponding virtual displacement of the load Q is 
— rj) 56. Then from the principle of virtual work we 

have 

Pn 50 -Q 56 ^0 

from which 

F = (h) 


3. A prismatic bar AB of length 21 and weight Q passes 
through a smooth ring at D and presses against a smooth vertical wall at A 
distance a from the ring D as shown in Fig. 179. Neglecting friction, deter- 
mine the position of equilibrium of the bar as defined by the angle 6 that it 
makes with the face of the wall. 

Solution. Since the weight Q of the bar is the only active force, we conclude 
at once that the position of equilibrium of the bar must be such that for a 
virtual displacement compatible with the constraints and defined, say, by an 
infinitesimal vertical displacement 6so of point A, the corresponding virtual 




222 


PRINCIPLE OF VIRTUAL WORK [An. 5.1 


displacement 8s^ of the center of gravity C of the bar is horizontal. The 
vertical displacement Ssa of the end A of the bar can be resolved into two com- 
ponents Ssa sin 6 and cos d, normal and parallel, respectively, to the axis 
of the bar. The first is obtained by rotation of the bar around D, and the 

second, by sliding of the bar along its axis. The 
corresponding components of the displacement 
of the center of gravity C are [{I — c)/c] 
sin ff and cos B, respectively. 

Remembering now that the algebraic sum of 
the projections of these latter two components on 
a vertical axis must be zero, we have 



I - c 


— COS'" 


= 0 


from which 

- sin** ^ = 1 or 
c 

Replacing c by its value a/sin B, we obtain finally 

ir sm 6 = 


sin® S = 


sin® ^ = I" 


(i) 


<gz 




B 


(a) 




c 


Tt 


-I, 




A] 




i. 


k 




P 


D 


We note that equilibrium of the bar cannot exist unless we have a g 1. 

4. Two beams AC and CD hinged together at C are supported and loaded 
as shown in Fig. 180a. Using the 
principle of virtual work find the mag- 
nitude of the reaction Rj for any position 
of the load P. 

Solution. To obtain a movable 
system with one degree of freedom, we 
replace the support at R by a vertical 
force Ri, as shown in Fig. 1806. A vir- 
tual displacement of this system com- 
patible with the remaining constraints 
is defined by the infinitesimal vertical 
displacement 8sc of the hinge C as shown. The corresponding vertical dis- 
placements of the points of application of Rt and P, respectively, are 

. Ss^a 
oSb = — ana 

and the equation of virtual work becomes 


D 


{h) 

FIG. 180 


8ScX 

h 


From this, we obtain 


Rb Ssb — P 8sp = 0 


Rb = P 


Ssb 


(j) 
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or, using the .above expressions for Sap and 5sb, 


Rb 



(k) 


PROBLEM SET S.l 




1. The pulley arrangement shoivn in Fig. A is used for hoisting a load Q. 
Find the ratio between the forces P and Q in the case of equilibrium of the 

system. The radii of the two steps 
of the pulley are fi and rj as shown 
in the figure. Neglect friction. Ans. 

P - Q rj/(ri - n). 






FIG. B 


2. A circular cylindrical tube is compressed in the differential screw device 
as shown in Fig. B. Neglecting friction, find the relation between the total 
compressive force Q in the tube and the force P applied to the handle of the 
crank and acting at right angles to the crank in a plane perpendicular to 
the axis of the screw. The pitches for the two threaded portions of the 
screw are h and hx as shown. Am. xp 

P/Q = (A - h)/2irr. | 


FIG. C FIG. D 

3. Calculate the relation between the active forces P and Q for equilibrium 
of the sy.stem of bars shown in Fig. C. The bars are so arranged that they 
form three identical rhombuses. Am. P = Q/3. 

i. Four bars of equal lengths I are hinged together at their ends in the form 
of a rhombus as shown in Fig. D. Using the principle of virtual work, find 
the relation between the active forces P and Q for equilibrium of the system 
in any configuration as defined by the angle d. Neglect the weights of the 
bars. Ans. P/Q = tan 8. 

5. A slender prismatic bar AB of length I and weight Q stands in a vertical 
plane and is supported by smooth surfaces at A and B as shown in Fig. E. 
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Using the principle of virtual work, find the magnitude of the horiaontal 
force P applied at A if the bar is in equilibrium. Aris. P = hQ cot 6. 



FIG. E fig. f 


6. A rigid bar AB is supported in a vertical plane by mutually perpen- 
dicular smooth surfaces OA and OB, as shown in Pig. F. Using the principle 
of virtual work, calculate the angle <p defining the configuration of equilibrium 
of the system. Ans. tan (p = {a/b) tan a. 

7. Using the principle of virtual work, find the value of the angle B defining 
the configuration of equilibrium of the system shown in Pig. G. The balls 
D and E can slide freely along the bars AG and BC but the string DE con- 
necting them is inextensible. Ans. tan 6 = Q/P- 



FIG. G FIG. H 

8. A beam supported on two rollers, each of radius r, is moved up an inclined 
plane by a force P which acts parallel to the plane (Fig. H). Determine 
the magnitude of P necessary to maintain equilibrium if there is no slip- 
ping between either the rollers and the inclined plane or the rollers and 
the beam. The weight of the beam is Q; the weight of each roller is W. 
Ans. P = (Q + TP) sin a. 

9. The platform scale (Fig. I) is so arranged that for the horizontal position 
of the lever C70A the relation between P and Q does not depend upon the 
position of the load Q on the platform FD. If the ratio GE/GH = 3, find 
(a) the ratio OC/OB and (6) the ratio P/Q, for equilibrium of the system. 
Ans. (a) OC/OB = 3; (6) P/Q = OB/OA. 



FIG. I FIG. J 
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10. Using the principle of virtual work, find the reaction Rd for the system 
shown in Fig. J for any position of a vertical load P on the beam AC as defined 
by its distance a; from ^ Rd = PxQ, P a)/l~. 

11. Using the principle of virtual work, find the reactions R,, Re, and R/ at 
the roller supports of tire compound beam shown in Fig, K, if three equal 
vertical loads Q act as shown. Ans. R = 7Q/2; 1?, = 5Q/6; Rj = Q/3. 


\Q \Q 



FIG. K 


12. Find the horizontal and vertical components of the reactions at A and 
B of the pl.ane frame lo.ided as shown in Fig. L. The bars form three equal 
squares. Ans. Xa = Xh = P/S; Ya = 4P/3; Ft = 2F/3. 

13. Determine the total pressure P exerted by the ball point of the hardness 
tester shown in Fig. M if the pitch circle radius of the pinion is 2 in. and 
friction in .all moving parts is neglected. Ans. P = 150 lb. 



14. Find the axial force S in the bar CD of the simple truss shown in Pig. 
N by using the method of virtual work. Ans. S = Pl/ih. 

15. Using the principle of virtual work, find the reaction Ra for thesimple 
truss supported and loaded as shown in Fig. 0. Ans. Ra. = P. 



HG. N FIG. O 

5.2. Efficiency of simple machines. In all previous applications 
of the principle of virtual work, we have considered only ideal systems 
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without friction. While many of our machines and mechanical devices 
are of such construction that friction between parts can be neglected, 
we often encounter cases in which we shall wish to take it into account. 
In applying the principle of virtual work in these latter cases, it is 
necessary to consider, in addition to the work of all active forces applied 


to the system, the work of friction forces. 

Consider, for example, the simple mechanical device consisting of an 
inclined plane, pulley, and cord to be used in raising a block of weight 
W as shown in Fig. 181. If the plane is not smooth, it will be neces- 
sary, in calculating the magnitude of the force P sufficient to cause 

impending motion of the block up the plane, 
to consider the effect of friction between 
the block and plane and the equation of 
virtual work becomes 

P Ss — W &s ain a — F Ss = 0 (a) 



where Ss is a vertical displacement of the 
end A of the cord and F is the friction between the block and plane. 
Friction in the pulley is neglected. Denoting by n the coefficient of 
friction and observing that the normal pressure between the block and 
the plane is W cos a, Eq. (a) becomes 


P 5s — IF 5s sin a — ft IF 6s cos a = 0 

from which 

P = TF(ft cos a -1- sin a) (b) 

It is seen, from Eq. (a), that the work P Ss produced by the active 
force P on the virtual displacement 5s is used up not only in raising the 
block IF by the amount 5s sin a but also in overcoming friction. The 
work IF 5s sin a is called the useful work and its ratio to the expended 
work P Ss is called the efficiency of the machine, in this case an inclined 
plane used for raising the load W. Thus the efficiency of the inclined 
plane is 

Useful work _ sin a ^ 

Expended work sin a -b ft cos^ 

It is seen that the efficiency is unity for ft = 0, that is, for the ideal case 
without friction, and that it decreases as the coefficient of friction ft 
increases. 

If, instead of raising the load IF, we push it downward along the 
inclined plane by a force P acting parallel to the plane, the magnitude 
of this force necessary to cause impending motion is obtained from the 
equation 


P Ss -j- IF 5s sin a — F 5s = 0 
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analogous to Eq. (a) above and from which, upon replacing F by its 
value nW cos a, we obtain 

P = W{ti cos a — sin a) (d) 

When n cos a. — sin a = 0, that is, when tan a = or, in other words, 
when the angle of inclination of the plane is equal to the angle of fric- 
tion <p, we see that the force required for impending motion becomes 
zero, r or values of a greater than the angle of friction ip, the load slides 
down the inclined plane without the application of any pushing force. 



FIG. 182 


In the particular case where a = <p, the efficiency of the inclined 
plane as a mechanical device for raising a load W as shown in Fig. 181 
is obtained by substituting tan a for n in expression (c). Then 

Useful work sin a _ 1 , 

Expended work sin a + tan a cos a 2 ^ 

The method used above for an inclined plane can be applied also in 
the case of a screw press (Fig. 182a), the screw of which may be con- 
sidered as an inclined plane wound around a cylinder (Fig. 1826) . If 
an infinitesimal rotation SB is given to the screw, the work done by the 
apphed couple is M SB and the corresponding work of the compressive 
force Q is ~Qh S0/2ir, where h is the pitch of the thread. In calculat- 
ing the work done by the friction forces F acting between the threads of 
the screw and the frame (Fig. 1826), we assume that the thread is 
rectangular and that the mean radius of the surface of contact is r. 
Then the corresponding virtual displacement of the point of application 
of each friction force F is Ss = r SB /cos a. and the equation of virtual 
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work becomes 


M 50 - 


Qh 59 


cos a 


(f) 


in which F is the friction force acting on one element of the surface of 
contact of the screw thread and the summation is understood to include 
all such elements. The normal forces iV being perpendicular to the 
displacement 5s do not produce work, and friction at the lower end of 
the screw (Fig. 182a) where it is in contact with the plate of the press 
has been neglected in writing Eq. (f). Assuming, as before, that the 
friction force F acting on any element of the thread is proportional to 
the normal force iV acting on the same element and denoting by the 
coefHcient of friction, we obtain 


SF = /iSiV 


Equating to zero the algebraic sum of the projections on a vertical axis 
of all forces acting on the screw, we obtain 

2F sin a — SiV cos a + Q = 0 

Eliminating SiV between these last two equations, we find 

y f = 

cos a — n sin a 

f^hstituting this value of 2F into Eq. (f) and using for the pitch h of 
the thread the equivalent expression 2irr tan a, we obtain 

ilF - Qr tan a ^ ^ 0 

cos’* a — n sm a COS a 

from which the required relation between the applied couple M and the 
compressive force Q is 

M = Qr g 

cos a — fi sin a 

This formula can be simplified by introducing the angle of friction 
if = arctan g, and we obtain 


M — Qr tan (ct +,ip) (g) 

In an ideal case without friction, = 0 and we have 

M — Qr tan a 

In this ideal case the total work produced by the acting couple is trans- 
formed into the useful work of the force Q, while in the case repre- 
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seated by Eq. (g) a part of the expended work is wasted by friction. 
By definition, the efficiency of the screw in general is 

Useful work _ tan a 
Expended work “ tan (ct + <p) 

If the pitch angle a is large and the angle of friction small, the screw 
may unwind under the action of the compressive force Q if the applied 
couple M is removed. To determine in such case the magnitude of the 
couple necessary to prevent such motion, we again use the principle of 
virtual work. Changing the direction of the friction forces F we obtain, 
instead of Eq. (f), the analogous equation 

MSd - F = 0 (i) 

Zw cos a 

where Jlf now represents the moment of the couple required to keep the 
screw from unwinding. Proceeding as before in the determination of 
SF, we find 

mQ 

cos a -h M sin a 

and substituting this value into Eq. (i), we find, for the couple required 
to prevent the screw from unwinding, 

M = Qr tan {a — <p) 

It is seen from this expression that the couple M becomes equal to zero 
when a = (p, that is, when the pitch angle of the thread is equal to the 
angle of friction. Hence we conclude that for a < ip, the screw is a 
self-locking device. For the particular case where a = ip, we find from 
expression (h) that the efficiency of the screw press is tan a/tan 2a. 

When a = 90° — <p, Eq. (g) gives an infinite 
value for M and the efficiency (h) becomes equal 
to zero. In this case the resultants of the forces 
F and N acting on the thread are within the 
cones of friction (see page 52) and any increase 
in the magnitude of the applied couple M only 
increases the pressure between the screw and the 
frame. 

As a last example here, let us consider the 
pulley arrangement shown in Fig. 183, which is 
used for raising a load W. To determine the 
magnitude of the force P necessary to cause lifting of the load W to 
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impend when friction in the bearings is taken into account, we begin 
by assuming all forces to act in the middle plane of the pulley. Then, 
defining by the angle a, as shown in the figure, the position of the point 
of contact A between the axle and the bearing, we resolve the reaction 
at this point into a normal component N and a tangential component F 
representing friction. Giving now an infinitesimal angle of rotation 60 
to the pulley, the equation of virtual work gives 

(P - W)ri 80 - Fr^ 89 ^ 0 (j) 

where ri is the radius of the pulley and r^, the radius of the axle. For 
determining the magnitude of F and the position of point A as defined 
by a, we equate to zero the algebraic sums of the projections of all 
forces acting on the pulley on vertical and horizontal axes, obtaining, 
respectively, 

iV cos a + P sin or — P — IF = 0 
F cos a — TV sin a = 0 


Substituting in these equations N = F/n, we find 


tan a = fi 

^ . . m(P + TF) 
cos a -}- /i sin a 

Substituting these values into Eq. (j), we obtain 
p = W 1 + nn/n Vr+ 

1 - y.r./n Vf+V 

The efficiency of the. pulley then is 

1 ~ iJ-rj/rt -y/i + lA 
1 + pTi/rx -v/l + }P 

If the coefficient of friction /x is small, we can take in place of the effi- 
ciency (1) the approximate expression 


1 


Tt 


(10 


In each of the foregoing examples where friction has been taken into account 
it will be noted that we have had to use, in addition to the equation of virtual 
work, other equations of statics and it was necessary to deal with several 
simnltaneous equations involving as many unknowns. This is a disadvantage 
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which in some cases may introduce considerable difficulty. In cases where 
friction is small as in bearings, hinges, etc., the problem can often be simplified 
by using a method of successive approximations. We begin by neglecting 
friction entirely and write the equation of virtual work as for an ideal system. 
In this way we find an approximate relation between the active forces applied 
to the system, and on the basis of this relation, w'e can determine all normal 
pressures at joints and bearing.s. Multiplying the pressures, found in this 
way, by the corresponding coefficients of friction, we obtain approximate 
values of the friction forces which we now consider as additional active forces 
applied to the system. With these added forces, a more accurate equation of 
virtual work can be written and the above procedure repeated until the desired 
degree of accuracy is obtained. 

PROBLEM SET 5.2 

1. The screw press shown in Pig. A has a single square thread with mean 
radius r = 1 in. and a thread pitch /i = 1 in. If a couple of moment M — 100 
ft-lb is applied to the handwheel, what compressive 
force Q is exerted on the body 5? Assume for the 
thread a coefficient of friction g = 0.20, and neglect 
pivot friction at the lower end of the screw. Ans. 

Q = 3,230 lb. 

2. Calculate the efficiency of the screw press In 
Fig. A for the numerical data given in Prob. 1. 

Ans. Eff. = 0.428. 

3. Assuming that the screw press shown in Fig. 

A has a V thread as shown in Fig. B, and again 
taking r = 1 in., A = 1 in., and fi = 0.20, find the 
compressive force Q exerted on the block B due to a moment M = 100 ft-lb, 
applied to the handwheel. Ans, Q = 2,660 lb, 

4. Calculate the efficiency of the screw press in 
Fig. A for the case of the screw with a V thread as 
shown in Fig. B. Use other data the same as in 
the preceding problems. Ans. Eff. = 0.393. 

5. What is the smallest coefficient of friction for 
which the screw press in Fig. A will be self-locking? 

(a) For a square thread having mean radius r = 1 
in. and pitch A = 1 in. (h) For a V thread (Fig. B) 

FIG. B having r = 1 in, and A = 1 in. Ans. (o),a>0.1S9; 

(b) fj. > 0.131. 

6. The hand punch shown in Fig. C is so constructed that the jaws A and 
B always remain parallel. If the coefficient of friction between the slots in 
these bars and the pins on which they slide is g = -s and friction in other 
joints is negligible, find the relation between the forces P applied to the handles 
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and ths pressure Q exerted by the punch. What is the efficiency of the punch 
under these conditions? Ans. Q = SPl/i2b + a); Eff. = 3b/ (2b -)- a) 




7. A load Q is hoisted by the pulley arrangement shown in Pig. D. Deter- 
mine the magnitude of the pull P required to raise the load Q if r = 14 in., 
d = 4 in., and the coefficient of friction in the journals supporting the large 
pulley IS fi = 0.25. Neglect friction in the movable pulley. What is the 
effioienoy of this device? Ans. P = 0.536<2; Efi. = 0.935. 

8. For the system shown in Fig. E, find the force P on the piston D that 
will be required to produce a specified total pressure Q in each of the chambers 

A and B. The coefficient of friction 
on all sliding surfaces is p and 
friction in the pin joints is negli- 
gible. What is the efficiency of this 
device? Ans. P = (2<3 tan a)/ 
(1 — 11 tan a) ; Eff. = 1 — p tan a, 

9. A heavy block of weight W 
is to be raised vertically by a 
horizontal force P applied to a 
wedge as shown in Fig. F. Find 
the magnitude of P required if 
the coefficient of friction on both faces of the wedge is p and its weight is 
negligible. The following numerical data are 
given; W = 2,000 lb; a = 6°; p = w. What 
is the efficiency of the wedge in this case? 

Ans. P = 1,672 lb; Eff. = 0.134. 
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*10. Find the smallest ratio P/Q for equilibrium of the system showa in Fig. 
G, if the coefficient of friction in the bearings A and B is a = 0.20. The diam- 
eter of the drum is 16 in. and that of the shaft, 2 in. Ans. P/Q = 0.760. 

5.3. Stable and unstable equilibrium. In previous applica- 
tions of the principle of virtual work, we have been concerned only 
with establishing the conditions of equilibrium of a body or system 
of bodies to which active forces are applied. However, this principle 
is very useful for making further investigation of a configuration of 
equilibrium of any ideal system to determine whether it is stable or 
unstable. The characteristic of a stable configuration of equilibrium in 
any case is that, if the slightest force which acts only momentarily pro- 
duces a small displacement from this configuration, the system will 
return to the original configuration as soon as this disturbing force is 
removed. On the other hand, in the case of an unstable configuration 
of equilibrium, the momentary action of a disturbing force may result 
in completely upsetting the condition of equilibrium so that the system 
continues to move away from the original configuration even after the 
force is removed. In certain cases the configuration of equilibrium of 
a system may be such that, upon the removal of the disturbing force, 
the system exhibits neither a tendency to return to nor to move farther 
away from its original configuration and such a configuration of equi- 
librium is said to be an indifferent one. 

An example of each of these three classes of equilibrium is shown in 
Fig. 184. In Fig. 184a we have a ball that is placed at the highest 
point A. of a smooth convex support- 
ing surface. That we have, in this 
case, a condition of equilibrium 
follows from the fact that the reac- 
tive force which is normal to the sur- 
face at A is vertical and balances the 
vertical gravity force of the ball. But we see at once that this position 
of equilibrium of the ball is unstable, since the slightest accidental force 
may bring the ball into motion downward along the convex supporting 
surface. In Fig. 1846, the ball is placed at the lowest point A of a 
smooth concave supporting surface, and this position of equilibrium is 
stable, since if any accidental force slightly displaces the ball from this 
position, it tends to return back to it as soon as the force is removed. 
In Fig. 184c the ball is placed on a smooth horizontal plane, and in this 
case it is evident that it is in equilibrium in anv position and we have 
indifferent equilibrium. 

To establish, by using the principle of virtual work, that equilibrium 
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exists in each of the three cases represented in Pig. 184, we give to the 
ball in each case a virtual displacement, i,e., an infinitesimal displace- 
ment in which the ball remains in contact with the supporting surface. 
For such a displacement, we assume that the point of contact of the 
ball moves horizontally in the plane tangent to the supporting surface 
at the point of contact. Then the center of gravity of the ball moves 
also horizontally and the gravity force W does not produce work. 
Thus we conclude that in all three cases represented in Fig. 184 there is 
a condition of equilibrium. 

To decide if each of the above positions of equilibrium is stable or 
unstable, a more refined calculation of the work done by the active 
forces on a virtual displacement of the ball is required. Taking the 
case shown in Fig. 184a and considering an infinitesimal 
displacement AAi = Ss = r h<p, we see from Fig. 185 that 
such a displacement involves a lowering of the ball by 
the amount 

r 
2 




/ 

/ 

/'• 

V*- 


AB = r(l — cos Sip) « ^ {Stpy 


1 / 

FIG. 185 


which is a small quantity of the second order if the dis- 
placement ds is considered as a small quantity of the first 
order. It is not necessary to consider this small quantity of higher 
order in deciding the question of whether or not equilibrium exists. 
But if the question arises regarding the kind of equilibrium, i.e., whether 
it is stable or unstable, this second-order quantity must be taken into 
account. Thus we conclude that, in the case of an unstable equilibrium 
as represented in Fig. 184a, the gravity force of the ball produces on any 
virtual displacement a positive work and as a result of the slightest 
displacement a reactive force in the direction of motion appears and the 
ball has the tendency to move away from its position of equilibrium. 
In the same manner it can be shown that in the case of a stable equilib- 
rium, as represented in Fig. 184b, there will be negative work done by 
the gravity force on any virtual displacement of the ball. Thus if by 
some accidental force the ball is slightly displaced from its position of 
equilibrium, a reactive force opposing this displacement appears and 
there is a tendency for the ball to return to its initial position. 

In calculating the work done by gravity forces, the notion of potential 
energy can be used to advantage. To raise a body of weight W from 
some fixed level or reference plane to a height h above this plane, it is 
necessary to do work of the amount Wh against the gravity force. 
This amount of work is called the potential energy of the body by virtue 
of its new position above the reference plane. That is, it represents the 
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amount of work that the gravity force W can produce if the body is 
allowed to fall back to its original position. On the basis of this defini- 
tion, we can state that in the case of an unstable position of equilibrium 
of the ball, as in Fig. 184a, its potential energy decreases on any virtual 
displacement, while in the case of a stable position of equilibrium, as 
in Fig. 184h, the potential energy increases on any virtual displacement. 
We can state also that for an unstable position of equilibrium the 
potential energy of the ball is a maximum and for a stable position of 
equilibrium it is a minimum. 

The same kind of reasoning can be applied also in the general case of 
any ideal system to which are applied active forces whose magnitudes 
depend only upon the configuration of the system. ^ In the investiga- 
tion of any configuration of equilibrium of such a system, it is necessary 
to consider all possible virtual displacements from this configuration 
that are compatible with the constraints. If for all such displace- 
ments the work done by active forces, calculated by taking into 
account small quantities of higher orders, is negative, we have a 
condition like that represented in Fig. 184i> and the configuration of 
equilibrium is stable. If, otherwise, a virtual displacement of the sys- 
tem can be found on which the above-mentioned work is positive, the 
condition is of the same kind as that represented in Fig. 184o, and the 
configuration of equilibrium under consideration is unstable. A con- 
figuration of equilibrium is indifferent if, on each virtual displacement 
of the system from that configuration, the work of all active forces, 
calculated by taking into account small quantities of higher orders, is 
zero. 

The notion of potential energy can be used also in the investigation 
of conditions of equilibrium of an ideal system. We take a certain 
configuration of equilibrium of the system as a reference configuration. 
Then the work that must be done against the active forces in order to 
bring the system from this reference configuration to some other con- 
figuration represents the potential energy of the system in its new con- 
figuration. If, for a certain configuration of equilibrium, the potential 
energy of a system is smaller than for any adjacent configuration, then 
the configuration under consideration is one of stable equilibrium. 
But if an adjacent configuration can be found for which the potential 
energy of the system is smaller than for the configuration of equilibrium 
under consideration, then we have an unstable case. 

‘ Such forces as friction which depend not only on the configuration of a system 
but also on the direction of motion are excluded from consideration. 
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EXAMPLES 

1. A bar AB of weight W and length a + 6 has its center of gravity at C 
and is supported at its ends by two smooth inclined planes as shown in Pig. 
186. Prove that the position of equilibrium shown is an unstable one. 

Solution. Taking the coordinate axes x and y as shown, we find that the 
coordinates of the center of gravity C of the bar 
are 

X = a cos (p V = b sin ip 

u j- y'' 1 

Hence — ^ + -p = 1 

and the center of gravity C is constrained to move 
along the quadrant ED of an ellipse. Prom the 
condition of equilibrium it follows that at C the 
tangent to this ellipse must be horizontal. How- 
ever, since the curvature of the ellipse is convex 
upward, any displacement of the bar entails a 
lowering of the center of gravity C and as in the case of the ball in Pig. 184o the 
position of equilibrium is an unstable one. 

2. A prismatic bar AB of length I and weight Q remains in a vertical plane 
and is supported at B by a vertical smooth wall and at A by a smooth cylindri- 
cal surface OC which is perpendicular to the plane of the figure (Pig. 187). 
Find the equation of the curve 00, referred to the coordinate axes x and y, 
if the bar is in equilibriuin for any position as defined by the angle 6. 

Solution. The conditions of the problem require that each position of the 
bar be one of indifferent equilibrium. Thus the potential energy of the 
system must remain constant, and since the reactive forces at A and B cannot 
produce work, this means that the curve OC must be such as to keep the center 
of gravity of the bar at the constant elevation 
1/2 above the x axis. We express this condition 
by the equation 

^ 0 , I 

2 cos e -I- 2 / = 2 

which, noting that cos 8 = \/D — x^/l, gives 

y = ^ ^ Vl^ - (a) 

as the desired equation of the curve OC. 

To appreciate better the value of the method of virtual work in this problem, 
let us reconsider the analysis, using orthodox statics. For this purpose, the 
theorem of three forces will be helpful (see page 32). Noting that for 
equilibrium the three forces Q, R^, and Rj, must meet in one point D and that 
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must always be normal to the curve OAC, we may write from the figure 
^ = tan y) = ■§■ tan d (b) 

where iy/dx is the slope of the curve OAC at A. Then since 


tan d — 


X 

■s/V- - 


expression (b) takes the form 

^ _ z/2 

dx ~ ^li _ 


(o) 


which is a differential equation defining the required shape of the curve OAC. 


Integrating 



y = — — x“ + C 


(d) 


where C is a constant of integration. To evaluate this constant, we must 
observe that the curve which we seek passes through the origin 0, that is, 
1 / = 0 when x = 0. Substituting these simultaneous values into expression 
(d), we find C = 1/2, and the expression becomes 




as before. We see that the use of the principle of virtual work eliminates 
the necessity to solve a differential equation, and this may sometimes be a 
considerable advantage. 

3. An open cylindrical can of diameter d, height h, and center of gravity C 
rests on top of a spherical surface of radius r, as shown in Pig. 188o. Assum- 
ing sufficient friction to prevent slipping, find the relation between c and r 
consistent with stability. 
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Solution. If tte can is stable, its potential energy must be a minimum; i e., 
the center of gravity C must rise slightly for any infinitesimal virtual displace- 
ment defined by the angle Sy>, as shown in Fig. 1886. During this displace- 
ment the can rolls on the sphere without slipping. Hence, A'B is equal to 
the arc AB = r hip and the elevation of point C above the center 0 of the 
sphere is 

r cos hip -h rhip sin hip + c cos 8ip 

In the configuration of equilibrium (Fig. 188a) the elevation of C above 0 is 
r + c. Hence, for stability, we must have 

(r -h c) cos 5y> -1- r 8 ij 5 sin 6^ > r -1- c (e) 


Since hip is very small, we can take 
cos 

Then condition (e) reduces to 


r , (hlp)^ . t ,, 


r(hpy >(r -h c) ^ 


from which we find 


r > c 


as the required criterion of stability. 
For a can of uniform thin material. 


c = 


Tcdh^ 


2 (xdA + 


(f) 


and the requirement for stability becomes 


2 



< r 


(g) 


4. A ball of weight Q and radius r is in equilibrium at the lowest point of 
a spherical seat of radius a and has transmitted to it by means of a pin a 
load P which acts along its vertical diameter (Fig. 189a). Assuming that 
the bodies are absolutely rigid and that there is no friction, determine the 
criterion of stable equilibrium of the ball. 

Solution. Giving to the ball a slight lateral displacement defined by the 
small angle tp as shown in Fig. 1896, we see that the center of gravity of the 
ball moves up a distance pg while the point of application of the force P moves 
down a distance mn, as indicated in the figure. Hence the lowest position of 
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the ball will be stable if 
and unstable if 


Q'VQ > P ■ mn 
Q ■ pg < P ■ mn 


(h) 

(i) 


The distanue pq between tbe circle of radius a — r and the horizontal 
tangent to this circle, for a small angle ip, is 


pq = ^ (a - r) (j) 

The distance mn between the circle of radius a — 2r and the point of contact 



of the pin with the ball, for a small angle <p, is 

mn = Y (a - 2r) 4- y r = y (a - 2r) + 
which reduces to 


(a — 2r)^ 
2 r 


mn = ^ (o — 2r)(a — r) (k) 

ir 

Substituting the values (j) and (k) into (h) above, we obtain the following 
ciiterion for stable equilibrium: 


P < 


Qr 

a — 2r 


( 1 ) 


PROBLEM SET 5.3 

1. Show that a nonhomogeneous circular cylinder on a horizontal plane 
(Fig. A) has a position of stable equilibrium when its center of gravity C is 
vertically below the axis 0 of the cylinder as shown. 

2. A pendulum with two bobs of weights Wi and is supported at 0, 
as shown in Pig. B, and can turn freely without fiiction around this point. 
Neglecting the weight of the bar, establish the criterion of stable equilibrium 
for the vertical position of the pendulum. Ans, 1^212 >■ Wih. 
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FIG. A FIG. B 


3. A prismatic bar AB of weight W is supported by a spherical hinge at 
A and rests against a smooth horizontal bar CD which is perpendicular to 
the vertical plane AEF (Fig. C). Prove that this position of equilibrium of 
the bar is unstable. 



FIG. C FIG. D 


4. Establish the criterion for the stability of the equilibrium of the prismatic 
bar AB supported as shown in Fig. D by a spherical hinge at A and a smooth 
horizontal circular ring CD of radius r. Am. a > r. 

5. A solid of uniform density is made of a hemisphere and a right circular 
cone which have a common base of radius r (Fig. E). Determine the largest 
value of the height h of the cone consistent with stability of the body in the 
vertical position. Am. ha„ = -y/S r. 



FIG. F 


FIG. E 
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6. A cube of uniform density and lateral dimensions a is balanced on a 
cylindrical surface of radius r as shown in Fig. F. Establish the criterion 
for stable equilibrium of the cube assuming that friction is sufficient to prevent 
slipping. Ans. r > a/2. 

7. Using the principle of virtual work and taking 6 as coordinate, determine 
all possible configurations of equilibrium of the system in Fig. G and discuss 
the stability of each. 


FIG. G FIG. H 

8, A slender prismatic bar AB of length I and weight W is hinged to the 
floor at A and held in a vertical position by two balls suspended from the 
ceiling by vertical strings as shown in Fig. H. Each ball is of weight Q 
and radius r, and other dimensions are as shown in the figure. Neglecting 
friction and the thickness of the bar AB, establish the criterion of stability 
of the system in the configuration shown. Ans. Wl/2 < Qa[(Ji — a)/aY. 

9. A hemispherical cup of radius r and having its center of gravity at C 
rests on top of a spherical surface of radius R as shown in Fig. I. Assuming 
that there is sufficient friction to prevent slipping, establish the criterion of 
stability of the cup in the position shown. Ans. R > r\{r/c) — l]. 

Oi 


FIG. I FIG. J 

10. Using the principle of virtual work and taking 6 as coordinate, deter- 
mine all possible configurations of equilibrium of the system in Fig. J and 
investigate the stability of each. The bead A can slide freely on the circular 
wire CD and the pulley at B is negligibly small. 
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RECTILINEAR TRANSLATION 


6.1. Kinematics of rectilinear motion. Introduction. In statics 
we have considered rigid bodies that are at rest. In dynamics we 
shall consider bodies that are in motion. While statics is a very old 
science, dynamics, on the contrary, is a comparatively new one, its 
beginning usually being counted from the time of Galileo (1564-1642). 
Delayed development in the case of dynamics was due principally 
to difficulties inherently connected with experiments that were 
necessary to establish the foundation of the science. In statics there 
are only two kinds of units to be dealt with : that of length for measuring 
the dimensions or distances between bodies and that of force for 
measuring the actions and reactions between them. Precision instru- 
ments for the measurement of length and force are relatively simple 
and were well developed in early times. In dynamics, however, we 
need, in addition to the units of length and force, a unit for measuring 
time. Such time-measuring devices as the pendulum clock and 
balance-wheel watch are comparatively new and were completely 
unknown in Galileo's time.^ It is quite natural then that the diffi- 
culties connected with the measurement of small intervals of time 
should have impeded the development of the science of dynamics. 

For convenience, dynamics is commonly divided into two branches 
called kinematics and kinetics. In kinematics we are concerned only 
with the space-time relationship of a given motion of a body and not 
at all with the forces that cause the motion. If we see that a wheel 
rolls along a straight level track with uniform speed, the determination 
of the shape of the path described by a point on its rim and of the 
position along this path that the chosen point will occupy at any given 
instant are problems of kinematics. 

^ The first pendulum clock was developed by Huygens in 1667, and the balance- 
wheel watch still later by Robert Hooke. 

345 
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In kinetics we are concerned with finding the kind of motion that a 
given body or system of bodies will have under the action of given 
forces or with what forces must be applied to produce a prescribed 
motion. If a constant horizontal force is to be applied to a given body 
that rests on a smooth horizontal plane, the prediction of the way in 
which the body will move is a problem of kinetics. Again, the deter- 
mination of the constant torque that must be applied to the shaft of a 
given rotor in order to bring it up to a desired speed of rotation in a 
given interval of time is a problem of kinetics. 

The whole science of dynamics is based on the natural laws governing 
the motion of a particle under the action of a given force. A particle is 
defined as a material point without dimensions but containing a definite 
quantity of matter. Strictly speaking, there can be no such thing 
as a particle, since a definite amount of matter must occupy some 
space. However, when the size of a body is extremely small compared 
with its range of motion, it may, in certain cases, be considered as a 
particle. Stars and planets, for example, although many thousands of 
miles in diameter, are so small compared with their range of motion 
that they may be considered as particles in space. In the same way 
the dimensions of a rifle bullet are so small compared with those of its 
trajectory that ordinarily it may be considered as a particle. 

Whenever a particle moves through space, it describes a curve that 
is called the path. The path of a particle may be either a space 
curve, called a tortuous path, or a plane curve, called a plane path. 
In the simplest case the path will be a straight line, and the pai’ticle is 
said to have rectilinear motion. 

Displacement. Taking the line of motion as the x axis (Fig. 190), 
we can define the displacement of the particle by its x coordinate, 
measured from the fixed reference point 0. We shall consider this 



FIG. 190 


displacement as positive when the particle is to 
the right of the origin 0 and as negative when 
to the left. As the unit of length by which 
the displacement is measured, we shall use 
most commonly the foot or inch. 


As the particle moves, the displacement varies with time, and the 
motion of the particle is completely defined if we know the displace- 
ment X at any instant of time t. Analytically, this relation can be 
expressed by the general displacement-time equation 


X = /«) (30) 

where /(f) stands for any function of time. Depending upon how the 
particle moves along the x axis, Eq. (30) will take different forms. 
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Consider, for example, motion of the particle as represented by the 
equation 

X = c + bt (30a) 

In this equation, the con.stant term c represents an initial displacemeni 
at the time i = 0, 'while the constant b shows the rate at which the dis- 
placement increases. This motion of a particle i.s called uniform recti- 
linear motion. Besides being a very simple case, it is one commonly 
encountered in ezigineering problems. 

As a second example of rectilinear motion of a particle, let us con- 
nider Eq. (30) in the form 

X = (306) 

Here the displacement x is represented as being proportional to the 
square of the time. Such motion, as is known from elementary 
physics, we have in the case of freely falling Irodies. 

A third e.xample of rectilinear motion may be represented by taking 
Eq. (30) in the following form: 

X = (30c) 

where r and k are constants and e is the ziatural logarithmic base. 
Such motion, in which the displacement decreases exponentially with 
time, can be encountered in dealing with a particle projected into a 
highly viscous medium which finally brings it to rest. 

Instead of analytical expressions for Eq. (30), it is often useful to 
represent the displacement-time rela- 
tionship graphically. Taking time t 
as absissa and displacement x as ordi- 
nate, the curve represented by Eq. 

(30) can be plotted for any particular 
case, This gives us a so-called dis- 
placement-time diagram. Such dia- 
grams for the particular cases repre- 
sented by Eqs. (30a) to (30c) are shown 
in Fig, 191. These curves represent 
graphically the same information as 
given by the analytic expressions. 

Velocity. In discussing velocity of 
a particle having rectilinear motion, we begin with the case of uniform 
rectilinear motion as represented graphically by the straight line BC in 
Fig. 191 and we see that for equal intervals of time Af the particle 
receives equal increments of displacement Aa:. Thus the velocity v of 
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uniform motion is given by the equation 


i) 


Ax 

At 


(a) 


This velocity is considered positive if the displacement x is increasing 
with time and negative if it is deerea.sing with time. Using the foot 
as the unit of displacement and the second as the unit of time, the 
unit of velocity will be the foot per second, u.sually written fps. 

In the more general case of nonuniform rectilinear motion of a 
particle as given by Eq. (306), represented graphically in Fig. 191 by 
the curve OA, we see that in equal intervals of time At the particle 
receives unequal increments of displacement Ax\ and Ax^. Since in 

this case the increment of displacement 
increases with time, we have accelerated 
motion. If Arc denote.s the increment of 
displacement received during the interval 
of time At, we introduce the notion of aver- 
age velocity during this time by the equation 

Alt' 

FIG. 192 2’»v = (b) 

As the interval of time At is taken smaller and smaller, the motion dur- 
ing the interval becomes more and more ni^arly uniform so that the 
ratio Ax/ At approaches more and more closely to the velocity at any 
particular instant of the time interval. Taking the Limit approached 
by the ratio Ax/At as At is indefinitely diminished, we obtain the 
instantaneous velocity of the particle for the moment t. Thus 



Ax 

V = lim = 
A(->o At 



( 31 ) 


The foregoing discussion may also be given a convenient graphical 
interpretation. If the curve AD in Fig. 192 is a displacement-time 
diagram and we are considering the interval of time from t to t -\- At, 
the introduction of the notion of average velocity during that interval 
is equivalent to replacing the actual motion by a uniform motion as 
represented by the straight line BC. It is evident that the slope of 
this line represents the average velocity as expressed by Eq. (b). As 
the interval At becomes smaller and smaller, the portion BC ol the 
curve representing the true motion deviates less and less from the 

* The notation x to denote the derivative dx/dt ia one introduced by Newton 
and will be used throughout this book. 
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straight line BC and in the limit this straight line becomes the tangent 
to the di.splacement-time diagram at B and its slope gives the instan- 
taneous velocity v at the instant t. Thus we see that the variation 
in the velocity of a nonuniformly moving particle is represented 
geometrically by the variation in slope of the displacement-time curve. 

From Eq. (.31) we sec that an analytical expression for the velocity- 
time relationship of a moving pai'ticle can always be obtained by 
differentiating the displacement-time equation (30). In so doing we 
distinguish not only the magnitude of the velocity but also its direction. 
If the derivative of Eq. (30) is positive, i.e., if the displacement 
increases with time, the velocity is positive and has the positive direc- 
tion of the X axis; otherwise it is negative. For the particular cases 
of rectilinear motion of a particle that we have represented by Eqs. 
(30a), (306), and (30a), we obtain by Eq. (31): 

i) = 4- 

at 

Variations in velocity with respect to time can also be represented 
graphically. Taking velocity v as ordinate and time t as abscissa, 
we may plot from Eq. (31) the so-called veloaily-Ume diagrams. For 
the three particular cases under dis- 
cussion, these diagrams are shown in 
Fig. 193. In the case of Eq. (31a), 
we see that the velocity-time curve 
is a horizontal straight line indicat- 
ing motion with constant velocity h. 

This agrees with the constant slope 
of the corresponding displacement- 
time curve ill Fig. 191. From Eq. 

(316) we obtain, for the velocity-time 
diagram, a straight line with constant 
slope 2c which indicates that the slope of the corresponding displace- 
ment-time curve in Fig. (191) increases at a uniform rate. In the final 
case, Eq. (31c) gives a more general velocity-time curve in which the 
velocity varies exponentially with time. Velocity-time diagrams such 
as those shown in Fig. 193 are especially helpful in studying various 
cases of rectilinear motion. 



FIG. 193 


(31a) 

(316) 

(31c) 
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If we have the velocity-time diagram for any rectilinear motion of a 
particle, the distance traveled by the particle during any interval of 
time from i = h lo t = h will be represented by the area under the 
curve between these two ordinates of time. To prove this statement, 
we consider the velocity-time diagram shown in Fig. 194. From Eq. 
(31) we may write 

dx = V dt (c) 


which expresses the small inei’ement of displacement through which the 
particle move.s during the time interval dt. From the figure we see that 
this expression also represents the area of the infinitesimal strip of 

width dt and height v of the velocity-time 
diagram. Summing up all such incre- 
ments of displacement between the in- 
stants tx and ti, the large shaded area is 
obtained as the total distance traveled by 
the particle during the specified time inter- 
val. Thus we see that the velocity-time 
diagram is particularly valuable in that from it we can obtain not only 
the velocity of motion at any instant but also the distance traveled 
during any given interval of time. 

Acceleration. If the rectilinear motion of a particle is nonuniform, 
its velocity is changing with time and we have acceleration. From 
Fig, 193 we see that in the case of uniform motion the velocity remains 
constant and we have zero acceleration. For the case represented by 
Eq. (31b) in Fig. 193 the particle receives equal increments of velocity 
Au in equal intervals of time Ai. Thus we have motion with constant 
acceleration as given by the equation 



a = 


At 


(d) 


s- 

As in the case of velocity, we distinguish not only the magnitude of 
acceleration but also its direction. Acceleration is considered positive 
when the velocity obtains positive increments in successive intervals of 
time and negative if the velocity is decreasing. The acceleration of a 
particle may be positive when its velocity is negative, or vice versa. 
Using the foot and second as units of length and time, respectively, and 
observing that the increment of velocity Av in Eq. (d) is in units of feet 
per second, we conclude that the unit of acceleration is the foot per 
second per second, usually written ft/sec^. 

In a more general case like that represented by Eq. (31c) in Fig. 193 
we note that in equal intervals of time At the increments of velocity 
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At'i and Azi 2 are unequal. Thus we have motion of a particle with 
variable acceleration. To obtain the acceleration of the particle at 
any instant t in such case, we proceed as before in defining instan- 
taneous velocity. We take a small interval of time from the instant 
t to t + At and use the notion of average acceleration 


Hav 


Ay 

At 


(e) 


over that interval. To obtain from this the acceleration at the in.stant 
t we go to the limit and find' 


Ay do 
d = lim TT = T 7 
At—¥Q dt 



(32) 


From Eq. (32) we see that in any case of rectilinear motion of a 
particle the acceleration-time relationship can be e.xpressed analytically 
by taking the second derivative with respect to time of the displace- 
ment-time equation (30). For the three cases under consideration 
we obtain, respectively, 


g(« + w).0 

(32a) 


(326) 


(32c) 


It will be noted that these relationships are represented graphically by 
the slopes of the velocity-time diagrams shown in Fig. 193. 

EXAMPLES 

^ 1. Point A', starting from Ao, moves with constant speed around the 
circumference of a circle of radius r, as shown 
in Fig. 195. Develop expressions for the dis- 
placement, velocity, and acceleration of its 
projection A on the x axis, that is, on the 
diameter OA<, of the oirole. 

Solution. Let a represent the angle in 
radians swept out by the radius vector OA' 
per unit of time. This is called the angular 
velocity of OA' and is expressed in units of ”5 

radians per second (sec"') . Then, from the trigonometry of the figure, we have 

X = r cos ot (f) 

' The notation x will be used hereafter to denote the second derivative of the 
displacement c with respect to time t. 
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which is the required displacement-time equation. This motion of point A 
is called simple harmonic motion. We see that the time required for point A 
to make one complete oscillation along its path is the same as that required 
for tlie uniformly rotating radius vector OA' to make one complete revolution. 

This time intei-val, equal to ‘i.-tejca, is called 
the period of the simple harmonic motion 
and is denoted by r, 

Differentiating expression (f) with respect 
to time, we obtain for the velocity-time 
equation 

X — —TCi3 sin (j>t (g) 

Differentiating expression (g) again with 
respect to time gives, for the acceleration- 
time equation, 

j = —rixA cos cot (h) 

From Eqs. (f), (g), (h), we can now plot 
displacement-time, velocity-time, and ac- 
celeration-time diagrams as shown in Fig, 
196. From these diagrams we see that 
simple harmonic motion is periodic, i.e., 
after the time interval r = 2ir/u, the curves 
repeat themselves. Comparing the three diagrams in Fig. 196, we see that the 
velocity is a maximum or a minimum when the displacement is zero, and vice 
versa. We also note that the acceleration is proportional to the displacement 
but always of opposite sign. Simple harmonic motion is a very important 
type of rectilinear motion and the 
student should become thoroughly 
familiar with its various characteristics. 

2. A slender bar AB of length I 
which remains always in the same 
vertical plane has its ends A and B con- 
strained to remain in contact with a 
horizontal floor and a vertical wall, 
respectively, as shown in Fig. 197a. 

The bar starts from a vertical position, 
and the end A is moved along the floor 
with constant velocity vo so that its 
displacement OA = Vpt. Write the displacement-time, velocity-time, and 
acceleration-time equations for the vertical motion of the end B of the bar. 

Solution. Choosing, for the x axis, the vertical line of motion OB with the 
origin at 0, we see from the figure that the displacement x of the end B is given 
by the equation 




X = - (»oi)“ 


(i) 
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Equation (i) is the desired displacement-time equation and two differentia- 
tions with respect to time give the velocity-time and acceleration-time equa- 
tions as follows; 


X = 


X = 


\''p - vlr- 

(P - vlr-)^- 


(i) 

(k) 


The.se e.\pre.ssions can be used only in the interval 0 < L < l/vo since when 
t = 1/vo the bar is in a horizontal position and further motion of A to the right 
is impossible, since it was assumed that £ is always in contact with the wall. 

The displacement-time and velocity-time diagrams, plotted from Eqs. (i) 
and (j), are shown in Tig. 1976. Since Eq. (i) may be written in the form 

P ^ (l/voV 

we conclude that the displacement-time curve is the quadrant of an ellipse 
with semiaxes equal to I and l/vo. 

3. A particle starting from rest moves rectiliiiearly with constant accelera- 
tion. a and acquires in time f a velocity v, having 
traveled a total distance a. Develop fonnulas 
showing the relationships that must e.xist 
between any three of these quantities. 

Solution. The required relationships can be 
found from a study of the velocity-time diagram 
.shown in Fig. 198. In this diagram, the accel- 
eration a is represented by the slope of the 
straight line OA, the velocity v by the ordinate 
BA, the time t by the abscissa OB, and the 
distance .? by the area OAB. Thus from the geometry of the right triangle 
OAB, we may write 

V = at s = -gvi (1) 

From these two equations, we can also obtain the relationships 

s = V = \/2as (m) 

Formulas (1) and (m) are very useful in the numerical solution of problems 
involving the rectilinear motion of a particle with constant acceleration, but 
it must be remembered that they do not account for any initial displacement 
or initial velocity. 

PROBLEM SET 6.1 


V 



1. The rectilinear motion of a particle is defined by the displacement-time 
equation a: = lo -h Wot -]- iaP. Construct displacement-time and velocity- 
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time diagrams for this motion and find the displacement and velocity at time 
Is = 2 sec. The following numerical data are given; Xo = 10 in., vo = 5 ips, 
a = 20 in./sec^. Ans. X 2 = 60 in.; Vn = 45 ips. 

2. The velocity-time relationship of a moving particle is given by the 

equation x = 'scP, where c = 8 ft/sec^ 
Determine the displacement of the 
particle at the instant fa = 3 sec if 
there was no initial displacement, Ans. 
xs = 36 ft. 

3. If the crank of the engine shown 
in Fig. A rotates co = 47r radians/seo 
and the crank radius r = 10 in., find 
the maximum velocity and maximum acceleration of the piston. Ans. 
|a!m«j| = lOrrips; = IOOtt^ in./sech 

4. A rope AB is attached at 5 to a small block of negligible dimensions 
and passes over a pulley C so that its free end A hangs 5 ft above the ground 
when the block rests on the floor (Fig. B). The 
end A of the rope is moved horizontally in a 
straight lino by a man walking with a uniform 
velocity Va = 10 fps. (a) Plot the velocity- 
time diagram for the motion of the block B. 

(h) Find the time t required for the block to 
reach the pulley if fi = 15 ft and the pulley is negli- 
gibly small. Ans. (a) v = vlt/^h’‘ + Q>) 

t = 3.16 sec. 

5. A particle starts from rest and moves along 
a straight line with constant acceleration a. If 
it acquires a velocity a = 10 fps after having traveled a distance s — 25 ft, 
find the magnitude of the acceleration. Ans. a = 2 ft/sec. ^ 

6. A bullet leaves the muzzle of a gun with velocity v — 2,500 fps. Assum- 
ing constant acceleration from breech to muzzle, find the time t occupied by 
the bullet in traveling through the gun barrel, which is 30 in. long. Ans. 
t = 0.002 sec. 

7. A ship while being launched slips down the skids with uniform acceler- 
ation. If 10 sec is required to traverse the first 16 ft, what time will be 
required to slide the total distance of 400 ft? With what velocity v will the 
ship strike the water? Ans. f = 50 sec; » = 16 fps. 

8. Water drips from a faucet at the uniform rate of n drops per second. 
Find the distance x between any two adjacent drops as a function of the time i 
that the trailing drop has been in motion. Neglect air resistance and assume 
constant acceleration g = 32.2 ft/sec*. Ans. x = gt/n + g/2n^. 

9. A stone is dropped into a well and falls vertically with constant acceler- 
ation g = 32.2 ft/sec. The sound of impact of the stone on the bottom of 
the W'ell is heard 6.5 sec after it is dropped. If the velocity of sound is 1,120 
fps, how deep is the well? Ans. 577 ft. 




FIG. A 
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10. The rectilinear motion of a particle is defined by the displacement- 
time Gfiuatiou X = ro(2fi““ - in which xo is the initial displacement, 

k is a constant, and e is the natural loga- 
rithmic base. Sketch the displacement- 
time and velocity-time curves for this 
motion and find the maximum velocity 
of the particle. Ans. imm = —kxa/2, 
when t = In 2/k. 

H. If the velocity-time diagram for 0 
the rectilinear motion of a particle is the 
half wave of a sine curve as showm in Fig. fig. C 

C, find the total distance x that the 

particle travels during the half-period time interval t/ 2. Ans. x = Tiimin/ir. 

12. If the velocity-time curve shown in Fig. C is a parabola with vertical 
axis, find the distance traveled by the particle during the time interval t/2. 

jlnS. X = Tfm.j/S. 

13. An automobile starting from rest increases its speed from 0 to a with 
a constant acceleration dp runs at this speed for a time, and finally comes to 
rest with constant deceleration as. If the total distance traveled is s, find the 
total time t required. Ans. t = s/v -f- (n/2) (l/ffi -j- l/oz). 

14. The greatest possible acceleration or deceleration that a train may 
have is a, and its ma.x-imum speed is v. Find the minimum time in which the 
train can get from one station to the ne.xt if the total distance is s. Ans. 
4..n = s/v -h v/a. 

6.2. Principles of dynamics. Newton’s Laws. In Art. 6.1, we 
have discussed the kinematics of rectilinear motion of a particle with- 
out regard to its cause. We now turn our attention to the question 
of the kinetics of rectilinear motion, i.e., the relationship between the 
kind of motion of a particle and the forces producing it. As a basis 
of this discussion of kinetics, we take several axioms called the 'prin- 
ciples of dynamics. These axioms are broad generalizations of Kepler's 
observations on the motion of heavenly bodies and of carefully con- 
ducted experiments with the motion of earthly bodies. The first 
reliable experiments were made by Galileo who discovered the first 
two laws of motion of a particle. ^ The complete set of principles and 
their final formulation are the work of Newton and they are commonly 
called Newton’s laws of motion. We now proceed with a detailed dis- 
cussion of these laws. 

FIRST LAW. Every body continues in its state of rest or of uniform 
motion in a straight line except in so far as it may be compelled by force 
to change that state. This law, sometimes called the inertia law, was 

^ See Galileo Galilei, “Two New Sciences,” traas, by H, Crew and A, deSalvio, 
Macmillan, New’ York, 1933. 
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first discovered by Galileo. It was at variance with the teaching of 
ancient philosophers who maintained that, to produce uniform recti- 
linear motion of a particle, the action of a constant force in the direc- 
tion of motion would be required. The statement was at variance also 
with everyday experience, which shows that a body projected along a 
horizontal surface has its velocity gradually diminished and finally 
comes to rest. Galileo perceived that thi,s change in velocity of a body 
moving along a horizontal plane is due to friction forces and air resist- 
ance. By reducing these forces we can approach more and more 
closely to a uniform motion and in the ideal case, in which resistances 
are entirely eliminated, the body will move with a constant velocity 
along a straight line. In the particular case where this velocity is 
zero, the body remains at rest if forces do not act upon it. This 
implies absolute rest, but in practical problems we may consider the 
surface of the earth as immovable and refer the motion of particles to 
the earth. Solutions obtained on the basis of such an assumption 
will usually be in satisfactory agreement with experiments and obser- 
vations. Sometimes this assumption is not sufficiently accurate, and 
the motion of the earth must be taken into account. Then a system 
of coordinates defined by fixed stars can be taken as an immovable sys- 
tem and the motion of the earth with respect to these stars considered. 

From the first law it follows that any change in velocity of a particle 
is the result of a force. The question of the relation between this 
change in velocity and the force that produces it is answered by the 
second law of dynamics which follows; 

SECONn LAW. The acceleration of a given particle is proportional to the 
force applied to it and takes place in the direction of the straight line in 
which the force acts. This law also was first discovered by Galileo. In 
his famous experiments with falling bodies, he found, by measuring 
stretches passed in successive equal intervals of time, that this motion 
has a constant acceleration. Thus it was established that a constant 
force acting on a given body produces a constant acceleration. It was 
found also that this acceleration is independent of the substance of the 
body. That is, for example, all bodies falling under the action of grav- 
ity have the same acceleration. This conclusion was held by Galileo 
and later verified by Newton by means of numerous elaborate experi- 
ments in which he used pendulums made of various materials and 
derived the magnitude of the acceleration produced by gravity from 
the periods of oscillation of these pendulums. This acceleration due 
to gravity is usually denoted by g and from the experiments of Galileo 
and Newton its value was found to be 32.2 ft/sec® = 386 in. /sec, 
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To alow down the velocity of motion of a falling body and thereby 
eliminate the difficulty in measuring short intervals of time, Galileo 
came to the idea of using for his experiments a body moving along an 
inclined plane (Fig. 199a). He found that this motion has also a 
constant acceleration. By varying a, the angle of the inclined plane, 
lie was able to investigate many eases of uniformly accelerated motion 
and, by taking every precaution to minimize friction, found that 
between the acceleration a of a body moving along the inclined plane 
and the acceleration ^ of a freely falling body 
there exists the relation 

a = g sin a (a) 

From Eq. (a) we see that as a approaches ir/2 
we obtain the case of a freely falling body, («) 

while as a approaches zero we obtain the case 
of uniform motion of the body with zero 
acceleration. 

Considering the forces acting on the mov- 
ing particle W in Fig. 199o, Galileo made the ^ 
observation that, in the case of motion along ^ 

the inclined plane, not the gravity force W fie, 199 

but a smaller force must be taken, namely, a 

force equal to the weight W 1 (Fig. 1996) which would be necessary to 
keep the body on the inclined plane in equilibrium. Considering an 
ideal case in which there is no friction, this force is 

W\ = W sin a (b) 

Comparing expressions (a) and (b), we see that with the variation of 
the angle a the force acting on the moving particle varies in the same 
proportion as the acceleration. In this way Galileo discovered that 
the acceleration of a particle is proportional to the acting force. That 
is, if any force produces a known acceleration of a given body, double 
this force, when acting on the same body, will produce double the 
acceleration, and so on. 

This observation, made by Galileo on the basis of his experiments 
with uniformly accelerated rectilinear motion of a particle, was general- 
ized by Newton and taken by him as the second law of dynamics. In 
this law, as formulated above, there is nothing said about the motion 
of the particle before it was acted upon by the force. The acceleration 
of a particle, produced by a given force, is independent of the motion of 
the particle, A given force acting on a particle produces the same 
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acceleration regardless of whether the particle is at rest or in motion 
and rcgardle.ss of the direction of motion. 

Likewise, there is nothing said as to how many forces are acting on 
the particle. If any system of concurrent forces is acting on a particle, 
then each force produces exactly the same acceleratioir as it would if 
acting alone. Thus the resultant acceleration of a particle is obtained 
as the geometric sum of the accelerations produced separately by each 
of the forces that acts upon it, and .since the acceleration produced by 
each force is in the direction of the force and proportional to it, the 
resultant acceleration will be in the direction of, and proportional to, 
the resultant force. 

By using the first two laws formulated above, we can investigate the 
motion of a single particle subjected to the action of given forces. In 
more complicated cases where we must deal with a system of particles 
or rigid bodies, the mutual actions and reactions between them must 
be considered, and this can be done by using the law of action and reac- 
tion which we have already made use of in our problems of statias. 
Newton’s formulation of this law reads as follows: 

THIRD L.A.W. To every action there is alviays an equal and contrary 
reaction, or the mutual actions of any two bodies are always equal and 
oppositely directed. 

If one body presses another, it is, in turn, pressed by the other with 
an equal force in the opposite direction. If one body attracts another 
from a distance, this other attracts it with an equal and opposite force. 
For instance, the sun attracts the earth with a certain force and there- 
fore the earth attracts the sun with exactly the same force. All this 
holds not only for forces of gravitation but also for other kinds of forces 
such as magnetic attraction, electric forces, or pressure forces between 
two bodies in contact as we have considered in various problems of 
statics. A magnet attracts a piece of iron no more than the iron 
attracts the magnet. 

General Equation of Motion of a Particle. By using the second law 
of dynamics, we can establish the general equation of motion of a par- 
ticle. We know from Galileo’s experiments that the gravity force W, 
if acting alone, produces an acceleration of the particle equal to g. 
If, instead of the force W, a force F acts on the same particle, then 
from the second law it follows that the acceleration a produced by this 
force is in the direction of the force and is in the same ratio to the known 
acceleration g as the force F is to the gravity force W, that is, 

a _ F 
g~W 
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from which we obtain 

= F (33) 

g 

Equation (33) i.5 the general equation of motion of a particle from which 
its acceleration at any instant can be obtained provided the acting 
force F at this instant is known. 

It is seen from Eq. (33) that for a given magnitude of the force F the 
acceleration produced is inversely proportional to the factor lE/j/. 
This factor measures the degree of sluggishness with which the particle 
yields to the action of an applied force and is a measure of the inertia of 
the particle. It is called the mass of the particle and is generally 
denoted by m. Thus using the notation 


the general equation of motion of a particle becomes 

ma = F 

From Eq. (cj we see that the mass m of a particle has the dimension 
of force ^ acceleration. Taking the pound as the unit of force, the 
foot as the unit of length, and the second as the unit of time, we find 
that mass will be measured in units of pounds X seconds^ -h feet, 
usually written lb-sec-/ft. This derived unit of mass is sometimes 
called the slug from the word sluggishness of which it is a measure and 
sometimes the gee-pound because it is the gravity force W divided 
by the gravitational acceleration g. 

In the above discussion it was assumed that the acceleration g due to the 
force of gravity is constant. However, accurate measurements show that the 
value of g depends on locality, increasing with latitude and decreasing with 
elevation above sea level. For a given locality the value of g expressed in 
units of feet per second per second is represented to a high degree of accuracy 
by the formula 

g = 32.089(1 + 0.00624 sin" ip)(l - O.OOOOOOOOe/i) (d) 

in which tp is the latitude and h the elevation in feet. It is seen that as <p varies 
from 0 to Tr/2 the total variation in g is only about 0.6 per cent, while as h 
varies from 0 to 25,000 ft, the corresponding variation in g is about 0.26 per 
cent. Such fluctuation is unimportant in most engineering problems and we 
can assume with sufficient accuracy that g is constant. In our calculations we 
shall usually take g = 32.2 ft/sec" = 386 in. /sec". 

In applying Eq. (33) to cases where greater accuracy is required, we must 
observe carefully the meaning of the various symbols appearing therein. 


(c) 

(330 
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The quantity W designates the gravity force acting on the particle, and this 
force, like the acceleration clue to gravity, varies slightly from one loc.ality to 
another. This variation can be noted when we are measuring the force on 
the basis of the elongation that it produces in the spring of a dynamometer. 
A more accurate method of detecting the variation in gravity force, however, is 
by observing the period of oscillation of a pendulum which, as we shall see 
later (Art. 8.5), i.s inversely proportional to the square root of the gravity 
force acting on the pendulum. Prom Galileo’s experiments we know that the 
acceleration of a particle is proportional to the active force. Thus W and g 
in Ecj. (.33) are varying with locality in the same proportion and their ratio, 
which defines the mass of the body, remains constant. 

The inconvenience resulting from variation in gravity is sometimes elimi- 
nated by a change in our system of units. In mechanics we deal with four 
kinds of quantities, length, lime, force, and mass, whose relationships are 
expressed by the equation of motion (33) or (33'). We can take any three 
of these quantities as primary units and then the fourth will be derived from 
the equation of motion. In engineering mechanics wc assume length, time, 
and force as our fundamental units (gravitational system of units). This 
leads to the derived unit of mass called the slug, or gee-pound, as discussed 
above. 

In physios and astronomy the units of length, time, and mass are usually 
taken as fundamental units (absolute system of units). As the unit of mass, 
the quantity of matter in a definite volume of a definite substance under 
definite physical conditions is usually taken. For instance, in physics, the unit 
of mass is taken as the mass of a cubic centimeter of water at the temperature 
of its ma.ximum density and under specified pressure. This unit of mass is 
called the gram. On this basis it is seen from Eq. (33') that the corresponding 
derived unit of force is that force which by acting on a unit of mass produces 
unit acceleration. Taking the gram as the unit of mass, the centimeter as 
the unit of length, and the second as the unit of time, we find that the unit of 
force is that force which by acting on 1 g of mass produces an acceleration of 
1 cm/sec“. This derived unit force is called a dyne. Sometimes in the 
absolute system of units the pound^ is taken as the unit of mass, the foot as 
the unit of length, and the second as the unit of time. Then the correspond- 
ing derived unit of force is seen to be that force which by acting on a unit of 
mass (1 lb) produces an acceleration of 1 ft/sec^. This derived unit of force 
is called the poundal. 

6.3. Differential equation of rectilinear motion. The general 
equation of motion for a particle (Eq. 33) can be applied directly to the 
case of rectilinear translation of a rigid body, since all particles of the 
body have the same motion and we consider the entire body as a par- 
ticle concentrated at its center of gravity. Whenever such a body or 

’ The platinum cylinder kept in the Tower of London and called the Imperial 
standard pound. 
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particle moves under the action of 
gravity and having a fixed line of a< 
produced in the same direction, and 
is also directed along this line, we obt 
tion. Taking the line of motion as 
tion the notation x (see Eq. 32) and 
notation X, the differential equation 
becomes^ 

E ■■■ = 
a 
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result, of course, implies 
use the balloon to rise, 
^tached to the ends 
’■'own in Fig. 202. 
^by the arrows, 
•§ ri the inertia 


cs 


-Q 

W 


a t/) 




- 

£5 oj ft 


This equation can be used for solvii 
motion of the particle is given, i.e., th 
certain function of time t and it is reqi 
to produce such a motion. (2) The f 

to find the motion of the particle, i.e. , » MP i i i m"m T- a) uum a rmiciJiLiii m r 
that Eq. (34) will be satisfied. 

Problems of the first kind are very simple. In each particular case it 
is OLily necessary to substitute for x in Eq. (34) the given function of 
time. Then by successive differentiations the force X is obtained. 
The second kind of problem requires the integration of Eq. (34), which 
cannot always be rigorously solved. Various particular cases for which 
such integration can be made will be considered in subsequent articles. 
For the present we shall limit our attention to the solution of some 
problems of the first kind. 


EXAMPLES 

For the engine represented in Fig. 200, the combined weight of the pis- 
ton and piston rod W = 100 lb, the crank 
radius r = 10 in., and the uniform speed of 
rotation n = 120 rpm. Determine the mag- 
nitude of the resultant force acting on the 
piston; (a) when it is in an extreme position; 

(b) when in its middle position. 

Solutioii. As discussed in Art. 6.1, the piston has a simple harmonic motion 
represented by the displacement-time equation 


cot 




, r-x-i- 


k- 


V7 yy//// , 


FIG. 200 



X = T cos bit (a) 

in which co = 2^/60 = 4Tr radians/sec. By double differentiation of Eq. (a) 
we obtain 

£ = — rco® cos ciit (b) 

^ Since in engineering mechanics we use the gravitational system of units, we 
usually adhere to the notation W/ff for mass, since this emphasizes its dimensional 
characteristic. 
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The quantity W desig^) for x in Eq. (34), we find 
force, like the acceler 
another. This va- 
the basis of the 9 


W 

X ro}^ cos oit 


(«) 


b ^diser^-™® resultant active force is a function of time. For 

later (A which the piston is in the extreme left position, it is seen from 
force angle oit will be equal to fir where i i.s any odd integer and 

e, for this position, cos nif = —1. Substituting this value in Eq. (c), 
. id using the given data we obtain X = 409 lb. 

For the middle position of the piston the angle oit must be f(7r/2), where i is 
again any odd integer, and we see that cos ojf = 0. From this we conclude 

that for this position the resultant force i.s zero. 

2. A balloon of gross weight IF is falling verti- 
cally downward with constant acceleration a. 
What amount of ballast Q must be thr{jwn out 
in order to give the balloon an ecpial upward 
acceleration o? Air resistance should be 
neglected. 

Solution. Let us consider first the case where 
the balloon is falling (Fig. 20Ia). The active 
forces are the total weight IF, inchiding the 
ballast, which acts vertically downward and the 
buoyant force P, representing the weight of the displaced volume of air. 
Equation (34), then, becomes 



FIG. 201 


Ea=W -P 
9 


(d) 


Considering next the case where the balloon is rising, after the ballast has 
been thrown out (Fig. 2016), Eq. (34) becomes 

(j = P _ (ff _ q) (e) 

9 


Eliminating the buoyant force P from Eqs. (d) and (e), we obtain 


2lFo 
g + a 


(f) 


It is interesting to check the logic of this equation by considering two extreme 
conditions. If the balloon were in equilibrium in the first case (i.e., falling 
with an acceleration a = 0), we would conclude at once that no ballast would 
have to be thrown out to cause it to rise with the s.ame zero acceleration. 
Putting a = 0 in Eq. (f), we obtain Q = 0. On the other hand, if, in the first 
case, the balloon had no buoyancy at all so that it was falling with an acceler- 
ation a = g, we would conclude that it would be physically impossible to 
throw out sufficient ballast to cause it to rise with the same acceleration. 
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Putting a = gf in Eq. (t), we obtain Q — W, which result, of course, implies 
that it i.s impossible to throw out sufficient ballast to cause the balloon to rise. 

3. Two equal weights W and a single weight Q are attached to the ends 
of a flexible but inexten.sible cord overhanging a pulley as shown in Fig. 202. 
If the system moves with constant acceleration a as indicated by the arrows, 
find the magnitude of the weight Q. Neglect air resistance and the inertia 
of the pulley. 

Solution. We have here a system of two particles \ 

and may write two equations of motion. Denoting by f \ 

S the tension in the cord, we have for the wmight on the 

left V J „ 

- R _ Ttr ; sV- ^ ' 

d h W p n /D 

s f-S 

and for the weights on the sight W o ^ 

W 0 ’ 

a = IF + Q - S FIG. 202 

9 

Eliminating the tensile force S from these two equations, we find 

<3 = — (g) 

g - a 

From tliis equation we note that to produce an acceleration o = of the sys- 
tem would require a weight Q = oo . 

4. In Fig. 203, a piston of weight IF, constrained to move vertically, is 

raised and lowered by a cam ACB that 
■1 I ^ moves horizontally with constant speed 

»o. The face of the earn ha.s the shape 
Co of a full cosine wave of length I and 

A L_ maximum height h as shown. Find the 

I — greatest speed that the cam mav have 
r y j , I , j without losing contact with the cam 

‘ ° follower D, throughout the cycle, 

FIG. 203 Neglect friction in the sleeve which 

guides the rise and fall of the piston. 

Solution. Taking the lowest position 0 of the cam follower as an origin, 
tile displacement-time equation for the vertical motion of the piston will be 


When Cot is equal to zero or I, representmg the beginning and end of the sweep 
of the cam, this expression gives a: = 0 as it should, while for v^t = f/2, repre- 
senting the halfway mark, we get a; = A, as it should be. 

Differentiating expression (h) successively with respect to time, we obtain 
. /iirOo • 27raot 

x = (i) 
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for the velocity-time equation, and 

2hir^l 27ri)oi 

X = cos 

P I 


for the acceleration-time equation. Expressions (h), (i), and (j), of course, 
hold only rvithin the time interval 0 < t < 1/vo- 
Denoting by P the vertical component of the pressure between cam and 
follower, the equation of motion [Eq. (34)] for the rise and fall of the piston 
will be 


from which 



TF 


P = 





We see from this e.vpression that for P to be always positive, we must have 


X ^ -g (1) 

Now from Eq. (j), the maximum negative value of x is —2hTrhl/P, when 

, I 
uot = 2 


that is, when the cam is at the halfway point and the piston is in its highest 
position. Substituting this value into condition (1) and transposing, we obtain 

— 

from which 



(m) 


Taking, for example, I = 20 in. and h = 4 in., we obtain Vo S 44.2 ips. 


PnOBLEM SET 6.3 

1. An elevator of gross weight W = 1,000 lb starts to move upward with 
constant acceleration and acquires a velocity w = 6 fps, after traveling a 
distance s = 6 ft. Find the tensile force S in the cable during this accelerated 
motion. Neglect friction. Ans. S = 1,093 lb. 

2. The elevator of Prob. 1, when stopping, moves with constant deceleration 
and from the constant velocity « = 6 fps comes to rest in 2 sec. Determine 
the pressure P transmitted during stopping to the floor of the elevator by the 
feet of a man weighing 170 lb. Ans. P = 154 lb. 

3. A train weighing 200 tons without the locomotive starts to move with 
constant acceleration along a straight horizontal track and in the first 60 sec 
acquires a velocity of 35 mph. Determine the tension S in the draw-bar 
between the locomotive and train if the total resistance to motion due to 
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friction and air resistance is constant and equal to 0.005 times the weight of 
the train. Ans. S = 12,620 1b. 

4. The driver of an automobile, traveling along a straight level highway, 
suddenly applies the brakes so that the car slides for 2 sec, covering a distance 
of 32.2 ft before coming to a stop. Assuming that dui-ing this time the car 
moved with constant deceleration, find the coefficient of friction between the 
tires and the pavement. Ans. = 0.5. 

5. A mine cage of weight W = 1 ton starts from rest and moves downward 
with constant acceleration, traveling a distance s = 100 ft in 10 sec, Pind 
the tensile force in the cable during this time. Ans. S = 1,876 lb. 

6. A particle of weight W is dropped vertically into a medium that offers 
a resistance proportional to the square of the velocity of the particle. The 
buoyancy of the medium is negligible, and the resisting force is f when the 
velocity is 1 fps. Wliat uniform velocity will the particle finally attain? 
Ans. V = y/WJj. 

7. A weight W — 1,000 Ib is supported in a vertical plane by a string and 
pulleys arranged as shown in Pig. A. If the free end A of the string is pulled 
vertically downward with constant acceleration a = 6 ft/ sec*, find the tension 
S in the string. Neglect friction in the pulleys. Ans. & — 646.6 lb. 


FIG. A FIG. B 

8. Weights W and 21P are supported in a vertical plane by a string and 
pulleys arranged as shown in Fig. B. Pind the magnitude of an additional 
weight Q applied on the left which will give a downward acceleration a = O.lg 
to the weight W. Neglect friction and inertia of puUeys. Ans. Q = W/Q. 

9. A weight TP attached to the end of a small flexible rope 
of diameter d = i- in. is raised vertically by winding the rope 
on a reel as shown in Fig. C. If the reel is turned uniformly 
at the rate of 2 rps, what will be the tension S in the rope? 

Neglect inertia of the rope and slight lateral motion of the 
suspended weight W. Ans. S = 1.016 IP. 

*10. In Pig. D a weight W is raised vertically by means of a 
cam which moves horizontally from right to left with constant 
speed Vo. Counting time t from the instant when the cam 
is in the position shown by dotted lines and the weight W is 
in Its lowest position, find the compressive force £ in the vertical rod CD as 



FIG. c 
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a function of time. The contour ACB of the cam face is a parabola uith 
vertical axis and vertex at A. Neglect friction. 

*11. Solve Prob. 10 if the contour AOB of the cam face in Fig. D is a quarter 
sine wave. 



FIG. D FIG. E 


*12. In Fig. E the cam AB moves horizontally to the left with constant 
speed Va, while the cam follower C is constrained to move vertically. Find the 
maximum compressive force S induced in rod CD during the sweep of the 
cam, if its face ACB is a half cosine wave. Neglect friction. 


6.4. Motion of a particle acted upon by a constant force. We 
come now to the second kind of dynamics problem, hi which the acting 
force is given and the resulting motion of the particle is required. We 
begin with the simplest case of a particle acted upon by a constant force, 
the direction of which remains unchanged. Under the action of such a 

force, the particle moves rectilinearly in 
the direction of the force and with 

\a X P 

O ^ ^ ^ * constant acceleration. Referring to 

^ ^ Fig. 204, let the line of motion be taken 

as the X axis and let X denote the 
magnitude of the force. Then if the 
particle starts from A with initial displacement .i;n and initial velocity xo 
when t = 0, our problem is to find its velocity and displacement at any 
other time i. 

We begin with the equation of motion [Eq. (34)], which we write in 
the form 


x = g^ = a 


From this expression we see at once that when the magnitude of the 
constant force X is given, we need only to divide by the mass W/g 
of the particle to obtain the corresponding constant acceleration a of 
the motion produced. To find i and x as functions of time, we must 
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integrate this differential equation. To do this, we write 

d{x) = a dt (a) 

Then remembering that a is a constant, we obtain by integration 

X = at Cl (b) 

where Ci is a constant of integration. To find the meaning of this 
constant, let u.s consider the conditions of motion of the particle at the 
initial moment when f = 0. Since xq is the velocity of the particle at 
this in.stant, we find from Eq. (b) that Ci = xo, that is, that it repre- 
sents the initial velocity of the particle. Putting xo for Ci in Eq. (b), 
we obtain 

X = Xo + at (36) 

This is the general velocity-time equation for the rectilinear motion of 
a particle under the action of a constant force X which produces con- 
stant acceleration a = Xg/W. 

Writing Eq. (36) in the form 

dz = xodt + at dt 

and integrating again, we obtain 

X = Xot + + Ci (c) 

in which C's is again a constant of integration. Considering conditions 
at the initial moment {t = 0) and observing that the body has at this 
instant an initial displacement jo from the origin, we find from Eq. (c) 
that Ci = Xo. Substituting this value in Eq. (c), we obtain 

X = Xo + Xot + (37) 

This is the general displacement-time equation for the rectilinear 
motion of a particle under the action of a constant force X producing 
constant acceleration a = Xg/W. 

Proceeding as above with Eq. (35), we always obtain two arbitrary 
constants of integration for the determination of which we must have 
two given conditions such, for example, as the initial displacement and 
the initial velocity of the particle. When, in addition to the differ- 
ential equation of motion, we have two such conditions, the motion can 
always be completely defined. It is important to keep in mind that 
initial conditions influence the motion of a particle quite as much as 
does the acting force. We might say that initial conditions represent 
the heredity of the motion, while the acting force represents its 
environment. 
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Equations (35) to (37), can be used to study any rectilinear motion 
of a particle under the action of any constant force. Having the mag- 
nitude of the force X given, we begin by calculating the acceleration a 
from Eq. (35) . Then using this value of a together with given initial 
displacement Xt> and initial velocity xo in Eqs. (36) and (37), we find 
velocity and displacement of the particle for any desired instant of 
time t. 

In the particular case of a freely falling body, the acting force X = 
W and Eq. (35) gives a = g. Thus for this case Eqs. (36) and (37) 
become 

X = xa + gt (36a) 

X = xa + xnt -h Igt^ (37a) 

When the body starts to fall from rest and the origin is chosen to coin- 
cide with its initial position, we have *0 = 0 and io = 0 and Eqs. (36a) 
and (37a) reduce to the well-known expressions 

X = gi (365) 

* = igP (376) 

for a freely falling body, as established by Galileo on the basis of his 
experiments. 

EXAMPLES 

1. At a given instant several particles start to move, under the action of 
their gravity forces, from point 0 along the various inclined planes OA, OB, 
OC, and OD which make the angles a, p, y, and w/2, respectively, with the 
horizontal (Fig. 205). Neglecting friction, prove that at any instant t these 

particles will all be on the same circle OABCD 
constructed with the distance OD, that the freely 
falling particle has traveled, as a diameter. 

Solvlion. Taking the line of motion in each 
case as the * axis and the starting point 0 as the 
origin, we have neither initial displacement nor 
initial velocity to consider. Then from Eq. (376), 
the distance traveled by the freely falling particle 
is 

OD = Igfi (d) 

For the case of a particle moving along any in- 
clined plane which makes the angle d with the 
horizontal, and neglecting friction, the active force in the direction of motion 
will be^ X = W sin 6, and from Eq. (35) we obtain a = g sin 6. Substituting 

^ The component of the gravity force perpendicular to the inclined plane is bal- 
anced by the reaction of the plane and should not be considered. 
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this value of a into Eq. (376), we obtain 

X = Igt- sin 6 (e) 

Comparing Eqs. (d) and (e), we conclude that the distances traveled by the 
other particles .are as follows: 

Xi - 01) sin a a-o = OT) sin |8 xs = OD sin y 

which, as we see from the geometry of the figuie, prove.s the statement of the 
problem. 

2. From the top of a tower of height h = 120 ft a ball is dropped at the 
same instant that another is projected vertically upward from the ground 
with an initial velocity va = 60 fps. How far from the top do they pass and 
wdth what relative velocity? 

Solution. For the ball that is dropped we choose the top of the tower as the 
origin and consider downward displacement as positive. Then this ball will 
have neither initial displacement nor initial velocity and from Eq. (376) its 
displacement at any instant will be 

Xi - (f) 

For the other ball we choose the ground as the origin and consider upward 
displacement as positive. Then from Eq. (37a) its displacement at any 
instant will be 

Xi = vel — (g) 

When the balls pass, we must have 

Xi + Xi — h (h) 

Substituting the values of Si and Xi from Eqs. (f) and (g) into Eq. (h), we 
obtain 

+ vot — igt^ = h 

from which, using the given numerical data, t = 2 sec. Using this value of t 
in Eq. (f), we find 

(a:i)i_2 = 64.4 ft 

Differentiating Eqs. (f) and (g) once each with respect to time, we find that 
at the instant t = 2 sec, the two balls are moving downward with velocities 
of 64.4 and 4.4 fps, respectively. Hence the balls pass 64.4 ft below the top 
of the tower with a relative velocity of 60 fps 2 sec after starting. 

3. A particle projected vertically upward is at a height h after li sec and 
again after ti sec. Find this height h and also the initial velocity Vo with 
which the particle was projected. 

Solution. Neglecting air resistance, the particle at all times is moving under 
the action of its own gravity force W which is always directed vertically down- 
ward. We take the i axis along the vertical line of motion, the origin at the 
starting point, and consider upward displacement as positive. Then, from 
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Eq. {27a), we h.ive for the instant t = U 

h = vdi — 


(i) 


Likewise, for the instant t = k 


h = — ^gl\ (i) 

The elimination of I’o between Eqs. (i) anrl fj) gives 

h = kglM (k) 

while the elimination nf K gives 

Vo = ig(/i + k) (1) 

4. A small block of weight W i.s placed on an inclined plane a.s shown in 

Fig. 206a. What time inteival t will be 
required for the block to traverse the 
distance AB if it is released from rest at 
A and the coefficient of kinetic friction on 
the plane is p = 0.3? What is the veloc- 
ity at B? 

Solution. From the free-body diagram 
of the block (Fig. 2061)), we see that the 
resultant force acta directly down the 
plane and has the constant magnitude 

X = Wfsin a — fx cos O') 

Then from Eq. (35) w'e find for the acceleration 

a = ff(.ain ol — fx cos a) (m) 

We note that to attain sliding of the block, thi.s expre-ssion must be positive, 
which requires tan a ^ fi. Substituting the given numerical data into 
expression (in) we find 

a = — 11.58 ft/sec- 



Using this value of a in Eq. (37), together with the given initial conditions 
Xo = sto = 0, W'e obtain 

X = iat‘ = 50 ft 

from which t = 2.94 sec. Substituting this value of t into Eq. (36), we find 
for the velocity of the block at B, xt, = 34.1 fps. 
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PROBLEM SET 6.4 

1. A body starts to move vertically upward under the influence of gravity 

with an initial velocity ro = 20 fps. Find (a) the maximum height to which 
it will rise and (hj the time required for it to return to its initial position. 
Take the starting [joint a.-> the origin so that i'o = 0 and neglect air resistance. 
Ans. (a) = 0.2 ft; (6) / = 1.24 sec. 

2. A train is mo\'ing down a slope of 0.008 with a velocity of 30 mph. 
At a certain instant the engineer applies the brakes .and [jroduces a total 
resistance to motion equal to oue-tenth of the weight of the train. What 
distance x will the train travel before stopping? Ans. .x = 327 ft. 

.3. An eleA-ator weighing 1,000 lb is moving upward with a uniform velocity 
of 12 fps. In what dist.ance x will it stop after the power is .shut off if the 
friction force opposing motion is 20 lb? Ans. x — 2.19 ft. 

4. To determine expei inientally the coefficient of friction between two 
materials, a small block of weight TF = 10 lb is projected with initial velocity 
Vo = 30 fps along a horizontal plane covered nuth the 
same material. If the block travels a total distance 
a- = 45 ft before coming to rest, what is the coefficient 
of friction? Ans. p = 0.31. 

3. Referring to Fig. A, find the acceleration a of 

the falling weight P it the coefficient of friction 
between the block Q and the horizontal plane on 
which it slides is p. Keglect inertia of the [julley FIG- A 

and friction on its axde. The following numerical 

data are given: P = 10 lb, Q = 12 lb, p = t. -4?!s. a = Sg/11. 

6, A train mo\'es with a uniform speed of .3(1 mph along a .straight level 
track. At a certain instant the engineer move.s the thiottle so as to increase 
the traction by 20 per cent. What distance x will the train cover before 
acquit ing a speed of 45 mph if the resistance to motion is constant and equal 
to of the weight of the train? Ans. 4.61 miles. 

7. A [jolice investigation of tire marks show.s that a car traveling along a 
straight level street had skidded for a total distance of 145 ft after the brakes 

were applied. The coefficient of friction between 
tires and pavement is estimated to be p = O.G. 
What was the probable speed of the car when the 
brakes were applied? Ans. 51 mph. 

8. A small block of weight W re.sts on an adjust- 
able inclined plane as shown in Fig. B. Friction 
is such that sliding of the block impends when 
a - 30°. What accelei’ation will the block have when a = 45°? Neglect 
any difference between static and kinetic friction. Ans. a — O.317. 

9. Two small cars of weights IF, = 200 lb and TFj = 100 lb are connected 
by a flexible but inextemsible string overrunning a pulley C and are free to 
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roll on an inclined plane as shown in Pig. C. If the cars are released from 
rest in the positions shown, find the time t required for them to exchange posi- 
tions. Neglect rolling resistance and friction in the pulley. Ans. f = 6.1 sec. 




10. A small block starts from rest at point A and slides down the inclined 
plane AB in Fig. D. What distance s along the horizontal plane BC will it 
travel before coming to rest? The coefficient of kinetic friction between the 
block and either plane is p = 0.3. Assume that the initial velocity with which 
it starts to move along BC is of the same magnitude as that gained in sliding 
from A to B. Ans. s = 60 ft. 

6.5. Force as a function of time. Sometimes we have to investi- 
gate the rectilinear motion of a particle under the action of a force the 
magnitude of which changes with time according to some given law. 
We shall discuss here two methods of integrating the differential equa- 
tion of motion in such case. 

First Method. If the acting force X = Fit) can be expressed ana- 
lytically, we .substitute it directly into the equation of motion [Eq. 
(34)] and then proceed to separate the variables and integrate in the 
same manner as was done in Art. 6.4. In so doing, we always intro- 
duce two constants of integration, and to obtain a definite solution^ 
two conditions of motion, such as initial displacement and initial 
velocity, must also be known. 

Suppose, for example, that a particle of w'eight W starts from rest 
at the origin (xo = 0 and xo = 0) and moves rectilinearly under the 
action of a force X = Pe“*', where P is the initial magnitude of the 
force and k is a constant. Then the equation of motion [Eq. (34)j 
becomes 

W 

— X = Pe~‘‘‘ (a) 

g 

To separate the variables, we write this equation in the form 

— dx= Pe->‘<- dt (b) 

g 

which expresses the differential relation between velocity x and time t. 
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Integrating both sides of Eq. (b) we obtain 

— i + C, = - f e~’“ (o) 

g k 

where Ci is the constant of integration. To evaluate this constant, 
we substitute the initial condition x = 0 when t = 0, which gives 
Cl = —P/k. Putting this back in Eq. (c), the velocity-time equation 
becomes 

(d) 


i (1 - 


This velocity-time relationship is represented graphically in Fig, 207a 
and we see that the velocity approaches asymptotically to the value 
Pg/Wk. Thus the motion tends ^ 

to become uniform, and after kt 
becomes large (say kt > 5) it may 
be so considered without serious 
error. 

Writing Eq. (d) in the form 

^ (1 - dt, 

and integrating again, we obtain 

(e) 


X -P C-, — -t- — - e'"** 



where Cj is again a constant of 
integration. To evaluate this constant, we use the initial condition 
X = Q when t = 0 and find 

Pg 


Cs = -p 


Wk^ 


Putting this value back in Eq. (e) and rearranging the terms, the 
displacement-time equation becomes 

^ ^ ^ ^ ~ 

The corresponding displacement-time diagram is shown in Fig. 207b. 
For large values of t, the middle term in the parentheses of Eq, (f) 
approaches zero, and we obtain for the equation of the asymptote, 
shown by the dotted line in Fig. 2076, 

Pg 
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Again we may consider that for values of Id > 5, Eq. (g) represents 
the motion with sufficient accuracy for practical calculations. The 
motion represented by Eq. (f) is that experienced by fine particle,? of 
mist or dust falling through the air. It also holds for the settlement of 
particles of silt in a quiet reservoir of water. 

Proceeding as above, the displacement-time equation of a particle 
moving under the action of any force X = F{t) can be found if the 
initial di.splacement Zn and the initial velocity Xo are given 

the acting force X = F{t) cannot be 
expressed by an analytic function but 
is represented graphically by a curve 
called a force-time diagram, as shown 
in Fig. 208. In such case, we begin 
with the equation of motion [Eq. (34)] 
in the form 

mx = F[t') 

where t' instead of t is used as a tem- 
porary symbol for time.' Dividing 
both sides of the equation of motion 
by the mass m of the particle and 
making a first separation of variables, we have 

dx = - F(t') dt' (h) 

This equation expresses the differential relation between velocity x 
and time i'. We see that the increment of velocity imparted to the 
particle during the time interval dt' is proportional to the areaE(i') dt' 
of the shaded strip of the force-time diagram in Fig. 208. Summing 
up all such increments of velocity from the initial moment 4' = 0 to 
any time t' = t, we have 

f dx = - f‘F(t') dt' 

Jx« in Jo 

where ±o is the velocity corresponding to £' = 0 and x is that corre- 
sponding to t' = i. Performing the indicated integration on the left 
side of this equation, we obtain the velocity-time equation in the 
following form; 

a: = ±0 + - I F{t') df 
m Jo 

' We do this so that the symbol I can be used as a limit of integration. 


Second Method. Sometimes 
Fit) 



(38a) 
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The first term on the right side of this equation is the initial velocity. 
The second term represents the additional velocity imparted to the 
particle by the acting force F{t'). We .see that the integral in this term 
simply represents the area of the force-time diagiam up to the ordi- 
nate t. Hence the velocity-time equation can be expressed in the 
equivalent form 

X = Xa -)- — Ap (Z8h) 

in L Jo 

where denotes the area of the force-time diagram between the 

ordinates 0 and t. 

To e.xpress the displacement x = fit) also in terms of the area of the 
force-time diagram, we begin with Eq. (h) which states that the incre- 
ment of velocity imparted to the particle at the instant f is equal to 
Fit') dt'/m. As a result of this one increment of velocity, the displace- 
ment of the particle at some later time t will be 


-h Fit') (It'it - t') 
m 


Now since each elemental strip of the force-time diagram by itself pro- 
duces a like effect, tve conclude that the displacement of the particle 
at the time t, due to the continuous action of the force X = Fit') from 
= 0 to <' = t, will be 

1 r Finn - 1') dt' (j) 

m Jo 

Finally, taldng account of initial displacement and initial velocity, 
the complete displacement-time equation will be 

X — xa A- xot + ~ j Fit')it — n dt' (39a) 

Considering the last term of this expression as represented by the 
integral (j), we see that Fit') dt'it — t') represents the statical moment 
of the shaded strip in Fig. 208 with respect to the ordinate t as an axis. 
Thus the sum of such statical moments as represented by the integral 
(j) can be expressed as the product of the total area Af of the force- 
time diagram up to the ordinate t and the moment arm I to its centroid 
(f as shown in Fig. 208. Using this graphical interpretation of the 
integral (j), the displacement-time equation (39a) can be written in 
the equivalent form 

if 

X = xo + Xot A Ap t 

in 0 


(39b) 
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where the symbol stands for the area OABC of the force-time 

diagram as before and t is its moment arm measured from the ordinate 
t to the centroid (?, as shown in Fig. 208. 

This second method of handling the problem of rectilinear motion 
of a particle under the action of a force X = F(t) can be used in all 
cases. If the function F{t) can be expressed analytically, it can be 
substituted directly into Eqs. (38a) and (39a) after which the definite 
integrals can be evaluated. In doing this, however, it is important 
to write the force function as F{t') so as not to confuse the variable t' 
with t. If the acting force F{t') cannot be expressed analytically but 
is represented by a force-time diagram as in Fig. 208, we use Eqs. 
(38h) and (396). In using these equations, of course, we must choose 
a definite' value of time t at which to evaluate the velocity and dis- 
placement and we must be able to locate the centroid of the corre- 
sponding portion of the force-time diagram. Several examples will 
serve to illustrate the procedure in each particular case. 


EXAMPLES 

1. A particle of weight W moves rectilinearly under the action of a force 
X = P cos ul. Develop the velocity-time and displacement-time equations 
if *0 = 0 and xo = 0. 

Solution. In this case, we shall use the first method of integrating the 
differential equation of motion which is 

W 

X ~ P cos Oil 

g 

Writing this in the form 

W 

— dx = P cos cot dt 
9 

and integrating, we obtain 

W . P . , 

— X + Cl = — Bin cot 

g CO 

Substituting the initial condition x = 0 when f = 0, we find Dj = 0 and the 
velocity-time equation becomes 

X = sin cot (k) 


W P 

— dx = — sin cot dt 
g w 


Writing Eq. (k) in the form 
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and integrating again, we obtain 
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W 

- 2 + C, = 
a 


— cos hit 


Using the initial condition a: = 0 when t = 0, we find Cj = —Pla^ and the 
displacement-time equation becomes 




(1 — cos hit) 


( 1 ) 


We see that the particle performs simple harmonic motion centered about the 
point X = Pg/Whi- (see p. 251). 

2. Using Eqs. (386) and (396), find the 
velocity .and displacement at any time i for a 
particle of weight W moving rectilinearly 
under the action of a constant force Xo. 

Assume xo ~ Xo = 0. 

Solution. For the case of a constant force 
Xo the force-time diagram will be as shown in 
Fig. 209. The area of this diagram up to the ordinate t is Xot, and conse- 
quently the velocity of the particle at this instant is, by Eq. (386), 

. Xflt , ... 

s = — ^ = at (m) 

m 


X 



FIG. 209 


which checks the value given by Eq. (36), page 267. 

The statical moment with respect to the ordinate at t of the same area is 
Xoi(L/2), and consequently from Eq. (396) the displacement at any time t is 


X 


Xo P 1 ,, 
— - = wP, 
m 2 


(n) 


which checks the value given by Eq. (37). 

3. A particle of mass m is acted upon by a force that has the initial mag- 
X nitude Xo when t — 0 and decreases at a 

uniform rate until, when t — ti, its magni- 
tude is zero. Find the velocity and dis- 
placement of the particle when f = to, 
assuming that h > h. Assume iCo = 0 
and Xo = 0. 

Solution. The force-time diagram is 
shown in Fig. 210. The total area of this 
diagram up to the time ti is X'ofi/2 and hence, by Eq. (386), the velocity is 
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From Eq, (o) we see that after the time t\ the velocity of the particle remains 
constant which is to be expected, .since no forces act upon it after thi,s time. 

The centroid of the area has the abscissa ii/3, and hence I = — ti/3 a.s 

shown in the figure. Then from Eq. (395) we find for the displacement of the 
particle at the moment U 



L . ^ 


1 

^ Ata 


At, 
ktH 


£i 


2F, 


3 


PKOBLUiM SET 6. .5 

1. Forces act upon a particle during sliort intervals of time as sliown by 
the force-time diagram given in Fig. A. Find tire velocity and displacement 

of the particle at any time t > Assume 
•Co = 0 and io = 0 when t = 0. 

2. A particle initially at rest is submitted 
to the action of a force X = kt. Prove that 

0 \ — la ' 1 the ratio x/x increases as a linear function of 

time. Ads. x/i = t/3. 

3. The magnitude of a force acting upon 
a body of mass Wig is initially zero and 
increases uniformly with time, being equal 
to W at the end of the first second. Find 

the velocity and displacement of the body after 6 sec, assuming .To = 0 and 
io = 1 fps. Ana. (x)(=6 = 581 fps; (t)«„ 6 = 1,165 ft. 

4. A particle of mass m moves rectilinearly under the action of a force 
A’ = F{t) as represented by the force-time diagram OCB in Fig. B. If this 
curve is a parabola, find the displacement at 
time ii. Ans. x = Pil/3m. 

3, A particle of weight IK moves recti- 
linearly under the action of a force 


FIG. A 



X — P sin o}i 

Derive the general displacement-time equa- 
tion, assuming xo = 0 and xo = 0. Ans. 

X = (Pg/Wc)-] (cot — sin cot). 

6. The magnitude of the force acting on a body of weight W — 3.14 lb 
is given by the equation X = Xo sin ut, in which co = 8 radians/sec. If after 
one complete force cycle the displacement of the body is 10 ft, find the maxi- 
mum value Xo of the acting force. Assume To = 0 and to = 0. Ans. 
Xo = 9.94 lb. 

7, A body is acted upon for 5 sec by a constant force Ai = 10 lb, imme- 
diately after which it is acted upon by a force in the opposite direction of 
constant magnitude Xo = 3 lb. What time ti must this second force act 
to bring the body to rest? What time to must it act to return the body to its 
starting point? Assume Xo = 0. Ans. h = 16.7 sec; to = 35.7 sec. 
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8. Under the action of a force X = Xo — kt n. particle starts from rest .at 
the origin and moves along the x axis. At what instant i will it again be at 
the origin? A.ssunie -Yo = 12 lb and k = 2 Ib/sec. Ans. {= 18 sec. 

6 . 6 . Force proportional to di-splacement — free vibrations. 

often we encounter the case of a particle mot'ing rectilinearly 
under the action of a force that is some function of the displacement 
of the particle. The simplest as well as one of the most important 
instances in this case is that in which the acting force is proportional 
to the displacement. As an example, let u.s consider a body of weight 
17 suspended on a helical spring and constrained to move only in a 
vertical direction, as shown in Fig. 211. Under the static action of 
the weight TT^ the spring will be 
elongated a certain amount S^t and 
because of the tension thus in- 
duced will exert a vertical upward 
reaction on the suspended body 
that just balances the gravity 
force 17. Thus the resultant force 
acting on the body is zero, and it 
remains in equilibrium. If, now, 
the body is displaced downward 
from its position of static equilib- 
rium, the tension in the spring will 
be increased and upon release the 
body will begin to move upward 
under the action of the unbal- 
anced force. From experiments 
we know that the tension in the spring, so long as its elastic limit is not 
exceeded, is proportional to its elongation. Thus during motion of the 
body we conclude that, for any displacement x from the position of 
static equilibrium, the total tension in the spring is 

iS = W -j- kx (a) 

where k is the factor of proportionality between the elongation and the 
corresponding tension in the spring and is called the spr-inff constant. 
It represents the tension to which the spring must be subjected in order 
to produce in it an elongation equal to unity and is usually expressed in 
units of pounds per inch (Ib/in.). 

Using expression (a) for the spring tension, the differential equation 
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of motion [Eq. (34)] becomes^ 

— x = W~{W+kx) 
Q 

which reduces to 

g 


(b) 


From Eq. (b) we see that for positive displacement we have negative 
acceleration, and vice versa; i.e., the body is always being accelerated 
toward its position of static equilibrium with a force that is propor- 
tional to the displacement from that position. To simplify the writing 
of Eq. (b), we divide both sides by W/g and introduce the notation 


% 

W 


= 


(c) 


after which Eq. (b) may be written 

X -h p-x = 0 (40) 

This is the differential equation for free vibrations of a particle. 

We seek now the solution of Eq. (40) ; i.e., we must find for x a func- 
tion of time that will satisfy this equation. A study of the equation 
shows that we need for x = f{t) such a function that after twice differ- 
entiating it with respect to time we obtain the same function with 
which W6 started, multiplied by — In this way only can Eq. (40) 
be satisfied. The functions cos pi and sin pt satisfy this requirement. 
In fact we can multiply each of these functions by an arbitrary con- 
stant, add them together, and still have a function that satisfies the 
above requirement. Doing this we obtain 

X = C\ cos pt -f Ci sin pt (41) 

in which G\ and Ci are the two arbitrary constants. This is the general 
solution of Eq. (40), since by an appropriate choice of the constants Ci 
and Cj we can adapt this solution to any initial conditions of motion of 
the weight W. 

Assume, for instance, that the weight was started in motion by giving 
it an initial displacement xq from its equilibrium position and then 
suddenly releasing it without any initial velocity. Thus, at the initial 
moment when it is released, we have 

(a:)i=.o = Xd (i)i_o = 0 (d) 


‘ This equation neglects air resistance and the inertia of the spring. 
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Substituting the first of conditions (d) into the general solution (41), we 
find Cl = xn. Differentiating expression (41) once with respect to 
time, we obtain the general velocity-time equation 

X = ~pCi sin pt + pCa cos pt (e) 


Substituting the second of conditions (d) into Eq. (e), we find ^2 = 0. 
Replacing Ci and C 2 by their values just determined, the solution for 


the assumed initial conditions of mo- 
tion becomes 

X = xq CO.S pt (41o) 

Comparing Eq. (41a) with Eq. (f), 
page 251 we see that the weight TF has 
a simple harmonic motion. The dis- 
placement-time, velocity-time, and 
acceleration-time diagrams represent- 
ing this motion are shown in Fig. 212. 
From the displacement-time curve we 
see that the maximum numerical value 
of the displacement is Xa and this is 
called the amplitude of vibration. We 
also see that the time required for the 
moving weight to make one complete 
cycle along its path is 2ir/p see. This 


X 



FIG. 212 


time is called the period of vibration and will be designated by t. We 


may write 



(42) 


From the first form of Eq. (42) we see that the period of vibration is 
inversely proportional to the factor p. A special significance can be 
attached to this factor in the following manner; From Eq. (c) where it 
was first introduced, we see that it has the dimension of a number 
divided by seconds (sec~'), which is the same as the dimension of 01 
defining angle of rotation in radians per unit of time. Referring now to 
Fig. 211, let us construct a circle, the center of which coincides with the 
position of static equilibrium of the moving weight W and the radius of 
which is equal to the amplitude of vibration. We see then that, as the 
weight moves along its vertical path, the horizontal projection of its 
center of gravity on this circle travels around the circle at the uniform 
rate of p radians/ sec, making one complete turn around the circle for 
each complete cycle of the oscillation of the weight. This circle will be 
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called the circle of reference. Thus p represents the number of radians 
per second that the projection of the moving weight travels around the 
circle of reference as the weight itself oscillates along the vertical diam- 
eter of this circle. 

From the second form of Eq. (42), where p has been replaced by its 
value from Eq. (c), we see that the period of vibration depends only 
upon the magnitude of the weight_^ and that of the spring constant k, 
being directly proportional to -s/W and inversely proportional to ■\/Tc. 
Thus we can change the period of vibration only by varying one or the 
other or both of these two quantities. A small weight on a stiff spring 
will have a short period of vibration, while a large weight on a very 
flexible spring will have a long period. 

From the definition of the spring constant k, we conclude that the 
term W/k represents the elongation produced in the spring by the static 
action of the weight W. Using the notation 

W 

S.t = ^ (f) 

we obtain the third form of Eq. (42), from which we see that to calcu- 
late the period of vibration we need to know only the static elongation 
of the spring under the action of the load W.^ This elongation can 
often be conveniently obtained by direct experiment, and such an 
experimentally determined value when substituted into Eq. (42) will 
give the period r. 

Having the period of vibration, i.e., the time required for one com- 
plete cycle, we can easily obtain the number of vibrations per second. 
This number is called the frequency of vibration and will be denoted by/. 
Then 



In the preceding discussion we have assumed that at the initial 
moment the body W was given an initial displacement xo and suddenly 
released without initial velocity. Let us consider now another special 
case where vibration of the weight is started by giving it, by means of 
a vertical impact, an initial velocity in its position of static equilibrium. 
Then at the initial moment we have 

(a:),_o = 0 (®)(=o = Xo (g) 

^ It is seen that the period of vibration of the suspended weight is the same as 
that of a mathematical pendulum, the length of which is equal to the static elonga- 
tion produced in the spring by the action of the weight W. 
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Substituting the first of these conditions in Eq. (41) and the second in 
Eq. (e), we find Ci = 0 and = ia/p, and Eq. (41) becomes 


Xo 


sin pt 


(41b) 


The displacement-time, velocity-time, and acceleration-time curves for 
this case are shown in Fig. 213. This is still a simple harmonic motion. 
It is seen that the vibration has the 
.same period t = Str/p as before, and 
we observe that the period of vibration 
does not depend upon either initial 
displacement or initial velocity but 
only on the spring constant k and the 
■weight W. Only the amplitude is 
altered, being in this case equal toxo/p. 

In a more general case we may start 
vibration of the weight by displacing 
it from its equilibrium position by an 
amount xo and then giving to it in this 
displaced position some initial velocity 
xii In this case we have at the initial 
moment 

(x)(=.o = Xo i±)i^o = i-o (h) 
and the general solution (41) becomes 



FIG. 213 


X = Xo cos pt -f- 


— sin pt 
V 


(41c) 


In order to get the displacement-time diagram for this case, we need 
only to sum up the ordinates of the displacement-time diagrams for the 
two preceding cases. The result of this summation again is a simple 
harmonic motion. 

To find the amplitude in this general case, we proceed as follows: 
In Fig. 214, we lay out from the origin 0 a vector OB = xo and making 
the angle pt -with the x axis. Then the projection of this vector on the 
X axis represents the first term in Eq. (41c). Now from B, we lay out 
at right angles to OB the vector BC = Xo/p. Then the projection of 
BC on the x axis represents the second term in Eq. (41c), as can be 
seen from the figure. Since the sum of the projections of OB and BC 
on the X axis is the same as the projection of their resultant 0^, we 
conclude that Eq. (41c) can be written in the equivalent form 


X = A cos pt' 


(41d) 
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where A is the amplitude of vibration and t' is a new time variable 
measured from the instant when the vibrating mass first reaehes an 

extreme position after being released, i.e., 
when the rotating vector OC coincides with 
the X axis. From the right triangle OBC 
in Fig. 214, we see that the amplitude of 
vibration in the geiiSral case is given by 
the formula 

^ (ly (44) 

From this discussion, we conclude that in 
the general case where the particle has 
both initial displacement Xo and initial 
velocity .to, the ensuing motion is the same as if we were to give the 
particle an initial displacement A as given by formula (44) and no initial 
velocity. 

EXAMPLES 

1. A weight W when attached to the end of a rubber band prod\ices in it 
a static elongation S„ = 6 in. as shown in Fig. 215. If the weight is raised 
until the tension in the band is zero and then released without initial velocity, 
what maximum elongation will be produced in the band due to this sudden 
application of load and with what frequency will the suspended weight W 
oscillate? 

Solution. Taking the position of static equilibrium 
of the suspended weight as the origin and considering 
downward displacement as positive, we conclude tliat 
at the moment of release the weight has the initial 
displacement 

Ko = — 5„ (i) 

and that the initial velocity i.s zero. Hence from Eq. 

(41a) the displacement from the position of static 
equilibrium at any instant t is 

a: = — cos pt (j) 

When the angle pt = tt, cos pi = —1 and the displacement x has its maximum 
positive value 

•Tmax ~ (k) 

Comparing expressions (i) and (k), we conclude that the total elongation 
produced in the band by the sudden application of the load W is just twice 
that produced by the same load when gradually applied. 




r 


A starting 
' position 




Equilibrium 

position 


FIG. 215 
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From Eq. (43) the frequency of vibration ii? 




1.4 osoillations/sec 


2. A ship floats witli an average depth of immersion equal to h, and the 
area of the water line section is A (Fig. 216). Neglecting friction and the 
inertia of any water that may be set in motion, 
prove that, if the ship is displaced downward 
slightly from its floating position and then 
released, it will oscillate up and down with a 
.simple harmonic motion. Find also the period 
T of this oscillation. 

Solution. Denoting the weight per unit 
volume of water by w, we conclude that the 
w eight of the .ship is Ahw, since it displaces its fig. 216 

own weight in water. 

Considering now any small vertical displacement x of the ship as shown, 
the increase in buoyancy is erddently Axw, and since for a downward displace- 
ment .T this unbalanced force is upward, the differential equation of motion 




FIG. 217 


[Eq. (34)1 becomes 

which reduces to 


Ahw 

X 

9 


—Axw 


it + rXi — 0 

h 


(1) 


Comparing Eq. (1) with Eq. (40), we conclude that in this 
case the constant factor g/h corresponds to in the general 
equation and hence the ship oscillates with a simple har- 
monic motion, the period of which is 



Owing to neglecting the inertia of the water, however, this 
result is not in very good agreement with experiments. 

3. A -small ball of weight IF is attached to the middle of a tightly stretched 
perfectly flexible wire AB of length 21 (Fig. 217). Prove that for small lateral 
displacements and high initial tension in the wire the ball will have a simple 
harmonic motion, and calculate the period. 

Solution. If the wire is initially subjected to a high tensile force S, then 
any small change in this tension due to lateral displacement of the ball can be 
neglected. When the ball has any small displacement x as shown in the 
figure, the wires will be inclined slightly to the vertical and together will give 
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an unbalance(i horizontal reaction on the ball which will be 


Then Eq. (34) becomes 


or 

Again we see that this is the equation of simple liarinonic motion where the 
constant factor 2&g/Wl corresponds to p’ in Eq. (40). We have then for the 
period of vibration. 



We see that for a given ball and wire the period is inversely proportional to 
the square root of the tension to which the wire is subjected. Thus within 

limits the period of vibration can be 
adjusted to any desired time by a 
suitable device for changing the ten- 
sion in the wire. 

4. A prismatic bar AB of weight W 
is placed horizontally on the top 
edges of two identical disks which 
rotate with equal angular speeds in 
opposite directions (Fig, 218). Show that, if the center of gravity C of the bai- 
ls displaced from the middle plane Om and then the bar is released, it will per- 
form simple harmonic motion, the period of which depends on the distance 
a and the coefScient of kinetic friction p (assumed constant) between the bar 
and the disks. 

Solution. We take the origin 0 of coordinates midway between the disks 
and the x axis positive to the right along the line of motion of the bar. The 
forces acting on the bar for any displacement x of its center of gravityfrom the 
middle plane are shown in the figure. From statics we find the vertical reac- 
tions Ri and ij j to be 

Ri = ^ (a — x) = ~(a + x) 

The corresponding friction forces acting parallel to the axis of the bar will be 
Ri ~ /xRi R s = fiRi 
Then the differential equation of motion becomes 



X = ~2Sr 


= -2Sj 

g I 

X -I- = 0 


(m) 


— ai = —Fi -f Fi 
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and since, for the position of the bar shown in the figure, Fi > Fi, we see that 
there is an unbalanced force acting on the bar tending to return it to its middle 
position. Substituting the values of F^ and Fi, we obtain 

W tiW 

— a: X 

Q a 

or X -\r ^ X = Q 

a 


This is the equation of simple harmonic motion where iig/ a = p'^ and we find 
the period to be 


T 




This device can be used for experimentally determining the coefficient of 
kinetic friction. Solving the above equation for p gives 




4ir^a 


(n) 


which can be used for calculating the coefficient of friction if the period r is 
observed by direct test. 


PROBLEM SET 6.6 

1 . A 10-lb weight is suspended by a helical spring having a constant 
k = 5 Ib/in. Neglecting the mass of the spring, find the period t for small 
amplitudes of vertical vibration. Ans. r = 0.452 sec. 

2. If 10-lb tension produces an elongation of 1 in. in a given spring, find 
the frequency of vibration of a 1-lb weight suspended from the end of the 
spring. Ans. f = 9.90 sec“h 

3. A 7-lb weight produces a static elongation of 1.2 in. in a given spring. 
Determine the period of vibration of a weight 17 = jq lb suspended by the 
same spring. Ans. r = 0.418 sec. 

4. A 10-lb weight suspended vertically by a spring vibrates with an ampli- 
tude of 3 in. and a frequency of 60 oscillations/min. Find (a) the spring 
constant k, (b) the maximum tension induced in the spring, and (c) the 
maximum velocity of the weight. Ans. fc = 1.02 Ib/in.; (Sm.T = 13.06 lb; 

= 67r ips. 

5. The body of a freight car weighs 50,000 lb when empty and is observed 
to settle 3 in, during the loading of 60,000 lb of cargo. What period of vertical 
vibration will the ear have on its springs: 

(a) when loaded; (i>) when empty? Ans. 

Ti = 0.75 sec; ra = 0.505 sec. 

6. The tw'o springs shown in Fig. A each 
have a spring constant k = 1 Ib/in., and the 
attached ball has the weight W = lib. If 



FIG. A 
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the ball is initially displaced 1 in. to the right, find the period of oscillation 
of the ball and the velocity with which it passe.s through its middle position. 
Neglect friction. Ans. r = 0.226 = 27.8 ips. 

7. How will tire results of Prob. 6 be changed if there is an initial 5 Ih- 
tension in eaclr spring? 

8. A small pan suspended from a helical spring as shown in Fig. B when 
empty has an observed period of vibration tb. When carrying a known 

weight P, the observed period of vibi-ation i.s rj, and when 
carrying an unknown weight W (without P), the observed 
period is ro. Find the magnitude of the weight W. Ans. 
W = P(r; - To)/(ri — To). 

9. If in the c.ase of the arrangement shown in Fig. B tlie 
observed period of vibration with a known weight P on the 
pan is Ti and the observed period of vibration with a known 
weight Q on the pan is to, find the spring constant k. 
Ans. h = 4rr''(P — 0)/g(Ti - rf). 

10. A flat wood bar is placed on rotating steel disks as 
discussed in Example 4 and is observed to oscillate with a 

frequency of 40 oscillations/min. Find the coefficient of kinetic friction 
between the wood and steel if the distance a = 10 in. Ans. p = 0.45. 

11. To keep the bar in Prob. 10 from falling to one side, the rims of the 
disks are grooved as shown in Fig. C. How will the period of oscillation of 
the bar be affected by such grooves? Arrs. r = 27r -s/a sin a/gg. 

I 


FIG. C HG. D 

12. A solid right circular cylinder of weight IF = 10 lb and cross-sectional 
area A = 18 in.’ is suspended by a spring of constant ?c = 1 Ib/in. and hangs 
partially submerged in water (w = 62.4 Ib/ft*) as shown in Pig. D. Calculate 
the period t for small vertical oscillations. Neglect inertia of the water. 
Ans. T — 0.786 sec. 

6.7. D’Alembert’s principle. The differential equation of recti- 
linear motion of a particle [Eq. (34)] can be written in the form 

X — mx — 0 (a) 

in which X denotes the resultant, in the direction of the a; axis, of all 
applied forces and m, the mass of the particle. We see at once that 
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this equation of motion of a particle is of the same form as an equation 
of static equilibrium and may be considered a.s an equation of dynamic 
equilihrium. In order to write this equation, we need only to consider, 
in addition to the real forec.s acting on the particle, a fictitious force 
— m.r. This force, equal to the product of the mass of the particle and 
its acceleration and directed oppositely to the acceleration, is called 
the inertia force of the particle. 

In the ca.se of a rigid body har'ing rectilineal' translation along the 
X axis, all particles have the same acceleration and hence the resultant 
of I heir inertia forces is 



where W i.s the total weight of the body. Further, since the inertia 
forces of the particles are proportional to their gravity force.s, this 
resultant inertia force has for its point of application the center of 
gravity of the body. Thus, for the rectilinear translation of a rigid 
body we obtain the following equation of dyiiamic equilibrium: 




(45) 


Let us consider, now, any .sji^stem of particles connected between 
themselves and so constrained that each particle can have only a recti- 
linear motion. As an e.vamplc of such a system, we 
take the case of two weights IFi and ILj, attached to 
the ends of a flexible but inextensible string over- 
hanging a pulley as shown in Fig. 219. We a.ssume 
that the inertia of the pulley and friction on its axle 
are negligible. Assuming motion of the sj'stem in 
the direction shoAvii by the arrow on the pulley, we 
obtain upward acceleration x of the weight IFa and 
downward acceleration x of the weight IFi. The 
coiTe.spouding inertia forces act as shown in the fig- 
ure. By adding these inertia forces to the real 
forces (such as Wi and IFs and the string reactions S), we obtain, 
for each particle, a system of forces in eciuilibrium. Hence, wc 
conclude that the entire system of forces is in equilibrium. There- 
fore, instead of writing a separate equation of equilibrium for each 
particle, we can write one equation of equilibrium for the entire system. 
This may be done either by equating to zero the algebraic sum of 
moments of all forces (including inertia forces) with respect to the axis 



FIG. 219 
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of the pulley or by using the principle of virtual work (see page 218). 
In either case we need not consider the internal forces S of the system 
and obtain directly 


from which 


W2 + = Wi — miX 

.. Wi - W2 

* IFi + If 2 ^ 


(c) 


The foregoing procedure may be used in more complicated systems, 
and instead of writing as many equations of motion as there are par- 
ticles, we need to write only one equation of dynamic equilibrium, 
assuming, of course, that we are dealing with a system having one 
degree of freedom. In this way, we avoid consideration of all internal 
forces as well as reactions exerted by ideal constraints and a substantial 
simplification is realized. 

D’Alembert was the first to point out that equations of motion could 
be written as equilibrium equations simply by introducing inertia 
forces in addition to the real forces acting on a system. This idea is 
known as D’Alemhert’s principle and is very useful in the solution of 
engineering problems of dynamics. Particularly when used in con- 
^ junction with the method of virtual work, it represents one 
jg of the most powerful methods of attack available. 


pr-Un EXAMPLES 

:A. iiJ 1. By means of a rope, a body of weight W is moved vertically 
upward with a constant acceleration a. Find the tensile force in 
^ the rope. 

Solution. The free-body diagram for the body is represented in 
■Ka Fig. 220. In order to apply Eq. (45), we must consider, besides 
^ the forces W and S, representing, respectively, the gravity force 
and the reaction exerted by the rope, the inertia force of magni- 
tude iW/g)a and oppositely directed to the acceleration as shown in the figure. 
All together then we have a system of forces in equilibrium. Taking the x 
axis vertical and positive upward, Eq. (45) becomes 


-S - IT - 



0 


from which we find for the tensile force in the rope 

*-«'(i + |) 


w 


It is seen from Eq. (d) that the tension in the rope depends not only upon the 
weight W of the body but also upon the acceleration a which is given to it. 
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By giving a great acceleration we can produce in the n. (j), together with 

times greater than the weight W. We are all familiar witti 

of breaking a string to which a smalt weight is attached, simply 

string a quick jerk. (k) 

Equation (d) can also be used in the case of deceleration of the Wl 
ply by changing the sign of a. In this case the tensile force becomes le., 
the weight of the body and we see that when the body is freely falling, tha 
when a — —g, the tension S becomes zero. 

2. A mathematical pendulum of length I and weight W is supported from 
the ceiling of an elevator (Pig. 221). How will its period of oscillation for 
small amplitudes be affected by a constant upward or 
downward acceleration a of the elevator? 

Solution. Let us consider upward acceleration of 
the elevator as positive. Then the inertia force 
— (W/g)a of the pendulum bob will add to the gravity 
force, and we have in effect an increase in the weight 
of the pendulum without any increase in its mass. 

Considering now a small displacement of the pendu- 
lum from its vertical position of equilibrium and treat- 
ing the circular arc of radius I along which the weight 
W moves as coincident with the x axis, the projection 
of all forces, including the inertia force — (IP/g)5, 
onto the x axis gives the equation of dynamic equilibrium 



FIG. 221 


w 

— ® — 5 sin S = 0 
Q 


(e) 


Projecting all forces on the direction of the string and remembering that 6 is a 
small angle, we find 

S = ^ a) cos 6 ^ W 

Substituting this value of 5 into Eq. (e) together with the approximation 
sin 9 ~ x/l gives 

x + °-^x = 0 (f) 


where (g -h a) /I corresponds to in Eq. (40) page 280 and we have 

2ir „ l~T~ 

^ P ~ ^\g + a 

We see that when 0 = 0 and the elevator is at rest or in uniform motion, 
Eq. (g) gives for the period of the pendulum t = 2t -s/T/g. In general, 
Eq. (g) shows that upward acceleration of the elevator decreases the period 
of the pendulum while downward acceleration increases its period, When 
“ = — 9. that is, when the elevator is freely falling, the period of the pendulum 
is infinite. From this we conclude that, when the elevator is freely falling. 
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of the pulley or by 
In either ease wp- « 


and obtain dir ^ 

'' Ct! 


from whj'' 
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yJ 

S‘ 52. 

S 3 


era 

eg' 


o 

0 

B 

Eo 

13 


placed position in which it may be put and 
short, the inertia force of a freely falling 
sactly balances the gravity force. 

'times this fact must be considered in the 
of elevator cages. To prevent a catastrophe 
■ of failure of the cable, a special toggle 
(Fig. 222) is sometimes used to brake the 
the free cage. To begin to act, the levers 
md to come into horizontal positions so that 
nds will contact the sides of the shaft. It 
a mistake to use counterweights A and B for 
g the levers into action, since, as was ex- 
above, during a free fall of the cage such 

^‘weights will not act. To get the desired 

action, springs TT ancT ■HT mustlre used. 

Find the ina.ximuin acceleration along a level road that the rear-wheel- 
drive automobile shown in Fig. 223 can attain if the coefficient of friction 
between tires and pavement is ju.. 

Solution. It is evident that the moving force F is represented by the 
friction developed between the rear wheels and the pavement. Since the 
maximum force that can bo developed here depends upon the normal pres- 
sure, let us first find the reactions R/ and Rr at the front and rear wheels, 
respectively. When the car Is at rest, these reactions are found by two 
moment equations of static equilib- 
rium, as follows; 


W 


b + c 


Rr=W 


b -b c 


(h) 





FIG. 223 


When the car is in motion with accel- 
eration a, we add the inertia force — {Wlg)a applied at the center of gravity of 
the car. Then writing two moment equations of dynamic equilibrium, we 
find the reactions to be 


Rf = W 


h 

6 -i- c 


W ah 
g b + c 


Rr = W 


6 + 


■ + 


W ah, 
g b + c 


(i) 


Comparing Eqs. (h) with Eqs. (i), we see that owing to the acceleration of the 
car the reaction on the front wheels is decreased and that on the rear wheels 
increased, both by the same amount. From the fact that a large driving 
force F is dependent upon having a large reaction on the rear wheels, we con- 
clude that a rear-w'heel drive is more efficient than a front-wheel drive. By 
the same reasoning, front-wheel brakes will be more efficient than rear-wheel 
brakes. 

Projecting all forces onto the horizontal and using Eq. (45), we obtain 


F = 


W 
— a 


Ij) 
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When slipping impends F = (iRr- Using this value in Eq. (j), together with 
the value of Rr from Eqs. (i) above, we obtain 


_ 

6 4- c — fill 


(k) 


PROBLEM SET 6.7 

1. Two weights P and Q are conneeted by the nrr.angement shown in 
Fig. A. Neglecting friction and the inertia of the pulleys and cord, find the 
acceleration a of the weight Q. Assume that P = 40 lb and Q = SQ lb. 
Ans. a — 8.05 ft/sec-. 

h-2c— >j 


FIG. A FIG. B 

2. A block of weight IF, height 2A, and width 2c rests on a flat oar which 
moves horizontally with constant acceleration a (Fig. B). Determine (a) 
the value of the acceleration a at which slipping of the block on the oar will 
impend if the coefficient of friction is n and (i) the value of the acceleration 
at which tipping of the block about the edge A will impend, assuming sufficient 
friction to prevent slipping. Ans. tti = fig] 02 = cg/h. 

3. Assuming the car in Fig. B to have a velocity of 20 fps, find the shortest 
distance s in which it can be stopped with constant deceleration without 
disturbing the block. The following data are given: 
fl = 2 ft, A = 3 ft, = 0.5. A?!s. s = 12.4 ft. 

4. Neglecting friction and the inertia of the two-step 
pulley shown in Pig. C, find the acceleration a of the falling 
weight P. Assume P = 8 lb, Q = 12 lb, and rs = 2ri. 

Ans. a = 2g/ll. 

5. A mathematical pendulum hanging from the ceiling 
of a railway oar inclines to the vertical by an angle a during 
starting of the train. What is the corresponding acceler- 
ation of the train? Ans. a = g tan a. 

6. A spring-suspended mass hangs from the ceiling of an 
elevator cage. How will its natural period of free vertical vibration be 
affected by acceleration of the cage? 

7. A homogeneous sphere of radius r and weight W slides along the floor 
under the action of a constant horizontal force P applied to a string, as shown 
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in Fig. D. Determine the height h during this motion if the coefficient 
of friction between sphere and floor is ix. Ans. h = j'(1 — pIF/P). 




FIG. D 


FIG. E 


Assuming that a car of dimensions shown in Pig. E has sufficient power 
and that there is sufficient friction, find the maximum acceleration that it 
would be able to develop without tipping over backward. Ans. a = bg/h, 
9. Two blocks of weights P and Q are connected by a flexible but ine.x- 
tensible cord and supported as shown in Fig. F. If the coefficient .of friction 
between the block P and the hori 2 ontal surface is p and all other friction is 
negligible, find (a) the acceleration of the system and (6) the tensile force S in 
the cord. The following numerical data are given: P = 12 lb, Q = 6 lb, 
p = i. Ans. a = 3.68 ft/sec“; S = 5.33 Ih. 



FIG. F 


FIG. G 


10. Two blocks A and B under the action of gravity slide down the inclined 
plane CD that makes with the horizontal the angle a — 30° (Fig. G). If the 
weights of the blocks are TF^ = 10 Ib and Wi, = 20 lb and the coefficients 
of friction betrveen them and the inclined plane are = O.IS and pt = 0.30, 
find the pressure P existing between the blocks during the motion. Ans. 



P = 0.87 lb. 

11. Neglecting friction and the inertia of the two pul- 
leys in Fig. H find the acceleration o of tlie weight Q, 
assuming thatP = Q. Am, a = 2g/5. 



FIG. H 


FIG. I 
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12. Find the tension S in the string during motion of the system shown in 
Fig. I if TF, = 200 lb, IF. = 100 lb. The system is in a vertical plane, and 
the coetScient of friction between the inclined plane and the block Wi is 
fi = 0.2. Assume the pulleys to be without mass. Ams. 3 = 57 lb. 

13. A rectangular block of weight Q = 200 lb rests on a flatcar of weight 
P = 100 lb whicli may roll along the horizontal plane AB without friction 
(Fig. J). The car and block together are to be accelerated y/y/y///////, 
by the weight TF arranged as shown in the figure. Assuming 
that there is sufficient friction between the block and the oar 
to prevent sliding, find the maximum value of the weight TF 
by which the our can be accelerated. What will this 
acceleration be? Ans. TF„,„ = 1001b; a = 8.05 ft/sec^. 





FIG. K 


*14. A .system of wciglits and pulleys is arranged in a vertical plane as 
shown in Fig. K. Neglecting friction and the inertia of the pulleys, find the 
acceleration of each weight if their magnitudes are in the ratio Wa : TFi : TFj = 
3:2:1. Ans. Xa = g/17; ^t, = 5g/17;xc = — 7p/17. 


6.8. INIomentum and impulse. The differential equation of recti- 
linear motion of a particle may be written in the form 

TF^ = w 
g dt 

or d ^ ^ X dt (a) 

( In our further discussion, we shall assume 
that the force X is known as a function of 
FIG. 224 time and is given by a force-time diagram 

as shown in Fig. 224. The right side of 
Eq. (a) then is represented by the area of the shaded elemental strip of 
height X and width dt in the force-time diagram. This quantity is 
called the irnpidse of the force X in the time dt. The expression (W/g).i 
on the left side of Eq. (a) is called the momentum of the particle. Thus 
Ef). (a) states that the differential change in momentum of the particle 
during the element of time dt is equal to the impulse of the acting force 
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during the same time. We see that botli impulse and momentum have 
the dimension force X time. They are usually expressed in units of 
pound-second.s (lb-sec). 

Integrating Eq. (a), we obtain 

— x + C^ j Xdt (b) 

g Jo 

in which the constant of integration C can be evaluated from the 
initial condition of the motion. Assuming that at the initial moment, 
i = 0, the particle has the velocity ±o directed along the x axis, we find 
from Eq. (b) that 

^ W . 

<7 = xo 

g 

and the equation becomes 

— -r-— ia= f‘xdi (46) 

g 9 Jo 

Thus the total change in momentum of a particle during a finite inter- 
val of time is equal to the impulse of the acting force during the same 
interval, We see that this impulse is represented by the area OBCD of 
the force-time diagram (Fig. 224). 



The equation of momentum and impulse is particularly useful when 
we are dealing with a system of particles, since in such case calcula- 
tion of the impulse can often be eliminated. As a specific e.xample, let 
us consider the case of a gun and shell as shown in Fig. 225, which may 
be considered as a system of two particles. During the extremely 
short interval of explosion, the forces F acting on the shell and gun and 
representing the gas pressure in the barrel are varying in an unknown 
manner and a calculation of the impulses of these forces would be 
extremely difficult. However, the relation between the velocity of the 
shell and the velocity of recoil of the gun can be obtained without cal- 
culation of the impulse. Since the forces F are in the nature of action 
and reaction betw^een the shell and gun, they must at all times be equal 
and opposite, and hence their impulses for the interval of explosion are 
equal and opposite, since the forces act exactly the same time t. Thus 
if Wi and TFj are the weights of the shell and gun, respectively, we find, 
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as.suming the initial velocities to be zero and neglecting all extitacks 
forces, that 


Th 

g 


r”'-/"-" T--/- 


■■ter 


Then for the entire system 


from which we obtain 


Wi W2 

— i>i = — ('2 

g 9 

Bl _ W2 
^2~Wl 


We see that the velocities of the shell and gun after discharge are in 
opposite directions and inversely proportional to the corresponding 
weights. 

We obtain a great simplification in the above example owing to the 
fact that no e.xternal forces act on the system but only internal forces in 
the nature of action and reaction. Internal forces in a system of par- 
ticles always appear as pairs of equal and opposite forces and need not 
be considered when applying the equation of momentum and impulse. 
Thus we may state that, in the case of any system of particles to which 
no external forces are applied, the momentum of the system remains 
unchanged, since the total impulse is zero. This is sometimes called 
the principle of conservation of motnenlum. 


_ 0 _ 


EXAMPLES 

flat car can roll without resistance along a horizontal track as shown 
in Fig. 226. Initially, the car together with 
a man of weight w is moving to the right 
with speed vo. What increment of velocity 
Av will the car obtain if the man runs with 
speed u relative to the floor of the car and 
jumps off at the left? 

Solution. Considering velocities to the right as positive, the initial momen- 
tum of the system is 

W + w 


TTTTTTTPtTTTPTTTTTTTtVTTS. 


^77777777777/. 
FIG. 226 


V77777777. 


Wo 


Likewise, the final momentum of the car is 

W 

— (ao + All) 


(c) 


(d) 


(tio -h A« — «) 


(e) 


while that of the man is 
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rrces act on the system, the law of conservation of momeii- 


U y) W W 

— Ho = — (wo + Av) + - («o + Aw — n) 


T7 Aw — wu 4- w A« = 0 
^,««B«fifcrement of velocity given to the car 


We note that this increase in the velocity of the car is independent of the initial 
velocity t'o of the system. 

2. Assuming that the car in Pig. 226 is initially at rest and holds n men, 
each of weight w, pi'ove that, if the men run with relative velocity m and 
jump in succession, they can impart to the ear a greater velocity than if 
they all run and jump simultaneously. 

Proof. When the men run together, the effect is the same as for one man of 
weight nw. Hence, by Eq. (f) of Example 2, we have for the total velocity 
imparted to the oar in this case 

nwu , . 

“ iP H- nw 

When the men run and jump in succession, we again use Eq. (f) above and 
write 

t*n 

X V)U V 

Tj/ --;— T ■ (h) 

W + ixv 


Since there are n terms in this series, each of which is as great as or greater 
than wu/{W + nw), we conclude that wj > 


PROBLEM SET 6.8 

1. A man of weight W holds one end of a rope that passes over a frictionless 
pulley above his head and carries an inert weight W at its other end. Thus 

when the man puts his full weight on the rope, 
he will be just balanced by the weight at the 
other end. Discuss what will happen if the 
man tries to climb upward along the rope. 

2. A man weighing 160 lb stands in a boat 
so that he is 15 ft from a pier on the shore 
FIG. A (Pig- A). He walks 8 ft in the boat toward 

the pier and then stops. How far from the 
pier will he be at the end of this time? The boat weighs 200 lb, and there is 
assumed to be no friction between it and the water. Ans. 10|- ft. 
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3. A locoraotive weighing 60 tons has a velocity of 10 mph and backs 
into a freight car weighing 10 tons that is at rest on a level track. After 
coupling is made, with what velocitj' v will the entire system continue to 
move? Neglect all friction. Ans. « = 8.57 mph. 

4. A 150-lb man sits in a 75-lb canoe and fires a 1-oz rifle bullet hori- 
zontally directly over the bow of the canoe. Neglecting friction of the water, 
find the velocity v with which the canoe will move after the shot if the rifle 
has a muzzle velocity of 2,200 fps. Ans. v = 0.611 fps. 

5. A wood block weighing 5 Ib rests on a smooth horizontal surface. A 
revolver bullet weighing 1 oz is shot horizontally into the side of the block. 
If the block attains a velocity of 10 fps what was the muzzle velocity v of 
the bullet? A?!S. i> = 1,610 fps. 

6. Five men lined up at one end of a floating raft, initially at rest, run in 
sueces.sion with velocity u = 10 fps. relative to the raft and dive off at the 
far end. Neglecting resistance of the water to horizontal motion of the raft, 
find its velocity after the last man dives. Each man weighs 170 lb, and the 
raft weighs 1,000 lb. Ans. v = 5.78 fps. 

6.9. Work and energy. Writing the differential equation of 
rectilinear motion of a particle in the form 


_ Y 
g dt ~ 

and multiplying both sides by dx, we obtain 

W dx j 

— -yr dx = X dx 
0 dt 


or 


d 


{W^\ _ 

\9 


X dx 


(a) 


X 


Assuming in our further discussion that the force X is known as a 
function of the displacement x of the particle as represented by the 
force-displacement diagram in Fig. 227, we 
see that the right side of Eq. (a) is repre- 
sented by the area of the elemental strip of 
height X and width dx of this diagram. 

This quantity represents the work done by 
the force X on the infinitesimal displace- 
ment dx, and the expression in the paren- 
theses on the left side of Eq. (a) is called the 
kinetic energy of the particle. Thus Eq. (a) 
states that the differential change in the 
kinetic energy of the moving particle is equal to the work done by the 
acting force on the corresponding infinitesimal displacement dx. We 
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see that both work and kinetic energy have the dimension of force 
times length. They are usually expressed in units of foot-pounds 
(ft-lb) or inch-pounds (in. -lb). 

Integrating Eq. (a), we find 

(b) 

in which the constant of integration C can be evaluated from the initial 
conditions of the motion. Assuming that, when the displacement 
X = Xa, the particle has the velocity x = xo and substituting these 
simultaneous conditions into Eq. (b), we find 


C = 

and the equation becomes 


Wx„ 


2 ^ 


Xdx 


Wx'‘_W^ 

g '2 g 2 


Xdx 


(47) 


We see at once that the definite integral on the right side of this equa- 
tion is represented by the area ABCD of the force-displacement dia- 
gram (Fig, 227), This is the total work of the force X on the finite 
displacement of the particle from xo to x. The work of a force is con- 
sidered positive if the force acts in the direction of the displacement and 
negative if it acts in the opposite direction. Analogous to Eq, (a), 
Eq. (47) states that the total change in kinetic energy of a particle 
during a displacement a: — lo is equal to the work of the acting force 
on this displacement. 

The equation of work and energy is especially useful in cases where 
the acting force is a function of displacement and where we are par- 
ticularly interested in the velocity of the particle as a function of dis- 
placement. Imagine, for example, that we desire the velocity with 
which a weight W falling from a height h strikes the ground. In this 
case the acting force X = W and the total work is Wh. Thus if the 
body starts from rest, the initial velocity io = 0 and Eq. (47) becomes 


— ~ = Wh 

g 2 


from which 


V = -v/2^ 


(c) 
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If the same body slides without friction along the inclined plane AB 
(Fig. 228), .starting from an elevation h above point B, we can again 
use the equation of work and energy to find the velocity that it will have 
at B. In tliis case only the com- 
ponent ir sin a of the gravity force 
doe.s work on the displacement; 
the component perpendicular to 
the inclined plane i.s at all times 
balanced by the reaction of the 
plane. In short, the resultant of 
all forces acting on the body is 
X = IF sin a in the direction of 
motion, and this force acts through the distance h/sin a. Hence its 
work is 

IF sin a -.A _ = Wh 

sin cc 

and Eq. (47) gives again 

. V = V2gh (d) 

Comparing Eq. (d) with Eq. (c), we see that this velocity is the same as 
that gained in a free fall through the height li. 

If the coefficient of friction between the block and the inclined piano 
in Fig. 228 is g, it wilt be necessary in using Eq. (47) to consider also 
the W'ork of friction. In such case, the resultant acting force in the 
direction of motion is 

X — W sin a — tiW cos a 

Then through the displacement /i/sin ct between A and E the work done 
is 

Wh — nWh cot a 

and Eq. (47) gives 

V — ■\/2gh{\ — fi cot a) (e) 

When a = ir/2, this expression agrees with Eq. (c) for a freely falling 
body, and when /i = 0, it agrees ndth Eq. (d). We note also that to 
obtain a real value for v from Eq. (e), we must have g < tan a, since 
otherwise the block does not slide. 

EXAMPLES 

1. For throwing a ball of weight W the device shown in Fig. 229a is used. 
If the spring has a constant k and is initially compressed an amount So, find the 
velocity with which the ball will leave the gun. Friction should be neglected. 
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Soluiion. Denoting by X the force e.xerted by the spring on the ball after 
release and during expansion of the spring, \ve have X = A'.r, where x i.s me.as- 
ured from the position of the ball corresponding to the unstressed length of the 
spring. The corresponding force-displacement diagram is shown in Fig. 2205. 
We see that the initial force on the ball when x = 6o is A'5o and that it decreases 



uniformly to zero when x = 0. The 
corresponding work of the force .Y is 
I'eprescnted by the area oab of the dia- 
gram and is kSa 5n/2 = kbl/2. Equa- 
tion (47) tlien becomes 

W^_kjl 

17 2 ~ 2 

from which 


As would be expected, this is the same result oht.ained in Art. 6.G for the 
maximum velocity of a weight Tl^ attached to a spi-ing of constant k and set 
in vibration by an initial displacement 5o. 

2, A weight W that can slide freely up and down a prismatic steel bar BC 
of lengtli I and cross-sectional area A is allowed a free fall through the dis- 
tance h (Fig. 230). Assuming the mass of the bar to be negligible compared 
with that of the falling weight, find the resulting 
dynamic elongation d of the b<ar. 

Solution. The weight starts from rest, 
travels a total distance h 5, and again comes 
to rest after having stretched the bar an amount 
5. Hence the net change in kinetic energy is 
zero, and we conclude from Eq. (47) that the 
net work of all forces acting through this dis- 
placement must also be zero. During the free 
part h of the fall the only acting force is the 
constant gravity force W, but during the latter 
part 5, while the bar is being stretched, we have, 
besides W, the reaction of the bar proportional 
to its elongation and opposing motion. Using 
the notation k = AE/l to represent the spring 
constant for the bar, this opposing force, which varies linearly from zero when 
X = ii to fcS when x = h + S, produces negative work represented by the area 
oab (Fig. 230) of the amount Equating to zero the total work of all 

forces, we obtain 

J.SS 

F(A -b 5) - ^ = 0 



(g) 
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which gives, for dotermining S, the following quadratic equation: 

_ Wh = 0 

.Solving Eq, (h) for 5, and using the notation Wjk = 5,,, we obtain 


2 ^ 


5 = 6,( ± S^t + 2/i5,( 


(h) 


(i) 


Only the plus sign of Eq. (i) should be used for calculating the maximum 
dynamical elong.ation of the bar. 

We note that even when h = 0, that is, when the weight IF is suddenly 
applied to the bar without initial velocity, the resulting deflection is twice 
that which the same weight produces when gradually applied. This is a 
conclusion previously reached in Example 1, page 284. 

3. Neglecting air re.sistanee, find the initial velocity Vo 
that would have to be given to a projectile at the surface 
of the earth to have it rise to an infinite height. 

Solution. Let us consider the projectile at any distance 
X from the center of the earth (Fig. 231). Neglecting air 
resistance, the only force acting on it is the gravitational 
attraction. This is inversely proportional to the square of 
the distance of the particle from the center of the eartli and 
can be represented by the equation 


X = -TF-; 


(i) 



FIG. 231 


This equation satisfies the known condition that, when x = r, the force 
X = — IF. For any height h of the projectile the work done b.y the acting 
force A' will be 


/; A' dx = -TFr» /; J = Wr^ [1]^ = TIV (1 - 1) 


(k) 


Setting I = CO , and equating change in kinetic energy to work, we obtain 


from which 


ff 2 


Vo 


V^gr 


( 1 ) 


This is sometimes called the velocity of escape. Taking r = 3,060 miles, we 
obtain ro = 6.95 mps. 

PROBLEM SET 6.9 

1. A block of weight IF is given an initial velocity «o along a rough hori- 
zontal plane and is brouglit to rest by friction in a distance x. Determine the 
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coefficient of friction, assuming that it ia independent of velocity. Ans. 
ti = vl/2gx. 

2. When a ball of weight W rests on a spring of constant k (Fig. A), it 
produces a static deflection of 1 in. How much will the same ball compress 
the spring if it is dropped from a height A = 1 ft? Neglect 
the mass of the siiring. Ans. 5 = 6 in. 

3. Determine the dynamical deflection S that will be 
produced at the center of a simply supported beam by 
allowing a 4,000-lb weight to drop onto it from a height of 
4 in. When graduallj^ applied, the same load pi’oduces a 
static deflection of 0.1 in. Neglect the mas,s of the beam. 
Ans. S = 1.00 in. 

4. An arrow weighing 0.0322 lb is shot from a 35-lb 
draw bow at full draw d = 16 in. As.smning a linear 

relation between draw and force, calculate the velocity v with which the 
arrow leaves the bow. Ans. t» = 216 fps. 

5. A gun weighing 150,000 lb fires a 1,000-lb projectile with a muzzle 
velocity of 3,600 fps. The gun is nested in spring.s having a total spring 
constant k = 150,000 Ib/in. Assuming that the explosion is over before 
the gun has a chance to move perceptibly, how far will it recoil after the 
explosion? Ans. 1.22 ft. 

6. A particle of mass m moves rectilinearly along the x axis under the 
action of a force X = kx, where k is a constant. Finrl the velocity v as a 
function of displacement x if the initial conditions of motion are Xo = 0 and 
xo = nn. Ans. v = Vuu + kx'^/m. 

7. The driver of an automobile moving with constant speed vo = 40 mpli 
along a straight level road steps on the accelerator so as to increase the power 
by 20 per cent. How far will the car travel befoie attaining a speed a = 50 
mph? Assume that the resistance to motion 
remains constant and equal to 5 per cent of 
the weight of the oar, Ans. x = 0.567 miles. 

8. A small block of weight IF = 10 lb is 
given an initial velocity Wo = 10 fps down 
the inclined plane shown in Fig. B. If the 
coefficient of friction between the plane and 
the block is ju = 0,3, find the velocity v of the 
block at B after it has traveled a distance 
X = 50 ft. Ans. V = 29.5 fps. 

9. Find the velocity of escape for a rocket fired fioin the surface of the moon. 
Assume that the moon has the same density as the earth and that its total 
mass is that of the earth. Ans. vo = 1.65 mps. 

6.10. Ideal systems: conservation of energy. The method of 
work and energy discussed in Art. 6.9 for a single particle can be 
extended to apply to a system of connected particles like that shown 




FIG. A 
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in Fig. 232. In so doing, we limit our attention to ideal systems with 
one degree of freedom.^ Thai is, we assume that the system has fric- 
tionless constraints and inextensible connections and that its configura- 
tion can be completely specified by one coordinate such as Xi in Fig. 
232. In this case, for e.xample, we assume a smooth inclined plane, 
frictionlcss bearings, ine.xtensible strings, and neglect entirely the 
rotational inertia of the pulleys. Then the system may be regarded 
.simply as three particles mi, m^, mz, each of which performs a rectilinear 
motion. Furthermore, from kinematics, the displacements and 
velocities of all three masses can be ex- 
pressed in terms of one variable, say the 
coordinate of the particle mi. 

We begin with a consideration of the 
kinetic energy of the system which is 
simply the sum of the kinetic energies of 
its several individual particles. Denoting 
the mass of each particle by m, and its 
velocity by j. and introducing the symbol 
T for total kinetic energy, we have 

2' = (a) 

During motion of the system, we consider an infinitesimal interval 
of time d( during which the system changes its configuration slightly 
and each particle suffers a displacement dx, along its line of motion. 
Then the various forces acting on and within the system produce work. 
Denoting by X, the resultant force on any particle ?n, and by dW the 
total increment of work of all forces during such displacement, we 
have 

dU = SXi dx, (b) 

Using Eq. (a) from Art. 6.9, page 299 for one particle and summing 
up for all particles in the system, we obtain 

Sd(|7n.i?) = XXrdXi 

which, with notations (a) and (b) above, may be written 

dT = dU (c) 

This equation states that the differential change in total kinetic energy 
of the syistem when it changes its configuration slightly is equal to the 
corresponding increment of work of all forces. 

Considering any two configurations of the system denoted by sub- 

* Suuh sy.stems are discussed at length in Chap. 5. 
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scripts A and B and integrating both sides of Eq. (c) between these 
limits, we obtain 



This is the equation of work and energy for a system of particles. It 
states that the total change in kinetic energy of the system when it 
moves from configuration A to configuration B is equal to the corre- 
sponding work of all forces acting upon it. In the case of an ideal sys- 
tem, the reactive forces will produce no work and the work of all 
internal forces which occur in equal and opposite pairs will cancel one 
another. Thus for such systems, only the work of active external 
forces need be considered on the right side of Eq. (48) and a substantial 
simplification is realized. 

Equation (48) can be written in another form by introducing the 
concept of potential energy. The potential energy of a system in any 
configuration A is defined as the work which will be done by the acting 
forces if the system moves from that configuration back to a certain 
base or reference configuration 0. Thus when the system is in con- 
figuration A or 15 its potential energy is 

7^ = f%lU or Vb = ffdU (d) 

To illustrate, we consider a single particle of 
weight w at the height Xa above a datum plane 0, 
as shown in Fig. 233. The potential energy Va in 
position A is defined as the work that the gravity 
force w will produce if the particle is allowed to fall 
to the datum plane. Cleai’ly this work is wxa. To 
obtain this result by using the definition (d), we 
consider the particle in any position x and note 
that X = —w. Then the increment of work during a small increase 
dx in the displacement is 

dV = —wdx 

Substituting this into the first of expressions (d), we obtain 

Va = — j ° W dx = W dx = WXa 
as anticipated above. 

If we have a system of particles of weights Wi, Mj, . . . , w„ at the 
elevations .ti, Xi, . . . , Xa above the chosen datum plane, the total 


Xq 


dx 


FIG. 233 
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potential energy of the system is 

T’ = Mi-ri + WiX 2 + • • • + WnXn = Wx, (e) 

where is the total weight of the system of particles and Xc is the 
elevation of their center of gravity. 

JReturning to Eq. (48J, we write it in the form 

T.-T. = jyu^ j^dU- j^^dU 

Then noting from expressions (d) that 

j’ '‘V - - J° iv = -r. 

)‘m-- jyu.-Y. 

we obtain 

Tb — Ta = —Vs + Va 

or Tb + Vb — Ta Va (49) 

Thus, as the system moves from one configuration to another, the total 
energy (kinetic + potential) remains constant. Kinetic energy may 
be transformed into potential energy, and vice versa, but the system as 
a whole can neither gain nor lose energy. This is the law of conserva- 
tion of cnergtj as it applies to a system of particles with ideal constraints. 
Such systems are sometimes called conservative systems. 


EXAMPLES 


1. If the system shown in Fig. 234, is released from rest in the configuration 
shown, first the velocity v of the block Q as a function of the distance x that 
it falls. 

Solution. Neglecting the rotational inertia of the 
pulleys and extensibility of the string, we have a 
system of two connected particles. When the block Q 
has X'clocity v, the pulley P has velocity v/2 and the 
total kinetic energy is 


2(7 +2^ V2/ + 



FIG. 234 


Since the system is released from rest, this also repre- 
sents the change in kinetic energy. Equating it to the corresponding work of 
the active forces P and Q, vre obtain the energy equation 
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from which 


lo Q --P/^ 


2. A flexible but inextensible chain of length I and weight wl is held on a 
smooth table with an initial overhang a as shown in Fig. 235. Calculate the 

velocity v with which the chain will leave the 
table if released. 

Solution. Neglecting friction between the 
links of the chain and between the chain and 
table, we obtain an ideal system to which the law 
of conservation of energy applies. In the initial 
configuration, the kinetic energj' is zei'o, and with 
the table top as a datum plane, the potential 
energy is ~wa(_a/2) [see expies.sion (e)]. In the 
final configuration (chain vertical and just leaving the table with velocity r), 
the kinetic energy is (wl/g)(v-/2) and the potential energy is —wlil/i). 
Hence Eq. (49) becomes 



wa- 

2 


wl 
9 2 


wl^ 

2 


which gives 




3. A glass U tube having a uniform bore of cross-sectional area A is open 
at both ends and contains a column of liquid of total length I and specific 
weight w as shown in Fig. 236. Using the law of con- 
servation of energy, find the period r of free oscillations 
after being disturbed from the equilibrium position as 
shown in the figure. Neglect friction between the fluid o 
and the walls of the tube. 

Solution. When the liquid is in equilibrium, the free 
surfaces in the two branches of the tube will be at the 
same level 00, and we take this as our reference con- 
figuration. Then during oscillations, we consider any 
other configuration as defined bv the displacements x of 
the tw'o free surfaces above and below the level 00. In 
any such configuration, all particles of the liquid are moving with the same 
velocity i and the total kinetic energy of the system is 


f — H-O 


FIG. 236 


T = 


wAl 


(f) 


To obtain the potential energy, we must calculate the work that will be done 
as the liquid column is returned to the datum or middle position. In doing 
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this, only the grai’it}' foiees acting on the liquid particles need be considered 
since v. e have an ideal system. Since the work done by the weight of the 
liquid in returning to the middle position is equivalent to lowering the portion 
above 00 in the left-hand branch of the tube through a vertical distance x to 
fill the cnrre&ponding void in the right-hand branch of the tube, we have 

V = wAx^ (ff) 


During motion, the total energy of the system (kinetic 4- potential) must 
remain constant. Hence the energy equation becomes 

uiAl i' , , , ^ 

— -K- -1- wAx^ = a, 

9 ^ 


To evaluate the constant Ci, wc assume that at the initial moment t = 0, 
we have .r = a and x = 0. .Substituting these values in the energy equation, 
we find Cl = ivAa^. Thus, the complete equation becomes 

^ -h leAx^ = wAa'^ 

9 ^ 

which reduces to 

^ = ^Jf fli) 

Introducing the notation p = y/2(j/l, Eq. (h) may be written in the form 

: 


Then sep-irating variables, we have 

dx 


= pdt 


and integrating this, we obtain 

arcsin - = pt -f Cz (i) 

From the initial condition x — a when f = 0, we find Ci = v/2 and Eq. (i) 
becomes 


or more simply 


£ 


a sin 



£ = o cos pt 

We see now that the motion is simple hai-monic and that its period is 



(i) 
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Thus the liquid column oscillates with the same period as a simple pendulum 
of half its length. The energy method illustiated by this example is some- 
times verjf useful in dealing with free vibrations of systems such as were 
discussed in Art. 6.6. 

PROBLEM SET 6.10 

1. For the ideal system shown in Fig. A, the weight TFi hangs at the height 
Xi= h above the floor in the equilibrium configuration. Calculate the 
potential energy of the system with reference to this configuration if Ti^, ig 
pulled down to the floor (xi = 0). Neglect the mas.s of 
tire Sluing and cord and rotational inertia of the pulleys. 
The following numerical data are given : IFi =1^2 = 101b, 
k = 2 Ib/in., A = 4 in. Ans. F = 4 in.-lb. 

2. If the system in Fig. A is released from rest in the 
configuration defined by X\ — 0, what maximum height 
above the floor will the block TFi attain after release? 
Ans. = 8 in. 

*3. Calculate tire period of free vilrration of the system 
in Fig. A if the weight TFi performs small oscillations 
= a cos pi about its position of equilibrium. Use 
FIG. A the same numerical data as in Probs. 1 and 2. Ans. 

T = 1.60 sec. 

4. A V tube having a uniform bore of cross-scotional area A stands with 
its two branches inclined to the vertical by equal angles a as shown in Fig. B. 
Calculate the period of oscillation of a column of liquid of total length I and 
specific weight w if initially displaced from its equilibrium position in the tube 
as shown in the figure. Ans. r — 2 t \/ {I see ci}/2g. 


FIG. B FIG. C 

5. If the system in Fig. C is released from rest in the configuration shown, 
find the velocity v of the falling weight P as a function of its displacement x. 
Neglect friction and inertia of the pulley and assume the following numerical 
data: P = Q = 10 lb, ri = 4 in., r 2 = 6 in., x = 10 ft. Ans. v = 12.2 fps. 

6. The two blocks in Fig. D have weights P = 10 lb, (3 = 5 lb, and the 
coefficient of friction between the block P and the horizontal plane is p = 0.25. 
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If the system is released from rest and the hlock Q falls a vertical distance 
h = 2 ft, what velocity v will it .acquire? Neglect friction in the pulley .and 
e.vtensibility of the string. Arts, v = 4.64 fps. 


FIG. D fig. E 

7. If the system in Fig. E is released from rest in the configuration shown, 
find the velocity v of the hlock Q after it falls a distance A = 10 ft. Neglect 
friction and inertia of the [nilleys and assume that P = Q = 10 Ib. Ans. 
V = 10.05 fps. 

8. A lengtli I of smooth straight pipe held with its axis inclined to the 
horizontal bj- an angle of 30° contains a flexible chain also of length 1. Neglect- 
ing friction and assuming tliat, after release, the chain falls vertically as it 
emerges from the open end of the pipe, find the velocity e with which it 
lerives the pipe. Ahs. v = \/3p(/2. 

9. If the Ry,stem in Fig. F is released from rest in the configuration shown by 
solid lines, find the maximum distance h th.at the weight P will fall. Neglect 
friction and [issume that the pulleys A and B are very 
.small. Ans. h = 4PQI {-IQ^ - P^). 

*10. Two equal weights Q are connected by a flexible but 
inextensible string overhanging a pulley as shown in Fig. 

G. The left-hand weight carries a loose washer of weight 


i I 
I I 
I...J 

FIG- F fig. G 

P, while the right-hand weight carries two such washers. The system is 
released from rest in the position shown, and the weights Q 4- 2P fall a 
distance ®i. At this point, the weight Q passes freely through a hole in a 
fixed plate and the two washers are picked up by the plate. Thereafter the 
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weight Q falls an additional distance Xi before coming to rest. Neglecting 
friction and the inertia of the pulley, calculate the ratio of distances Xo/j:,, 
Ans. xj/xi = (2(3 + P)/(2Q + 3P). 

6,11. Impact. The phenomenon of collision of two moving bodies 
where we have active and reactive forces of very large magnitude 
acting during a very short interval of time is called impact. The 
magnitudes of the forces and the duration of impact depend on the 
shapes of the bodies, their velocities, and their elastic properties. As 
a simple example, we take the case of impact of two balls of weights 
W-i and Wt (Fig. 237). To measure the forces acting between the balls 
during impact, we cover them, at the points that come in contact, with 
a thin layer of soot. After impact the por- 
tions of the balls that were in contact are 
marked by tiny circular spots, the diameters of 
which can be measured by a microscope. By 
a static compression of the same balls, a 
calibration curve can be established that gives 
for each value of the diameter of the circle of 
contact the corresponding compressive force. 
Having such a curve, the maximum force that 
acts during an impact of the balls can be ob- 
tained. The duration of impact can also 
be measured without too much difficulty by an electrical method. 
Experiments with balls of brass have shown that, for a diameter of 
the balls of 1 in. and a velocity of impact of the order of 1 fps, the dura- 
tion of impact is of the order of 15 X 10“® sec. In this short period of 
time the ball that strikes completely loses its initial velocity. This 
indicates that there must take place a very large deceleration and 
forces produced at the point of contact are enormous in comparison 
with the weights of the balls. 

The above conclusions are obtained by considering the very small 
local deformation of the balls at the point of contact. If we neglect 
this deformation and assume the bodies to be absolutely rigid, we 
conclude that the forces at the point of contact become infinite and 
the duration of impact becomes infinitesimal. In studying the action 
of such forces on the motion of bodies, we are not interested in the 
manner of variation of the forces during the infinitesimal duration t of 
impact but only with their summary action which depends on the time 
integral 

j'Fd, 



FIG. 237 
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i.e., on the impulse of the force as discussed in Art. 6.8. In coniparison 
with the force of impact F, any ordinary finite forces that act during 
impact are negligible. Further, \vc can neglect any infinitesimal dis- 
placements of the bodies that occur during the infinitesimal interval of 
impact. With these as.sumptions it remains only to establish the 
relation between the impulses of the impact forces and the changes 
produced in the velocities of the bodies undergoing impact. 

Let U.S consider first the case of impact of two spheres of weights W i 
and Tf ''2 having, before impact, velocities ci and V 2 , respectively (Fig. 
238). We assume that these velocities are directed along the line 
joining the centers of the two spheres and consider them positive if 
they are in the positive direction of the x axis. This is called the case 
of direct central impact and is the simplest possible case. For the 
conditions shown in Fig. 238, impact ob- 
viously occurs only if wj > t> 2 . During 
impact, two equal and opposite forces, 
action and reaction, are produced at the 
point of contact. In accordance with the 
law of conservation of momentum (see 
Art. 6.8) such forces cannot change the momentum of the system of 
two balls, and if we denote by v[ and v'^ the velocities of the balls at 
any instant during or after impact, we must have 



FIG. 238 


I I u 2 1 / I 

- fl -| 112 = V[ 

g g 


In order to obtain the velocities and v'^ of the balls after impact 
this equation alone is not sufficient and we must have additional 
information regarding the properties of the material of the spheres. 

Plastic Impact. Assume, for instance, that the material is absolutely 
inelastic, like putty. Then with the beginning of impact plastic 
deformation at the point of contact begins. The velocity of the strik- 
ing ball I gradually diminishes owing to the reaction from the ball II, 
and at the same time the velocity of the ball II increases owing to the 
action of the ball I so that the relative velocity v[ — with which the 
plastic deformation at the surface of contact is progressing gradually 
diminishes. Finally, when the velocities of the balls become equal, 
= v' 2 , pla.stic deformation ceases and, owing to the fact that the 
material is absolutely inelastic, there will be no tendency for the spheres 
to assume their original shapes. Both balls, with some permanent 
distortion, continue to move together with the same speed. Owing 
to the absence of elastic forces, there is no tendency for rebound. 
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Denoting by v' the common velocity of the two spheres after impact, 
Eq. (a) becomes 


Wi , Wi 

ttl + Vi = 

0 g 


(Wx TDaN 

\g 9 / 


v' 


and we obtain, for the case of plastic impact. 


, TFitti + WiVi 
' " Wx+ Wi 


(50) 


Elastic Impact. As another extreme case we assume that the mate- 
rial of the spheres is perfectly elastic. Hardened polished-steel or 
glass balls approach this condition if the local deformation during 
impact is not excessive. In this case of perfect elasticity there must 
be no loss in energy of the system and we have, in addition to the 
momentum equation (a), the energy equation 

-L - El Ml' 4- E? Ml rw 

<7 2*^ 9 2 g 2 g 2 

in which v[ and t'j are the velocities of the spheres after rebound.^ 
Equations (a) and (b) together are sufficient to determine the two 
unknown velocities v[ and v'^ after impact if the velocities Vi and Vi 
before impact and the weights IFi and TF 2 of the bodies are known. 

For purposes of rruinerical calculation, Eqs. (a) and (b) can be some- 
what simplified as follows. First we write them in the form 

TEdwi - v[) = Wi{vi - Vi) 

Wxlvf - = WiKv'i)^ - vl] 

Then noting that 

Vi - (vX = (fi - f-’OCfi + v'l) 
vl - (viy = (W2 - v'i)(Vi -f- v'i) 

we divide the second equation by the first and obtain 

fi + «( = t>2 + v'i 

or -- = — (vi — Vi) (c) 

This equation represents a combination of the laws of conservation of 
momentum and conservation of energy. It states that for air elastic 
impact the relative velocity after impact has the same magnitude as 
that before impact but with reversed sign. Using this idea in con- 
junction with that of conservation of momentum, we have for the case 

^ A negligible part of the initial kinetic energy of the system is transformed into 
energy of vibrations of the spheres after rebound. 
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of elastic impact 


TFiWi + Wii)^ = Wivi + W^vi 

tl' — *>2 = — («1 — Vs) 


To illufitrate the use of Eqs. (51), let us consider several particular 
cases. If, in Fig. 238, we have TFi = TF 2 , Eqs. (51) become 

Vl + 1’2 = v'l + v[ 

Ui — »2 = — t'l + Wj 

Subtracting and adding these equations, we find 
ij( = V 2 and Uj = 111 

This shows that after an ela.stic impact, two equal weights simply 
exchange velocitie.s. 

If the weight TFs w'as at rest before impact (vs = 0), Eqs. (d) give 
v{ = 0 and v'^ = Vi 

In this case, the striking ball simply stop.s after having imparted its 
velocity to the other ball. This phenomenon can be observed in the 
case of a moving billiard ball which squarely strikes one that was at 
rest. 

Again, if the two balls were moving toward each other with equal 
speeds v before impact, an exchange of velocities will simply mean 
that they rebound from one another with the same speed with which 
they collided. 

As another special case, we assume that W2 = 'x> while Wi remains 
finite and further that = 0. This will represent the case of an 
elastic impact of a ball against a flat immovable obstruction, such as 
dropping a ball on a cement floor. Dividing the first of Eqs. (51) by 
ir 2 we obtain v'^ = 0, as would be expected if Wz is immovable. Then 
from the second equation, we find v[ = — Vi. This shows that the 
striking ball rebounds with the same speed with which it hit.s the obstruc- 
tion. It must be remembered that each of the examples discussed 
here assumes perfect elasticity so that no energy is lost during impact. 

Semielastic Impact, Under actual conditions we must expect some 
deviation from perfect elasticity, and owing to this fact there always 
will be some lo.ss in energy of the system during impact so that the 
relative velocity after impact is smaller than before and instead of 
Eq. (c) we must take 

"1 - w's = -c(yi - Vi) (e) 
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where e is a numerical factor less than unity and is called the coefficient 
of restitution for the materials. Using this, we have for the general 
case of semielastic direct central impact, the following equations: 

T-TiWi + WiVi = Wivi + fViVi 

vi — V2 — —e(vi — V2) ^ ' 

It will be noted that when e = 0, Eqs. (52) reduce to Eq. (50), already 
derived above for the case of plastic impact. Also when e = 1, they 
coincide with Eqs. (51) for the case of elastic impact. Thus with the 
appropriate value of the coefficient of restitution e, Eqs. (52) may be 
used for all eases. 


EXAMPLES 


1. A wooden pile of weight W 2 is driven into the ground by successive 
blows of a hammer of weight Wi falling through a height h onto the head of 
the pile (Fig. 239). If, under the action of a single blow, the pile penetrates 
into the ground a di.stance S, determine the total resistance F 
to penetration, assuming this resistance to be constant. 

Solution. Let us assume that the impact between the 
hammer and pile is entirely plastic, i.e,, that there is no rebound 
of the hammer. Owing to its free fall through the licight h, the 
hammer has, at the beginning of impact, a velocity vi = 
and the pile has a velooitj'' Wj = 0. Now during the very short 
interval of impact the hammer is rapidly decelerated and the 
pile is accelerated until they acquire a common velocity v' 
which by Eq. (50) is 

, _ w, V^h 



w, + W2 


(f) 


Since the duration of impact is very short, we may assume 
without serious error that the hammer and pile acquire this 
common velocity v' before any appreciable penetration of the pile has a chance 
to take place. 

We consider now the second stage of the phenomenon in which the hammer 
and pile, moving together as one rigid body, are gradually brought to rest by 
the resisting force B acting through the displacement 8. Equating change in 
kinetic energy of the system to the work done by all acting forces, we obtain 


Wi + W 2 W\2gh 


2g (W, + W.)^ 


= -RS + (TFi + 


(g) 


The sum Wi + TFs of the gravity forces is usually very small compared with 
the resistance R to penetration, and we can, without serious error, forget com- 
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pletely the second term on the right side of Eq. (g). 
the following expression : 

IVlh 


R = 


Writing this in the form 


R5 = Wih 


(Wi + TFJS 


W, + W, 


Then we obtain for R 


(h) 


we see that what we might call the useful work 725 is less than the expended 
energy Wi/i in the ratio Wi/(Wi -f- TFj). Thus we conclude that 

1-— gl- 

Wi + Wi 


or TF 2 /(TFi + Tl'';) represents the fraction of the available energy that is 
wasted or dissipated during impact. To have this lost energy as small a por- 
tion of the total available energy as possible, we see that the weight Wi of the 
hammer should be large compared with the weight TFj of the pile. Thus, by 
using a comparatively heavy mallet or sledge, a stake or post may be driven 
into the ground with less expended energy than 
if a comparatively light hammer is used. 

2 . Two small polished steel balls of weights W 
and STF are suspended by fine threads so that 
they just touch one another in their equilibrium 
positions as shown in Fig. 240. Discuss what 
will happen if the small ball is pulled back to 
the position As, and released. 

Solution. Let v denote the velocity that the 
smaller ball will acquire in swinging downward to 
the point of impact. Then at the instant before 
impact, we have (yi)i = v and ( 1 ) 2)1 = 0. Assuming an elastic impact, 
Eqs. (51) become 


w 



FIG. 240 


Wl -f 3t)2 = 1) 

/ / 

Vi — V2 = —V 


(i) 


from which we obtain v'x = —v/2 and oj = +v/2. Thus as a result of the 
impact, the small ball rebounds ivith half of its striking velocity and the large 
one acquires this same velocity to the right. 

As a result of these velocities, the two balls swing apart as two simple 
pendulums, and since they are pendulums of the same length, they will require 
the same time to return to the point of impact with velocities ( 1 ) 1)5 = v/2 and 
( 1 ) 2)2 = — y/ 2 . Thus we have a second impact for which Eqs. (51) become 


If t n •• 

Vi + 3 i ;2 = 

It // 

Vx -V2 = 


— y 
— V 


(i) 
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From these equations, we find for the velocities of the balls after the second 
impact, v'x = —v and wj* = 0. Thus after the second impact, the small ball 
rebounds with velocity v and the large ball stops dead. As a result of thi.? 
second rebound, the small ball swings up to the position Ao from which it was 
initially released and the whole cycle begins over again. Even with slight 
unavoidable losses in energy of an actual .system, this cyclic behavior can be 
observed in the case of a carefully made model. 


rnOBLEM SET 6.11 

1. A man weighing 150 lb runs and jumps from .a pier into a boat with a 
horizontal velocity Ui = 10 fps. Assuming that tlie impact i.s entireh- jdastic, 
find the velocity with which the man and boat will move away from the pier if 
the bo.at weighs 200 lb. Ans. v = 4.3 fps. 

2. Using the data of Prob. 1, compare the final kinetic energy of the boat 
and man together with the initial Idnetic energy of the man and note that 
there is no conservation of energy in the case of plastic impact. 

3. Several identical blocks, each of mass m, rest in a row on a perfectly 
smooth horizontal piano so that their centers of gravity lie on a straight line, 
Another block, also of mass m, is moving along this line witli velocity n and 
squarely strikes one end of the row. Discuss what will happen if the blocks 
are all perfectly elastic. 

4. A w'ood block weighing 9.95 lb rests on a rough horizontal plane, the 
coefficient of friction between the two being m = 0.4. If a bullet weighing 
0.05 lb is fired horizontally into the block with muzzle velocity v = 2,000 fps, 
how far will the block be displaced from its initial position? Assume that the 
bullet remains inside the block. Ans. 3.88 ft. 

5. A golf ball dropimd from rest onto a cement sirlewiilk rebounds eight- 
tenths of the height through which it fell. Neglecting air resistance, deter- 
mine the coefficient of re.stitution. Ans. e = 0.9. 

6. For the two balls in Fig. A find the velocities Vj and v'n after an elastic 
impact if, before impact, Vi = w, Sj = 0, and W« = 2Wi. Ans. s'l = — r/3; 

= +2t>/3. 

7. For the two balls in Fig. A, find the velocities iq and Uj after impact if 
I'l = s, 1)2 = 0, W •i = 3I7i, and the coefficient of restitution o = s. Ans. 
H = — «/8; 1)2 = -l-3«/S. 


FIG A 

8. In Pig. B, a small car of weight W starts from rest at A and rolls without 
friction along an inclined plane to B where it strikes a block also of weight W 
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iiiui initi.'illy at rest. A.ssuming a plastic impact at B, the car and block will 
riio\-e from B to C as one pttrticle. If the coefficient of friction between tire 
block and plane is p = 5, calculate the distance x to ])oint C where the bodies 
come to rest. Am. x = 14.2 ft. 


9. For the pile and pile driver shown in Fig. C, the following numerical 
data are given: IFi = 2,000 lb, TFs = 1,000 lb, A = 10 ft, and the coefficient 



of restitution e = t. If the resistance to penetration is 
constant and equal to 00,000 lb, how many blou-.s of the 
hammei- uill be required to drive the pile 1 ft? .4n,s. Nine 
hlow.s. 



FIG, C 


FIG. D 


*10. A weight IVi falls through a height A onto <a block of weight Wi which 
is supported by a spring having a spring constant k (Fig. D). Assuming 
plastic impact, determine the ma-ximum compression 5 of the spring over and 
above that due to the static action of W-. The following numei'icnl data are 
given; TTi = TF2 = 10 lb, A = 10 Ib/iii., A = 3 in. Ans. S = 3 in. 



7 

CURVILINEAR TRANSLATION 


7.1. Kinematics of curvilinear motion. When a moving 
particle describes a curved path, it is said to have curvilinear motion. 
We shall now discuss the kinematics of such motion, assuming that 
the path of the particle is a plane curve. 

Displacement. To define the position of a particle P in a plane 
(Fig. 241), we need two coordinates such as x and y. As the particle 
moves, these coordinates are changing with time and we have the 
displacement-time equations 

X = Mt) y = Mt) (63) 

When these two expressions are given, the motion of the particle in 
its plane is completely defined. 

Instead of Eqs. (53), we can also defiiie the motion of a particle in 

a plane by the equations 

V = m s = m (530 

where the first represents the equation 
of the path OA and the second gives 
the displacement s measured along the 
path as a function of time. Both forms 
(53) and (53') are useful. Sometimes 
the path is predetermined as in the case 
of a locomotive moving along a curved 
track and we use Eqs, (53') . In other 
cases the particle may be free to choose its own path as in the case of 
a projectile fired from a gun and we use Eqs. (63). In this case the 
equation of the path can be obtained from Eqs. (53) by eliminating 
the parameter t. 

Considering Eqs. (53) separately, we note that the first equation 
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represents the rectilinear motion along the x axis of the projection P i 
of the particle P moving along the curved path OA. Likewise tire 
second eciuation represents the rectilinear motion along the y axis 
of the projection Py of the particle P. Thus the curvilinear motion 
of a particle P may be considered as a compound of the two recti- 
linear motions of its projections Px and Py. This idea will be very 
helpful in our further discussion of velocity and acceleration. 

Velocity. Let us consider now a small but finite interval of time 
from ^ to t + At during which the particle in Fig. 241 moves from 
P to P\ along its path. Denoting by As the length of the chord PP\, 
we define the average velocity during this interval by the expression’ 




As 


(a) 


This average velocity is represented in Fig. 241 by a vector coinciding 
in direction with the chord PPi and its projections on the coordinate 
axes X and i/, respectively, are 


(aav)i 


My 


A.5 A.C _ A.r 
At As At 

A< As At 


(b) 


From this we see that the projections of the average velocity of P also 
represent the average velocities of the projections P* and Py moving 
along the coordinate axes. 

It is clear from Fig. 241 that both the magnitude and direction of 
the average velocity As/ At of the particle will depend somewhat upon 
the magnitude of the chosen time interval Ah To eliminate this 
ambiguity and obtain the instantaneous velocity v at time t, we let the 
time interval At diminish indefinitely and take the corresponding limit 
approached by the ratio As/ At. Thus the magnitude of the instan- 
taneous velocity will be defined as follows: 


V = 


,. As 
lim — 


ds 

dt 


(C) 


and in the limit its direction will coincide with the tangent to the 
path at P, corresponding to the instant t. The magnitude of velocity, 
without regard to direction, as defined by Eq. (c) is called the speed 
of the particle. 


' The notations v, A«, etc., mean that we consider the quantity as a vector. 
When the bar is omitted, only the magnitude need be considered. 



322 


CURVILINEAR TRANSLATION [Art. 7.1 

To avoid direct consideration of the ever-changing direction of 
velocity in curvilinear motion, it is convenient to deal with its ortho- 
gonal projections w* and To obtain these, we begin with expres- 
sions (b) defining the projections of the average velocity As /At. Then 
again applying the limiting process as before, we obtain 




Ax dx 
lim Ti = -IT 
Ai— >0 dt 


X 




( 54 ) 


We see that the projections of the total velocity of P are identical 
with the velocities of the corresponding projections of the particle 
itself. To obtain these projections of the velocity v, as functions of 
time, we need only to differentiate Eqs. (53) once each with respect 
to time. Having the velocity components x and y, we obtain the 
magnitude and direction cosines of the total velocity v as follows; 




cos (y,.r) = - 

’ V 


cos (v,y) = I 


(d) 


where the symbols {v,x) and {v,y) denote the angles between the direc- 
tion of the velocity vector v and the 
coordinate axes. 

Acceleration. To obtain the accel- 
eration of a particle in curvilinear 
motion (Fig. 242), we again consider a 
small interval of time from t tot -A At 
during which the particle moves from 
P to Pi. Denoting by 5 and Vi its 
velocities at these two points on the 
path, we see from the diagram of free 
vectors (Fig. 2426) that the change in 
velocity in this case will be represented by a vector Av directed, in gen- 
eral, obliquely to the path. Then the average accleration during the 
interval At is defined as follows: 



RG. 242 


Av 

At 


(e) 


and is represented by a vector having the same direction as the velocity 
change Av, which is toward the inside of the path. 

Projecting the average acceleration Au/At on the coordinate axes, 
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(ctflv) z 


(Aw)i Ax 
At ~ At 
(Av),, ^ ^ 
At At 


(f) 


Then again letting At diminish indefinitely and taking the correspond- 
ing limits approached by the ratios (f), we obtain the corresponding 
components of the instantaneous acceleration o as follows: 


dx 

Qy 


,. Ax dx 

li"' !! = i - s 

A /— ^0 At dt 


(55) 


We see again, as in the case of velocity, that the projections of the 
resultant acceleration a are identical with the corresponding accelera- 
tions of the projections P* and Py of the particle itself. To obtain 
these components as functions of time, we need only to make a second 
differentiation of Eqs. (53) with respect to time. Finally, the mag- 
nitude and direction cosines of the total acceleration a will be obtained 
from the equations 

^ ‘ij 

a = VS- + y- cos (a,x) = - cos (a,y) = - (g) 

O Ci 


To illustrate the use of Eqs. (53) to (55), let us consider a particular 
case of plane curvilinear motion repre- 
sented by the equations 

X = r cos (d y = r sin cot (53a) 

Squaring both equations and adding them 
together, we obtain, for the equation of the 
path, 

x^ + y^- = P- (h) 

This shows that the particle describes a 
circular path of radius r and with center at 
the origin 0 as shown in Fig. 243. To obtain the velocity components, 
we differentiate Eqs. (53a) with respect to time and obtain 

a: = — ro) sin y = rco cos cot (54a) 

Then, from Eqs. (d) , we have 

V = ■\/x- + y- = rco cos (v,x) = —sin cot cos (v,y) = cos <ot (i) 


y 



FIG. 243 
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This shows that the particle moves with constant speed and that for 
any position along the path the velocity vector v is perpendicular to 
OP, that is, tangent to the path at P. 

Differentiating Eqs. (54a) again, we obtain for the rectangular 
components of acceleration 

X = — cos oit y = —rco'^ sin cot (55a) 

and Eqs. (g) give 

a = s/ x'^ + = rco’ cos ia,x) = —cos cot cos (a,y) = —sin cot (j) 

This shows that the resultant acceleration d is constant in magnitude, 
normal to the path, and always directed toward the center 0. 

Normal and Tangential Acceleration. Let us return now to the gen- 
eral case of curvilinear motion of a 
particle P as shown in Fig. 244. In our 
previous discussion (Fig. 242) we re- 
solved the total acceleration & into 
rectangular components Qz and par- 
allel to the fixed coordinate axes % and ij. 
Instead of this, it is sometimes useful to 
resolve this acceleration at any instant t 
into another set of rectangular compo- 
nents coinciding with the normal and 
tangent to the path at the correspond- 
ing point P. Such components are called normal acceleration and 
tangential acceleration, respectively. 

To obtain these components, we begin in Fig. 244 with the total 
change in velocity A« as the particle moves from P to P■^ and resolve 
this into components Ay„ and AVi parallel to the normal and tangent 
at P, respectively, as shown by the inset diagram of free vectors. 
Then the corresponding components of the average acceleration 
'AojAt will be 

/ \ AVi , \ AVn y. . 

^ “ Ai ~ 'At 

We now note from Fig. 244 that the angle between the normals atP 
and Pi is Ad ~ As/p, where p is the radius of curvature of the path at 
P. Also from the inset diagram of free vectors, we see that Av„ « v A6, 
while Auf « wi — y = Ar, where Ay without a bar represents only the 
change in speed of the particle as it moves from P to Pi. Using these 
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relationships, Eqs. (k) can be written in the form 

- aT “ A? “ Ai" ~ p Ai 


(kO 


As Ai approaches zero, the corresponding limits of these ratios give us 
the instantaneous tangential and normal accelerations of the particle 
at the particular point P on its path corresponding to the instant t. 
Thus we have 


, . Aa av 

= hm — = ^ 

A(-»o Ac at 

a As 0 ds 
= I*"!. - T7 = 


A study of Eqs. (56) shows that the tangential acceleration dv/dt 
depends only upon the rate of change of speed of the particle, while 
the normal acceleration, which is always directed toward the center 
of curvature of the path, depends both upon the square of the speed 
and the curvature of the path. If the path is a straight line, the 
curvature is zero and the normal acceleration vanishes. Then we 
have simply a = dv/dt, as obtained in Art. 6.1 for the case of recti- 
linear motion. If the speed of a particle along a curved path is con- 
stant, the tangential acceleration vanishes, and we have only normal 
acceleration ii^/ p directed toward the center of curvature. We see that 
high speed around a sharp curve always means very large acceleration! 

In summary we note that total acceleration S of a particle in curvi- 
linear motion is a vector. This acceleration may arise as a result of 
change in magnitude of velocity or change of direction of velocity or 
both. When we resolve this total acceleration into normal and tan- 


gential components, we separate these two effects. 
The change in speed is accounted for by the tan- 
gential acceleration alone, while change of direc- 
tion of motion is accounted for by the normal 
acceleration alone. 

EXAMPLES 

1. Small oscillations of the simple pendulum shown 
in Fig. 245 are represented by the displacement-time 
equation 

s = So cos pi (1) 



FIG. 245 


where so is the amplitude of swing and p = is a constant, Find the 
maximum velocity and the maximum tangential and normal accelerations of 
the bob. 
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Solution. Differentiating Eq. (1) once with re.spect to time, we obtain, for 
the velocity-time equation, 


V 


ds 

di 


—Sap sin pt 


(m) 


The maximum value of this velocity is 

llmai ” iSoP ~ i So \/^Q/1 


(m') 


which occurs when sin pt = ± 1 ; thus cos pt = 0 and the bob is at the bottom 
of its swing, as can be seen Irom Eq. (1). 

To find the acceleration, we use Eqs. (56) which become 


dv , , 

ui = ^ = —Sop cos pt 

A S'* 

w* Sop- . , , 

a„ — — — sin* pt 

I I 


(n) 


The tangential acceleration a, has its maximum value when cos pf = ± 1, 
that is, when the bob is in either extreme position, and we obtain 

(a,)".- = ±SoP* = ± (n') 

The normal acceleration has its maximum value when sin pi = ±1, that is, 
when the bob is in the middle position as noted before, and we obtain 

, . _ slp^ _ / SoV . , 

(fln)mar 

2. A wheel of radius r rolls without slip along the x axis with constant speed 
Vo, as shown in Fig. 246. Investigate the motion of a point A on the rim of 
the wheel which starts from the origin O. 

Solution. After a lapse of time i, the center C of the wheel will have traveled 
a distancie vd as shown, and since it rolls without slip, the .aic DA will also 
have the length vot. Thus the angle DCA will be Vot/r. Then from the 
geometry of the figure, we can express the coordinates x and ?/ of the point A 
as follows. 

, . Vot 

X = Vot — r sin — 

r (0) 

Vot 

y = r — r cos — 
r 


With i as a parameter, these two equations define in rectangular coordinates 
the path of point A which is called a cycloid. 
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Differentiating Eqs. (o) with respect to time gives the velority-time equa- 
tions as follows 


r = Uo ~ cos 

. t’ot 
y = fo sm — 
r 


(P) 


Using now the first of Eqs. (d) for the magnitude of the resultant velocity, 
we find 


V = Vo 



t)- 


ivo sin 


2r 


(q) 


From this expression we see that the maximum speed of point A is 2tio when 
t — Trr/t'o, that is, wdien point A is at the top A' of its p-ith (see Fig. 246). 

y 



Differentiating Eqs. (p) again with respect to time, we obtain the accelera- 
tion-time equations 


vl . Vot 

X = — sm — 
r r 

,. Vq Vof 
y = — cos — 
r r 


(r) 


Then using the first of Eqs. (g) for the magnitude of the resultant acceleration, 


a 



(s) 


Thus the point A has acceleration of constant magnitude always directed 
toward the center C of the rolling wheel, as can be established from the last 
two of Eqs. (g). 

3. Investigate the motions of the points A, B, and C of a connecting rod 
(Fig. 247) if the orankpin A is moving with uniform speed v along the circle 
of radius r and the point B is constrained to follow the x axis. 

Solution. We begin w'ith the motion of point A, assuming that at the initial 
moment (t = 0) it has the position Ao. Then denoting by ai the angle of the 
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arc which the point A describes in unit time, we have w = v/r, where r is 
the length of the crank. The angle AoOA is then equal to wt, and the coordi- 
nates of the point A are 


a: = r cos £of y = r sin o>t (t) 

The coordinate x of the point B, which, of course, has rectilinear motion, 

is obtained by projecting on the x axis 
the length r of the crank and the length 
I of the connecting rod. Then 

X = r cos ciit + I cos ip (u) 

Noting from the figure that 

FIG. 247 r sin cot = I sin tp 

we obtain the following expression for cos tp: 

cos tp = vT^ sin^ <p = sin® ui 



and substituting in Eq. (u) above, we have 


X = r cos 


<jyt Z /l 




TT sin^ cot 
r 


(v) 


It is interesting to note that, while the projection D of the crankpin on the 
X axis peiforms simple haimonic motion, the motion of the point B is more 
complicated. 

For any point C on the axis of the connecting rod at the distance h from the 
ciankpin A, we obtain 


X = r cos (jyt 


+ 



^2 

— sin® coi 



r sin wt 


(w) 


In the particular case where r = I, we have from Eq. (w) 
a; = (r + 6) cos at y = (r — b) sin at 
Eliminating t between Eqs. (x), we obtain for the path of C 

— ^l_-l- = 1 

(r + 6)® ^ (r - 6)® 


(x) 

(y) 


Thus each point on the axis of the connecting rod describes an ellipse. This 
fact is utilized in a device called the ellipsograph for drawing ellipses. 
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PROBLEM SET 7.1 

1. Construct the acceleration-time diagram for the motion of a particle 
that travels with constant speed Va = 88 fps along the path ABCD in Fig. A, 
passing points A, B C, D, at the instants t = 0, 

10, 20, 30 sec, respectively. 

2. At the instant f = 0, a locomotive starts to 
move with uniformly accelerated speed along a 
circular curve of radius r = 2,000 ft and acquires 
by the end of the first 60 sec of motion a speed 
equal to 15 mph. Find the tangential and 
normal accelerations at the instant < = 30 sec. 

Ans. Ot = 0.367 ft/sec* ; (a„)^ 3 o = 0.0605 ft/sec^. 

3. Considering only rotation of the earth, determine the resultant acceler- 
ation of a point on its surface at the latitude 40°N. Assume the radius of the 
earth r = 3,960 miles. Am. a — 0.085 ft/sec“. 

4. Prove that, if the ends A and B of a bar AB of length 21 (Fig. B) are 
constrained to move along the y and x axes, respectively, its mid-point C 
describes a circle of radius I with center at 0 while any intermediate point 
D describes an ellipse with major and noinor semiaxes I -j- 6 and I — b, 
respectively. 




FIG. B FIG. C 


5. In Fig. C, the portion AB of a railroad track is straight, the portion BG 
is a spiral the radius of curvature of which is p = r^/s, and the portion CD is a 
circle of radius r. Construct the acceleration-time diagram for a locomotive 
moving with constant speed bo = 88 fps from A to Z) if r = 1,000 ft. 

6. The plane curvilinear motion of a particle is defined by the displace- 

ment-time equations x = Voi and y = k cob 2TVot/l. Find the maximum 
normal acceleration of the particle if »o = 10 fps, A = 1 ft, and Z = 10 ft. 
Find also the equation of the path y = fix). Am. = 4^^ ft/sec^. 

7. Starting from rest, a particle moves along a circular path of radius r so 
that the distance traveled is given by the expression s = ct^, where c is a con- 
stant. Find the tangential and normal components of acceleration of the 
particle. Am. ot - 2c, On = 4cH‘‘/r. 



FIG. A 
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8. A piirticle tnivels with constant speed « along a itiirabolic path definerl by 
the equation ij = kx^, where A is a constant. Find the niaxiimiin acceleration 
of the particle. Ans. = 2kvK 


7.2. Differential equations of curvilinear motion. In discu.ss- 
ing the curvilinear motion of a particle under the action of applied 
forces, we return to Newton’s second law of motion from which the 
general equation of motion [Eq. (33)] for a particle was derived. This 
law states that under the action of a force F a particle receives an 
acceleration a which is in the direction of the force and proportional to 
its magnitude. We recall that the law assumes no limitations regard- 
ing the motion of the particle before the force F begins to act. Thus, 
for the particular case where the direction of the force is constant and 
any initial motion of the particle is in the direction of this force, we 
obtain a rectilinear motion. Now if the direction of the acting force 
varies or if the particle has some hiitial motion in a direction that does 
not coincide with that of the acting force, we obtain a curvilinear 
motion of the particle. Equation (33) still holds, but since the acting 
force may now vary in direction as well as in magnitude, we find it 
advantageous to resolve both it and the acceleration a that it produces 
into components parallel to the rectangular coordinate axes x, y. 
Since each component of the force F produces an acceleration of the 
particle in its own direction and proportional to its magnitude, we 


may write 




(57) 


where X, Y are the components, parallel to the coordinate axes x, y 
of the resultant acting force F, and x, y are the corresponding com- 
ponents of acceleration. These are the differential equations of motion 
of a particle in a plane. 

Sometimes, instead of arbitrary coordinate axes x and ?/, we choose 
coordinate axes s and n, representing, respectively, tangent and normal 
to the path at a chosen point and then resolve both the resultant 
acceleration a and the resultant force F into components coinciding 
with these axes. Using Eqs. (66) for tangential and normal accelera- 
tion and denoting by and N the corresponding components of the 
resultant force, we obtain equations of motion in the following form: 


W ^ Wv^ 
~g dt ~ g p 


(58) 


These equations are especially useful when the path of the particle is 
known. 
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Equations (57) or (58), like Eq. (34), page 261, can be used to solve 
two kinds of problems: (1) The motion of the particle is given, i.e., Eqs. 
(53) or their equivalent are given, and it is required to find the result- 
ant acting force that produces the given motion. (2) The active forces 
are given and it is required to find the resulting motion, i.e., to find, for 
the coordinates, such functions of time that the differential equations of 
motion are satisfied. The first class of problems requires only differ- 
entiation of the given displacement-time equations [Eqs. (53)], and 
this can usually be made without any difficulty. We shall now consider 
some simple problems of this kind. 


EXAMPLES 


1. A particle of weight IF attached to a string of length I whirls in a hori- 
zontal circular path with uniform speed v. Find the tensile force T in the 
string. 

Solution. Since the speed is uniform, there is only normal acceleration of 
the particle 

i)= 

a. = T 

directed toward the center of the circular 
path. Using the second of Eqs. (58) then, 
we have 

r = A = y'E' 

gi 

We see that the tensile force in the string is 
proportional to the square of the speed of the 
particle and inversely proportional to the 
length I of the string. 

2. A simple pendulum of length I has a bob 
of weight W and hangs in a vertical plane as 
shown in Fig. 248. Find the period t for small amplitudes of swing in the 
plane of the figure. 

Solution. During motion, we consider the bob of the pendulum in the 
position B defined by the distance s measured along its circular path from the 
equilibrium position B,. The forces acting on the bob in this position are 
Its weight W and the tension T in the string normal to the path. Projecting 
these forces onto the tangent to the path at B and using the first of Eqs. (58) 
we obtain ’ 

— 37 = —W sm ff 
g dt 

Then since v = ds/dt, while for small values of B we have sin B = s/l, 
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this equation reduces to 


f + f”-' 


(a) 


This is the differential equation of simple harmonic motion (see p. 280) and 
the period is 

r = 2,r (b) 

3. A particle of weight W moves with uniform speed v along the cosine 
curve ACB in a vertical plane (Fig. 249o). The curve is defined by the 
equation 

t 25ra; 

2 / = S cos — (o) 


Find the pressure E exerted by the particle on the path as it passes the lowest 
point C. 



FIG. 249 


Solution. Considering the particle at C (Fig. 2496) and using the second of 
Eqs. (58), we have 


from which 


g p 

R = w(i+—) 
^ gp' 


To find the curvature 1/p, we use the known formula 

1 d?v/dx^ 

P ~ [1 + {dy/dx)^]i 


(d) 


(e) 


By diSerentiation of Eq. (c), we obtain 

dy 2wi . 2irx 

j T- — r 

ax I I 

d*y _ 4ir’S 2ira: 

da:* f* I 


Substituting x = 112 in these expressions, we find 


\dxJ^^i/i 


== 0 


and 



4x*S 

~1F' 
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and expression (e) becomes 


/ 1 \ ^ inrH 

i_I/5 


kjubstituting this into Eq. (d), we obtain 


iJ = TF 




) 


We see that the reaction R can be several times larger than the gravity force 
TF if St'* is large compared with gV^. 


PROBLEM SET 7.2 

1. Small oscillations of a simple pendulum of weight IF and length I are 
defined by the equation s = So cos pt, where So is the amplitude of swing and p 
is a constant equal to y/g/L Determine the maximum value of the tensile 
force T in the string. Ans. Tm.! = TF(1 -f- Sj/f’*). 

2. A locomotive of weight TF = 60 tons goes around a curve of radius 
r = 1,000 ft at a uniform speed of 45 mph. Determine the total lateral 
thrust on the rails. Ans. 16,250 lb outward. 

3. A motorcycle and rider of total weight IF = 600 lb travel in a vertical 
plane with constant speed v = 45 mph along the circular curve AB of radius 
r = 1,000 ft, as shown in Fig. A. Find the reaction R exerted on the inotor- 
oycle by the track as it passes the crest C of the curve. Ans. B = 432 lb, 




4, At what point B on the vertical curve in Fig. A, as defined by the angle 
will the road reaction B become equal to zero? Assume all numerical 

data the same as in Prob. 3. Ans. to = 82°13'. 

5. In Fig. B, a portion of railroad track consists of a tangent CB and a 

spiral BA having length r and radius of curvature p = r V^, where s is measured 
from B toward A. A locomotive of weight TF = 60 tons starts from rest at 
A and increases its speed along AB with constant tangential acceleration 
dv/dt = g/lQ. Find the maximum lateral thrust on the outer rail during the 
motion from A to B. Where does this occur? Ans. = 3 tons. 
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6. la Fig. C, a horizontal turntable rotates al)out a fi.xed vertical a.xis 
through 0 with ron&tant angular speed to so that at any instant i, the angle 
Ar,OA = coi, as shown. As it does so, a man M of weight IF == 100 lb, 
starting from 0 when t = 0, walks with eon-stant speed w = 3 fps outward 
along the rotating line OA on the turntable. Find the total frirtion forue 
F between the man’s feet and the floor of the turntable at the instant / = 2t/co, 
that is, at the end of one revolution of the table. A.ssume w = 1 radian/sec. 
Ans. F = 93.0 lb. 



FIG. C FIG. D 


7. In Fig. D, the bob of a conieal pendulum of length I and weight IF 
describes a horizontal circle defined by the equations 

X = a cos ul 11 = a sin oil 

where a is the radius of the circular path anrl to is a eon.stant. Pror'o that the 
tension T in the string is constant during such motion ami find its magnitude. 
Ans. T = (W/g) oiH. 

8. The coefficient of friction between wet asphalt pavement and the 
tires of an automobile is found to have the value g = 0.20. At what con- 
stant speed V can the automobile travel around a curve of radius ?■ = 800 ft 
without skidding if the road is level? Ans. (y)ni«x = -19 mph. 

9. A .small block of weight W rests on a horizontal turntaljle at a distance 
r from the a.xis of rotation (Fig. E). If the coefficient of friction between 
the block and the surface of the turntable is g, find the maximum uniform 
speed i'„ that the block can have owing to rotation of the turntable without 
slipping off. Ans. v„ = V7^- 



FIG. E fig. F 
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10. An automobile of weight 11' travels with uniform speed v over a vertical 
rurvc ACB (Fig. F) which is parabolic. Determine the total pressure R 
exerted rjii the road by the four wheels of the car as it passes the crest C if 
a = 4 ft. f = 200 ft, V = 60 mph. Ans. R = 0.81 IF. 


7.3. Afotion of a projectile. We come now to the con.sideration of 
the integration of the differential equations of motion (57) for a particle 
acted upon by given forces. The simplest case we have when the 
resultant acting force is of constant magnitude and direction and the 
motion is curvilinear only by virtue of some initial velocity of the par- 
ticle in a direction different from 
that of the acting force. 

As an example of the application 
of Eqs. (57) to such a case, let us 
eon.sider the motion of a projectile 
fired from the origin of coordinates 
witii an initial velocity I'n inclined to 
the horizontal by the angle a (Fig. 

250) and having the projections Xo and t/o. Neglecting air resistance on 
the projectile and a.ssuming that only the vertical gravity force W is 
acting, Eqs. (57) become 



or 



It = 0, 



V ^ -g 


(a) 


Integrating these equations once, we obtain 


X = Ci y = -gt -b Co (b) 

Knowing that at the initial moment when i = 0, i = .to and y = 2 / 0 , we 
find for the constants of integration 


Cl — Xo Cj = yo 

and Eqs. (b) become 


.t = Xo y = -gt -b 7/0 


(c) 


These are the velocity-time equations for the projectile. We see that 
the particle viewed from a great height would appear to move with 
uniform horizontal speed Xo, while viewed from some distance directly 
behind the gun it would appear to move as a particle projected verti- 
cally upward with the initial velocity yo- 
A second integration gives 


X = ±4 + 


V = ~kQt“ + yd + Dn 


(d) 
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Again, knowing that at the initial moment when i = 0 we have 
a: = 2 / = 0, we find for the constants of integration 


Di = 0 — 0 

and Eqs. (d) become 


x iat y ^ 


(e) 


These are the displacement-time equations for the projectile. For any 
value of t we can calculate from them the coordinates x and y of the 
moving projectile, and hence they completely define the motion. 

To find the equation of the path of the projectile, we eliminate t 
between Eqs. (e) and obtain 


y = 


2x1 


Xo 


(f) 


Using Xo = Wo cos a and ya = Vo sin a, this can also be written in the 
form 


y = X tan a — 


9 sec» g 

2vl 


(f') 


This is the equation of a parabola having a vertical axis. The abscissa 
Xi of the vertex A of the path is obtained by observing that at this point 
the slope dyjdx of the curve is zero and we obtain from Eq. (f) 


from which 


dx 


xl xo 


Xoyo 

g 


(g) 


Substituting the value (g) into Eq. (f), we obtain for the ordinate of the 
vertex 



(h) 


We may obtain the same values for the coordinates of the vertex of 
the path in another way by using Eqs. (c) for the velocity of the projec- 
tile. Since, when the projectile is at the vertex of the path, the vertical 
projection y of its velocity is zero, we have 


—gt yo = 0 



from which 
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Substituting this value of t into Eqs. (e), we obtain for xi and t/i, 
defining the vertex of the parabola, the same values (g) and (h) given 
above. 

To find the point at which the path intersects the x axis, we have 
only to double the value of xi and we have 


r = 2xi 


2xoyo 

g 


(i) 


This distance is called the range of the projectile. If we replace xn and 
t/o by their respective values Vo cos oc and vo sin a, expression (i) defining 
the range becomes 

2vl sin a cos a • r. 

r = — ^ = — sin 2a (i ) 

g g 


It is seen that for a given initial velocity ao the maximum range is 
obtained when a = 45° and this maximum range is 


(i'O 

g 

It must be remembered that all of the foregoing discussion of the 
motion of a projectile neglects the effect of air resistance, and for the 
speeds with which projectiles usually travel this factor is by no means 
negligible. Consideration of the effect of air resistance, however, 
greatly complicates the problem and is beyond the scope of this book.^ 
In each of the following problems it will be assumed that the projectile 
moves without air resistance. 


EXAMPLES 


1. A cannon fires its projectile with such an initial velocity and at such an 
angle of elevation that the range is r and the maximum height to which the 
projectiles rises is h. Pind the maximum range that can be obtained with 
the same initial velocity. 

Solution. Denoting by vo and a the unknown initial velocity and angle of 
elevation and using Eqs. (h) and (i'), we may write 


A 


v\ sin^ a 

7 ^ 


T = 


"O • 9 

— Bin 2a 
9 


(j) 


which, since the maximum range is vl/g as given by Eq. (i"), may be written 

sin'^ a 


h = 


r = r„ sin 2a 


(]') 


»For more detailed discussion of the problem, see the authors’ “Advanced 
Dynamics,” p. 94, McGraw-Hdl, New York, 1948. 
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Writing the first of Eqs. (j') in the form 


A, ^ (1 - cos 2a) 
we obtain from these equations 

cos 2a = 1 — — sin 2a = — (k) 

To eliminate the unknown angle a between Eqs. (k), we square both sides and 
add the equations, obtaining 


from which 




r„, = 2A + ■ 


2. An airpl^'iie is moving with a horizontal velocity a at a height h above a 
level plane (Fig. 251). If a projectile is fired from a gun at 
instant when the plane i.s vertically above the gun, what 
I must be the angle of elevation a and what is the miiiiinum 

I initial velocity vo of the projectile in order to hit the 

^ airplane? 


1 

1 Vo 

Solution. 

It is evident that we must have 



Vo COB a = V 

from which 


FIG. 251 


V 

a = arccos — 

1^0 


Also, if the projectile is ever to attain the height li, we must have 
Vo sin a ^ (m) ly 


Eliminating a between Eqs. (1) and (m), 
we find 

Vo S -k/v^ + 2gh 


-r cos/J 

FIC. 252 


If r sin/? 


3. Referring to Fig. 252, determine the 
range r on an inclined plane for a projectile 

fired from point 0 with initial velocity ao and angle of elevation a. Find also, 
the maximum range on the inclined plane. 

Solution. Taking coordinate axes Xf y, as shown, and using Eqs. (e), we 
write for the coordinates of point B where the projectile hits the inclined plane, 
the following expressions: 


X ~ Vo cos at = r cos ^ 
y ~ Vo sin a t — igP = r sin /3 
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Eliminating t between these two equations, W'e find, for the range r, 

2vl cos= a • o\ 

r ~ (tan a — tan p) (o; 

ff cos /3 

If we take /3 = 0, tlii.s i educes to 

2 

(r)a=o = — sin 2a! 

Q 

which agrees with Eq. (i'), as it should. 

To find the maximum range, we set the derivative of expression (o) with 
respect to a equal to zero and obtain 

tan 20 ! = — cot d (p) 

This shows that for maximum range on the inclined plane, the initial velocity 
vector fo in Fig. 252 should make the angle a = 45“ + d/2 with the horizontal. 

PROBLEM SET 7.3 

1. A mortar fires a projectile across a level field so that the range r is a 
maximum and equal to 1,000 yd. Find the time of flight. Ans. 1=13,7 see. 

2. In Fig. A, a projectile is fired horizontally from point A with initial 
velocity Co = 360 fps. Find the range r to the target B. Ans. r = 2,840 ft. 



fIG. A Fio. B 


3. In Fig. B the pilot of an airplane flying horizontally with constant speed 
V = 300 inph at an elevation h = 2,000 ft above a level plain wdshes to bomb 
a target B on the ground. At what angle 8 below the horizontal should he 
see the target at the instant of releasing the bomb in order to score a hit? 
Neglect air resistance. Ans. 8 = 22°12'. 

4. A mortar having muzzle velocity Vo — 707 fps fires for maximum range 
across a level plain. Neglecting air resistance, calculate the time of flight 
of the shell. Ans. t = 31.1 sec. 

5. In what proportion will the maximum range of a projectile be increased 
if the initial velocity is increased by 10 per cent? Ans. 21 per cent. 

6. The maximum range of a projectile is 2,000 yd. At what angles of 
elevation a will the range be 1,600 yd if the initial velocity remains unchanged? 
Ans. oi = 24“18' or 65°42'. 

7. Two adjacent guns having the same muzzle velocity Wq = 1,000 fps 
fire simultaneously at angles of elevation ai and cii for the same target at 
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range r = S,000 yd. Calculate the time diflference is — U between the two 
hits. Ans. 44.5 sec. 

8. In Fig. C, a hammer of weight W = 2 lb starts from rest at A and slides 
down a roof for which the coefficient of friction is = 0.2. Find the distance 
X to the point D where it hits the ground. Ans. x = 14.4 ft. 




9. Referring to Fig. D, calculate the minimum speed Vo with which a 
motorcycle stunt rider mast leave the 15“ ramp at B in order to clear the 
ditch. Ans. Vo = 15 fps. 

*10. A boy wishes to throw a ball over a flat-roofed schoolhouse that stands 
40 ft wide and 25 ft high on level ground. Assuming that the ball will leave 
his hand at a height of 5 ft above the ground, determine how far from the wall 
he should take his stand in order to make the ball clear the roof with the least 
effort, i.e., with the minimum initial velocity. Ans. 14.64 ft. 

7.4. D’Alembert’s principle in curvilinear motion. The equa- 
tions of motion of a particle [Eqs. (57)] can be written in the form 

X — ffix = 0 F — my = 0 (59) 

wherein m — W/gf is the mass of the particle. These equations have 
the same form as equations of static equilibrium (page 26) and may be 
regarded as equations of dynamic equilibrium. In writing equations 
of dynamic equilibrium for a moving particle it is only necessary to 
consider, in addition to the real forces acting on the particle, the inertia 
force, the projections of which on the coordinate axes x and y are —mx 
and —my. The resultant inertia force balances the resultant active 
force, and the particle may then be considered to be in equilibrium. 

In the case of any rigid body that has curvilinear translation, all 
particles of the body have the same motion and hence the same acceler- 
ation. If to each particle the inertia force is added, the resultant of 
these inertia forces balances the resultant of the active forces external 
to the body and we have again a system of forces in equilibrium, 
Internal forces (actions and reactions) between the various particles of 
the body always occur in balanced pairs and need not be considered. 
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Application.^ of D’Alembert's principle to problems of curvilinear 
motion will now be illustrated by several examples. 


EX.AMPLES 

1. Determine the maximum bending moment in the side rod AB of length I 
of an engine if the cranks OiA and O^B are of length r = 15 in. and are making 
240 rpm (Fig. 253). 

Solution. Owing to uniform rotation of the cranks, each point on the axis 
of the side rod AB moves with constant speed « along a circle of radius r. 
The resultant acceleration of each element of the 
side rod is then direeted toward the center of 
that circle and has the magnitude v‘/r. For a 
given position of the side rod the corresponding 
inertia forces have the parallel directions shown 
in the figure. If q is the weight of the rod per 
unit length, the intensity of the distributed 
inertia force is qv'^/gr. For such loading, the 
ma.ximum bending moment is at the middle of the side rod and ha.s its greatest 
magnitude when the rod is in the position A'B', for here the inertia load and 
gravity load aie in the same direction perpendicular to the axis of the rod. 
The magnitude of this moment, calculated as for a simply supported beam, is 

(>+,?) W 

For the given numerical data y = 15 X Sir ips, and Eq. (a) becomes 

M„„ = (1 + 24.5) (b) 


Inertia force 



This maximum bending moment in the side rod is 25.5 times that due to the 
weight of tlie bar alone. Further, from Eq. (a) we see that this moment 

increases with the square of the speed of 
operation of the engine. From tliis 
example we see that stresses due to inertia 
loads must play an important role in the 
design of high-speed machinery. 

2. Determine the oiroumferential ten- 
sion S produced in a uniformly rotating 
thin circular ring of uniform cross-sec- 
tional area A and mean radius r (Fig. 
254) if the peripheral velocity of the ring is v. 

Solution. If g is the weight per unit length of the ring, the intensity of the 
uniformly distributed inertia force due to rotation is qv^/gr and is direeted 
radially outward as shown in the figure. Considering the dynamic equilibrium 



FIG. 2i4 
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qv- 


gv‘ 


of oue-half the ring as shown in Fig. 2546, we obtain for the circumferential 
tension (see Art. 3.8, page 155) 

/mi2 

(«) 

(d) 


S = — r = — 
gr g 


The corresponding tensile stress is 


® "■ .-1 “ Ag 


g 


where w = q/A is the weight per unit volume of the nuiterinl of the ring. 

3. A particle of weight Tf’^ attached to a fixed point 0 by a sti-ing of length 
I whirls in a horizontal circular path of radius r 
with uniform speed v so that the string generates 
a cone of height h = s/l- — r- (Fig. 255n). 
Determine the relation between v, r, and h and 
also the tensile force S in the string during such 
motion. 

Solution. Since the particle moves with uni- 
form speed in a circular path, it has only normal 
acceleration w^/r directed toward the center 0i 
of the circle and the corresponding inertia foi'ce 
is Wv'/gr directed outward a,s shown in the 
figure. Tills inertia force together with the 
weiglit TF and the tensile force S are in equili- 
brium and must build a closed triangle of forces 
as shown in Fig. 2556. From the similarity between the triangle of forces and 
AOAOi, we may write 

W 
gr 

from which 



r:h 


-:W 


-^/f 


(e) 


Eq. (e) expresses the required relation between v, r, and h. Also, from the 
triangle of forces, we obtain 

I TT 

(f) 




Substituting, for v, the value given by Bq. (e), this may also be written in the 
form 


S 




(f') 


The device is called a conical ‘pendulum. Its period, i.e., the time required for 
one revolution, is _ 

2-irr „ Ih 
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Foi' small angles of the cone, we have h ~ I and the period of the conical 
pendulum becomes the same as for a simple pendulum. 

4. Referring to Fig. 256, determine the so-called 
superelevation e of the outer rail on a railroad curvm 
of radius r so that a car traveling at speed r around 
the curve will exert equal pressures on the two rails. 

The distance between rails is b, as shown. 

Solution. Using D’Alembert’s principle, we con- 
sider, in addition to the vertical gravity force W 
of the car, the horizontal inertia force Wv‘‘/gr 
acting at the center of gravity C and directed to 
the outside of the curve. Equal reactions on the 
two rails will be realized when the resultant R of 
these two forces is perpendicular to the plane 
of the roadbed. Thus, from the figure, we see 

Wv^IgT 

~ gr 



that 


tan 6 = 


(b) 


Knowing the value of 6 from Eq. (h), we may calculate the proper super- 
elevation e from the formula 

e = 6 sin fi (i) 

In ordinary railroad construction, the angle B will usually be sufficiently 
small so that we can take sin 6 » tan 8 and in such case Eq. (i) becomes 


e 


gr 


(3) 


This equation can also be used in 



computing the proper superelevation for 
highway curves. 

5. A wheel of weight W moves with 
constant speed v along the horizontal a; 
axis (Fig. 257) . What effect on the pres- 
sure between the wheel and the road will a 
low spot in the road have if the shape of 
the low spot is defined by the equation 

S ( 2xa;\ 

y = 2 - cos -p j 


Consider both the road and the rim of the wheel to be absolutely rigid. 
Assume also that in addition to the gravity force W the wheel is pressed 
against the road by a force P transmitted to it through a spring. 

Solution. So long as the path of the wheel is horizontal, the pressure on the 
road is constant and equal to P -f- W. When the wheel is moving along 
the low spot, there is not only horizontal but also some vertical motion and the 
vertical acceleration y corresponding to this motion must be considered. The 
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vertical component of the velocity of the wheel for any position alonp; the low 
spot is 


Then 


. dy dy dx dy 
^ ~ dt ~ dxdt ~ " dx 

^ ~ dt ~ dxdt ~ ^ dx 


Sir . 2‘irx 
vy sm -y 

27r“ , . 2 tx 
y ti-‘5 cos -y 


(k) 

( l ) 


Applying D’Alembert’s principle, we find now that for any position along 
the low spot, defined by the displacement x, the pressure between the road 
and wheel is 

„ „ , rrr W .. „ , T 2TrV5 2Trx\ 

E-=P + W~Yy=F + W[l ^ cos — J (m) 

At the beginning of the low spot (x = 0), cos (2irx/l) = 1 and the minimum 
pressure between the road and wheel is 

= p + Tr(i - K) 

It is seen that, when the second term in the parentheses of this expression is 
greater than unity, the pressure on the road is less tlian tlie force P. Thus 
we conclude that, if it were not for the force P, the wheel would not follow 
the contour of the lot spot, 

At the middle of the low spot, x = 1/2, cos (2tx/1) = —1, and the maximum 
pressure between the wheel and the road is 

= P + IF (l -b (m") 

Assume, for instance, that 5 — ^ in., 1 = 40 in., and v = 100 fps. Then 
from Eq. (m"), we find 

R,... = P + 1F(1 + 5.75) 

and we see that the maximum pressure can be inci'cased very substantially 
owing to the effect of a slight depression in the road. 

The above discussion shows the importance, in the case of vehicles, of 
reducing as far as possible the weight of the wheels and of having springs 
between the wheel axles and the body of the vehicle. By introducing elas- 
ticity in the rim of the wheel and considering elasticity of the road, further 
reduction in the inertia force of the wheel is obtained. 


PROBLEM SET 7.4 

1. A circular ring has a mean radius r = 20 in. and is made of steel for 
which w = 0.284 lb /in.* and for which the ultimate strength in tension is 
60,000 psi. Find the uniform speed of rotation about its geometric axis 
perpendicular to the plane of the ring at which it will burst. Ans. 4,300 rpm. 
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2. Find the proper superelevation e for a 24-ft highway curve of radius 
r = 2,000 ft in order that a car traveling with a speed of 50 mph will have no 
tendency' to skid sidewise. .4ns. e = 2.00 ft. 

3. Racing ears travel around a circular track of 1,000-ft radius with a 
speed of 240 mph. What angle a should the floor of the track make with the 
horizontal in order to safeguard against skidding? Ans. a = 75°27'. 

4. A particle A of weight W is suspended in a vertical plane by two strings 
a.s shown in Fig. A. Determine the tension S in the inclined string OA 

(a) an instant before the horizontal string AB is cut 

O and (6) an instant after this string is cut. Assume 



FIG. A fig. B 

are connected by an elastic string and supported on a turntable as shown in Fig. 
B. When the turntable is at rest, the tension in the string is S = 50 lb and 
the balls exert this same force on each of the stops A and B. What forces 
will they exert on the stops when the turntable is rotating uniformly about 
the vertical axis CD at 60 rpm? Ans. R„ = 39.8 lb; Ri = 27.0 lb. 

6. A ball of weight TF is supported in a vertical plane as shown in Fig. C. 
Find the compressive force S in the bar BC: (a) just before the string AB is 
cut and (6) just after the string AB is cut. Neglect the weight of the bar BC. 
Ans. = 0.732W; S, = 0.500W. 



7. The arrangement shown in Fig. D rotates about the vertical axis yy at 
constant rpm. The weight of the vertical bar AB, hinged at C, is 3 lb and 
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the weight of the ball at the top is 6 lb. When the system is at rest, the 
initial tension in the spring BE is 20 lb. At what rpm will contact at A be 
broken? Assume the frame and bar AB to be absolutely rigid. Ans. 
38.7 rpm. 

8, At what uniform speed of rotation around the vertical axis AB will 
the balls C and D of equal weights W begin to lift the weight Q of the device 
shown in Fig. E? The following numerical data are given; PF = 10 lb, 
Q = 20 lb, 1 — 10 in. Neglect all friction and the weights of the four hinged 
bars of length 1. The weight Q can slide freely along the shaft AB. Ans. 
n = 111 rpm. 

A A 




The 2-lb weight of the governor in Fig. F can slide freely on the vertical 
shaft AB, At what rpm about the axis AB will the 1-lb flyballs lift the 

sliding weight free of its support? Neglect 
friction and the weights of the bars. Ans. 
101 rpm. 

10. What is the minimum uniform speed 
that a man and motorcycle of weight W can 
have in going around the inside of a vertical 
circular drum of radius r (Fig. G) in order to 
prevent slipping down the wall if the coefficient 
of friction between the tires and the wall is 
p? When the motorcycle is running at this 
speed, what angle ol must its middle plane make with the horizontal in order to 
prevent tipping down? Ans. v = V'({r/p)(f — c); a = arctan p. 

7.5. Moment of momentum. If a particle A of weight W moves 
along the curvilinear path CD in the xy plane in Fig. 258 and has at any 
instant the velocity v, its momentum is defined by the product {W/g)v. 
This momentum of the particle at any instant can be represented by 
the vector AE, the direction of which coincides with that of the velocity, 
i.e., tangent to the path at the point defining the instantaneous posi- 
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fcion of the particle. The moment of momentum of the particle with 
respect to the origin 0 is defined as the product of the momentum and 
the perpendicular distance OB (Fig. 258). In expressing this moment 
of momentum of the particle, it is convenient to resolve the momentum 
vector AE into two rectangular components 


— X and 


W 

g 


y 


parallel, respectively, to the coordinate axes 
X and y. Then, since the moment of the re- 
sultant with respect to point 0 is equal to the 
algebraic sum of the moments of its com- 
ponents with respect to the same point, 
we may express the moment of momentum of 
the particle with respect to the origin 0 as follows : 

W 

Ho = — (yx — xy) 



FIG. 258 


(a) 


where the symbol H will be used to denote moment of momentum and 
counterclockwise moment is considered as positive. 

In the same manner the resultant force F acting on the particle A 
(Fig. 259) may be resolved into the rectangu- 
lar components X and Y and the moment of 
this force with respect to the origin 0 becomes 

Mo=Yx~ Xy (b) 

Let us consider now the equations of mo- 
tion of a particle [Eqs. (57)] : 



W .. 

— X 

g 


X 


w .. ^ 

— y=Y 


(c) 


Multipl 3 dng the first of these equations by y and the second by x and 
subtracting the first from the second, we obtain 

W 

— (yx - xy) ~ Yx - Xy 
which may be written in the form 
'W 


d 

dt 


L g 


{yx — xy) = Yx — 


Xy 


(60) 


Using the notation Ho for moment of momentum with respect to point 
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0 and ikfo for moment of the resultant force with respect to the same 
point, Eq. (60) may be expressed in the more compact form. 




(60') 


In either form the equation states that t\e rate of change of moment 
of momentum of a particle with respect to any point in its plane of motion 
is equal to the moment of the resultant acting force with respect to the 
same point. 

Equation (60) is very useful when we have to deal with the plane 
motion of a particle under the action of a so-called central force, i.e., 

one that is always directed toward 
some fixed point. In such case the 
moment of the force with respect to 
this point is always zero, and hence 
we conclude from Eq. (60) that the 
rate of change of moment of momen- 
tum of the particle with respect to 
the same point is zero or in other 
words that the moment of momen- 
tum with respect to this point is 
constant. 

As an application of Eq. (60'), let us consider briefly one aspect of 
the problem of planetary motion.^ In Fig. 260, let point 0 represent 
the position of the sun and P that of the planet. Denoting by m the 
mass of the planet and by v its velocity, the momentum of the planet 
is mv, represented by a vector tangent to the orbit as shown. The 
moment of this momentum vector with respect to point 0 is mv ■ OB, 
Now since the attractive force F is always directed toward 0 its 
moment about this point is zero and we conclude from Eq, (60') that 

mv ■ OB = const (d) 

As the planet moves along its orbit, the radius vector OP sweeps 
out in time dt the small shaded area 



dA = ^-^OB 


(e) 


Hence ^ ■ OB represents the rate of description of area, and we con- 
clude from Eq. (d) that this must be constant. Thus the planet moves 

^ For a more complete discussion of planetary motion, see the authors’ "Ad- 
vanced Dynamics,’’ p. 87, McGraw-Hill, New York, 1948. 
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in its orbit in such a way that its radius vector sweeps out equal areas 
in equal intervals of time. This conclusion was first reached by Kepler 
from direct observation and was one of the established facts that helped 
Newton in formulating his three laws of motion. 

PROBLEM SET 7.5 

1. A small ball of weight IF, attached to the end of a string, is supported 
by a smooth horizontal plane and travels with uniform speed Do in a circular 
path of radius r (Fig. A). By pulling the string at the lower end, the radius 
of the path is reduced to r/2. Determine the new velocity nf the ball and 
the tension S in the string. Ans. Vt — 2do; 

S = 8Wvl/gr. 

2. A conical pendulum of length I = 20 in. 
rotates with constant speed » in a horizontal 
circular path of radius r = 10 in. as shown in 


rs 

FIG. A fig. B 

Fig. B. How much string must be pulled through the pedestal to double 
the speed of the ball? Ans. 14.9 in. 

3. If the ball shown in Fig. A is given an initial velocity do in the circular 
path of radius r and the coefficient of friction between it and the horizontal 
plane i.s n, determine, by using Eq. (60), the time interval t required for the 
ball to come to rest. Ans. t = VoZ/ig. 

4. A heavy particle suspended vertically by a long string so that it can 
swing freely under the influence of gravity is allowed to describe a small 
horizontal elliptical path centered about the position of equilibrium 0. If 
the major and minor semiaxes of the ellipse are o and b, respectively, find 
the ratio of the velocity v, with which the particle crosses the y axis to the 
velocity Vy with which it crosses the x axis. Ans. vjv, = a/b. 

5. The motion of a particle of mass m in the xy plane is defined by the 
equations 

X = a cos pt y = h sin pt 

where a, b, and p, are constants. Calculate the moment of momentum of 
the particle with respect to the origin 0. Ans. Hi} nbpni, 

6. The motion of a particle of mass m in the xy plane is defined by the 
equations 

X = a cos pi y = b sin 2pl 





350 


CURVILINEAR TRANSLATION [Art. 7.6 


where a, h, and p are constants. Calculate the moment of momentum of the 
particle with respect to the origin 0. Ans. Ho = 2abpm cos^ pt. 

7.6. Work and energy in curvilinear motion. The method 
of work and energy discussed in Art, 6.9 (see page 299) for the case of 
rectilinear motion of a particle can be used also in dealing with curvi- 
linear motion. We begin with equations of motion (58) in the form 


E* = q 
g dt 


g P 


(a) 


where S and N are the projections of the resultant force F on the 
tangent and normal to the path at any point P as shown in Fig. 261, 

Multiplying the first of Eqs. (a) by 
V — ds/dt, we obtain 

W dv „ ds 
g 

which may be written in the form 



d 


(W f \ _ 

\g 2 / 


Sds 


(b) 


The left side of this expression is the 
differential change in kinetic energy of 
the particle during the time interval 
dt. The right side of Eq. (b) represents the corresponding increment of 
work done by the tangential force S acting through the displacement ds. 
We recall now from statics that the Avork of the resultant force F on the 
displacement da is equal to the algebraic sum of the works of its com- 
ponents S and N. Furthermore, the force N is perpendicular to the 
direction of the displacement and does no work. Hence, the right side 
of Eq. (b) represents completely the work of the resultant force F on 
the displacement ds. 

Integrating Eq. (b) between limits corresponding to any two points 
1 and 2 on its path (see Fig. 261), we obtain 


Wvl 

2 ? 


_ EiLi = r 

2 £/ J ai 


Sds 


(61a) 


This is the equation of work and energy for the case of curvilinear 
motion of a particle in a plane. It states that the change in kinetic 
energy of the particle between any two positions on its path is equal to 
the work of all forces acting upon it during the motion between these two 
points. 
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If, instead of the tangential and normal components S and N of the 
resultant force, we have the rectangular components A' and Y, we 
resolve the displacement ds into components dx and dy, as shown in 
Fig. 262. Then since the work of 
the resultant is equal to the alge- 
braic sum of the works of its com- 
ponents, we conclude that 

S ds = X dx Y dy (c) 

Substituting this in Eq. (b), we 
obtain 

d -^j = Xdx+Ydij (d) 

Then integrating as before between limits corresponding to points 1 
and 2 on the path, we obtain 




We see that Eq. (616) differs from Eq. (61a) only in the manner of 
expressing the work done by the acting forces. Usually, the form 
(61o) will be preferable when the path of the particle is prescribed and 
the form (616), when it is not. 

The law of conservation of energy as represented by Eq. (49), page 
307, for an ideal system of particles performing rectilinear motions can 


\ 


be used also in dealing with a system of 
particles that perform curvilinear mo- 
tions, provided the conditions of a con- 
servative system are satisfied. 


R/ yw EXAMPLES 

I* 

~ 0 ~ * — * 1. Referring to Fig. 263, assume that a 

2^3 particle of weight W starts from rest at Bi 

and slides under the influence of gravity 
along a smooth track BiEi in a vertical plane. Find the velocity of the par- 
ticle at Bt. 


Solution. Considering the particle in any position along its path as shown, 
we see that the only forces acting on it are the constant vertical gravity force 
W and the reaction R exerted by the track. In the absence of friction, the 
reaction R is always normal to the direction of motion and does not produce 
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work; lienee this unknown force can be eliminated from consideiation. Pro- 
jecting the gravity force IF onto the tangential direction, we obtain 


S = -IF- 

and the energy equation (61 «) becomes 


Sds = -TF 

I SI Jyt 


dy = IFfi/i — 2/2) 


from which 


= V^g(.yi - Vi) 




We see from this example that, provided there is no fi'iction between the par- 
ticle and its track, the speed gained be- 
y ^ 2 tween Bi and S2 is the same as would have 

J resulted from a free fall through the height 

//'' (p, — 1/2). This conclusion will be very 

j useful in the solution of further problems. 

0 * 2. A projectile is fired from point 0 

flQ_ 264 initial velocity vo and angle of eleva- 

tion a as shown in Fig. 264. Find the 
velocity v of the projectile as a function of its altitude y above the ground. 

Solution. Neglecting air resistance, we have to consider only the constant 
vertical gravity force so that .X = 0 and Y = —W, and the energy equation 
(01b) becomes 


r^Wdy=-Wy 

g 2 g 2 jo 


from which 


V = "n/vo 


We note that the speed of the projectile at any given elevation y is inde- 
pendent of the angle of elevation at which it was 
fired. However, in using Eq, (f), we must select 
only values of p ^ rS ain*o:/2p, which is the maxi- 
mum height to which the projectile can rise (see ^ 
p. 336). 

3. A smooth semicircular tube AB of radius r is 
fixed in a vertical plane and contains a heavy flexible FIG. 265 

chain of length irr and weight wirr as shown in 

Fig. 265. Assuming a slight disturbance to start the chain in motion, find 
the velocity v with which it will emerge from the open end B of the tube. 

Solution. Neglecting friction between the links of the chain and between 
chain and tube, we have a system of particles with ideal constraints to which 
the law of conservation of energy applies. In the initial configuration, the 
kinetic energy of the chain is zero and its potential energy, with respect to 
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AB as a datum, is !t''rr(2rV). In the final configuration, all links of the 
chain have the same velocity v and its kinetic energy is («fflT/ji)(uV2), while 
the potential energy is — !y7rr(rrr/2). Thus Eq. (49), page 307, becomes 


2wr‘‘ = 


2fl 


from which vve find 




+ 1 ) 


(g) 


■15 2 
y = 



I Wlii. 

Pc 


4. A small ball of weight W starts from rest at A and moves without fric- 
tion along the curved path A(7B in 
Fig. 266. This is a parabola in a 
vertical plane defined by the equation 

(h) 


(a) 

FIG. 266 


Determine the reaction B exerted on 
the ball by the path at point C. 

Solution. Since the ball moves along AC without friction, we conclude at 
once that at point C it has the velocity 


» = ■\/2ffS 


(i) 


directed along the horizontal tangent to the path at C. 

Using D'Alembert’s principle, we have the free-body diagram for the ball 
as shown in Fig. 2666, where p, is the radius of curvature of the parabola at C. 
Writing the equation of dynamic equilibrium for the ball in this position, we 
obtain 


Substituting 


= wfi -h— ) 

' gpcP 

i = = 

Pc \dT^/ C 


86 

P 


from Eq. (h) and v‘ = 2g5 from Eq. (i), Eq. (j) becomes 


B = 




(i) 


(k) 


( 1 ) 


It is seen that, if the ratio S/I is large, the pressure between the ball and the 
support at C can be many times greater than the gravity force W, 


PROBLEM SET 7.6 

1. A simple pendulum of weight W and length I as shown in Fig. A Is 
released from rest at A (a = 60°), swings downward under the influence of 
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gravity, and strikes a spring of stiffness A at 5. Neglecting the mass of the 
spring, determine the compression that it will suffer. Ans. 5 = s/wi/k. 




2. The simple pendulum in Fig. B is released from rest at A with the string 
horizontal and swings downward under the influence of gravity. Express 
the velocity v of the bob as a function of the angle 9. Ans. v = \/2gl sin 9. 

3. If the simple pendulum of weight W in Fig. B is released from rest in the 
position A, find the tension T in the string OB as a function of the angle 6. 
Ans. T = 3TF sin 9. 

4. If the pendulum in Fig. C is released from rest in its position of unstable 
equilibrium as shown, find the value of the angle tp defining the position in 
its downward fall at which the axial force in the rod changes from compression 
to tension. Ans. <p = arooos t = 48‘’11'. 




5. In Fig. D a simple pendulum is released from rest in the horizontal 
position OA and falls in a vertical plane under the influence of gravity. If it 
strikes a vertical wall at B and the coefficient of restitution is e = 1, find 
the angle ip defining its total rebound. Ans. <p = 41°25'. 

6. A small car of weight W starts from rest at A and rolls without friction 
along the loop-the-loop ACBD (Fig. E). What is the least height h above 
the top of the loop at which the oar can start without falling off the track at 
point B, and for such a starting position what velocity will the car have along 
the horizontal portion CD of the track? Neglect friction. Ans. hmin = t/2; 

V, = VB^. 
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FIG. E FIG. F 


7. Referring to Kg. F, assume that the ball I of weight IF is released from 
rest in the position d\ = 60° and swings downward to where it strikes the ball 
II of weight 3W. Assuming an elastic impact, calculate the angle 6% through 
which the larger pendulum will swing after the impact. Ans. B% — 28°57'. 

8. In the system shown in Fig. F, the ball I is allowed to swing downward 
from rest in the position defined by the angle d\ — 45° and to strike the ball 
IJ, which, after impact, swings upward to the position defined by the angle 
02 = 30°. If the weights of the balls are equal, find the coefficient of resti- 
tution e for the materials. Ans. e — 0.35. 

9. In Fig. G a small ball of weight TF = 5 lb starts from rest at 0 and rolls 
down the smooth track OCD under the influence of gravity. Find the 
reaction R exerted on the ball at 0 if the curve OCD is defined by the equation 
y = hsm (ttz/I) and h = 1/3 — 3 ft. Ans, R = 15.95 lb. 


O 



FIG. G FIG. H 


10. Referring to Fig. H, find the value of the angle (t> defining the position 
of the point B ivhere the particle will jump clear of the cylindrical surface 
after the string OA has been cut. Neglect friction. Ans. cos <t> = % cos oe. 

11. A block of weight IF starts from rest at A and slides in a vertical 
plane along the arc AB of a smooth circular cylinder of radius r (Fig. I). 
At point B it leaves the cylinder and travels along the dotted trajectory BC. 
Neglecting friction, determine the distance b defining the position of the point 
C at which the block strikes the horizontal plane CD. Ans. 6 = 1.46r. 



35(4 


CURVILINEAR TRANSLATION [Art. 7.6 



FIG. I FIG. J 


12. A smooth tube AB in the form of a quarter circle of mean radius r is 
fixed in a vertical plane and contains a flexible chain of length Trr/2 and weight 
toirT/2 as shown in Fig. J. If released from rest in the configuration shown, 
find the velocity v with which the chain will move along the smooth horizontal 
plane BC after it emerges from the tube. Arts, v = ■\/0.7285r. 

13. In Fig. K, the pendulum A released from rest in the horizontal position 
OiAi swings down and strikes the pendulum B initially at rest in the vertical 



position OiBi. If the impact is perfectly 
elastic, find the value of the angle (p where 
the axial force in OB changes from compres- 
sion to tension as the ball of the lower 
pendulum falls along the path BiBjBj. 
The weights of the bobs are Wa = 1 lb, 
Wb = 2 lb, and the lengths I = 12 in. Ans. 
<P = 15°38'. 

14. Using the data given in Prob. 13, find 
the angle d defining the total rebound of the 
ball A after impact at AjBi in Fig. K. Ans. 
e = 27°16'. 


FIG. K 15. Using the data given in Prob. 13, find 

the compression 5 produced in the spring 
at Bs if it has stiffness fc = 6 Ib/in. and negligible mass. Ans. 5 = 3.75 in. 



ROTATION OF A RIGID BODY 
ABOUT A FIXED AXIS 


8.1. Kinematics of rotation. If a rigid body rotates about a fixed 
axis such as Oz (Fig. 267), its position at any instant can be defined 
liy the angle of rotation B, which is the angle between a certain plane 
OAB of the body through the axis of rotation and the immovable 
coordinate plane, say the xz plane through the same axis. As the body 
rotates, the angle of rotation 6 varies with time and the rotation is com- 
pletely defined if we know 0 as a function of 
time. Thus we must have 

e = m (62) 

The angle of rotation 6 is usually expressed in 
units of radians, although it may sometimes 
be expressed as a number of complete revolu- 
tions, but rarely in degrees. 

If the body turns so that in equal intervals 
of time, which can be taken as small as we 
like, it describes equal angles of rotation, we 
have the case of uniform rotation. The angle of rotation per second is 
the angular velocity of uniform rotation. 

Generally, we have nonuniform rotation of a body and the angles 
of rotation described in equal intervals of time are not equal. If h 
and U denote two successive instants of time and and 62 the corre- 
sponding angles of rotation, we define the average angular velocity of 
the rotating body during the interval of time from fi to ia by the 
expression 





_ Bj — 9i 
<2 — ti 
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To define the instantaneous angular velocitij of the body at any 
moment of time t, we proceed as before and consider two succes.sive 
instants t and t + At. If A8 be the angle of rotation of the body during 
the small interval of time At, the angular velocity at the instant t is 


CO 


,. Ad 
^-,0 



(63) 


Since the angle of rotation is measured in radians and the time in 
seconds, angular velocity will be expressed in units of radians per 
second (sec“‘)- We usually consider not only magnitude but also the 
direction of angular velocity. The rotation indicated in Fig. 267 by an 
arrow and corresponding to the rotation of a right-hand-screw diisplac- 
ing in the positive direction of the z axis will be considered as positive, 
and rotation in the opposite direction as negative. 

In engineering the uniform speed of rotating machines is usually 
given by the number of revolutions per minute (rpm). If n denotes 
this number, the angular velocity of the machine in radians per second 
is given by the formula 

2irn im 

" “ W ~ 30 


When a body rotates about a fixed axis, each point in it, such as point 
A, at the distance r from the axis of rotation (Fig. 267) describes a 
circle of radius r. If As is a small displacement of the point along this 
circle during the interval of time At and if A9 is the corresponding angle 
of rotation of the body, the velocity of point A is 


V 


As .. r AB . 

lim — = lim = rd = TM 
i(_,o Ac A(-.o Ac 


(64) 


The time rate of change of angular velocity of a rotating body is 
called the angular acceleration of the body. If at the instants h and 
the body has angular velocities coi and wj, respectively, then the average 
angular acceleration during the interval of time from t\ to ti. is defined by 
the expression 


«.v 


(i>2 ■*" Wx 
<2 — ii 


(o) 


To define instantaneous angular acceleration, we consider a small 
interval of time from i to t -j- At. If Aco is the corresponding change in 
angular velocity, then the angular acceleration of the rotating body at 
the instant t is 


a 


Ao) 

= lim — 

A<-*0 AC 



§ 


(65) 
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Considering the circular motion of a point A of the rotating body at 
the di.stance r from the axis of rotation and proceeding as already 
explained in Art. 7.1, we can resolve the resultant acceleration of point 
A into tangential and radial components as follows: 

at = ^ = ru = r& a„ = — = cc-r = 6^r (66) 

at T 

We see that, if we know the angular velocity 8 and angular accelera- 
tion 6 of a rotating body, both components of the resultant acceleration 
of any point in the body at a distance r from the axis of rotation can be 
easily calculated from Eqs. (66). 

EXAMPLES 

1. The angle of rotation of a body is given as a function of time by the 
equation 

d = 6o A' cl* 

Find general expressions for the angular velocity and angular acceleration of 
the body. Determine also the values of the constants b and c if the initial 
angular velocity is 2^ sec“‘ and 1 sec later it is iir sec"‘. 

Solution. By using Eq. (63) we find for the angular 
velocity 

0 ) = 0 = 6 -j- 2c< (d) 

Putting the simultaneous values (a = 2ir sec~* and t = 0 into 
this equation, we find 6 = 27r sec“'. Thus the constant b 
represents the initial angular velocity. Putting the simulta- 
neous values w = 47r sec“' and i = 1 sec in Eq. (d), we find 
c = w sec.“* The angular acceleration, from Eq. (65), is 

a = 9 = 2c = 27r sec~* 

We see that the given equation represents rotation of a rigid body with con- 
stant angular acceleration. 

2. The circular disk suspended by a slender rod, as shown in Fig. 268, 
performs torsional oscillations such that its angle of rotation measured from 
the equilibrium position is given by the equation 

6 = 9o cos pi 

Find general expressions for the angular velocity and angular acceleration of 
the disk and also general expressions for the radial and tangential components 
of the acceleration of a point on the periphery of the disk. Determine the 
maximum values of these components if the disk makes 2 oscillations/sec, has 
the radius r = 5 in. and maximum angular velocity 27r seo“h 
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Solution. Using Eqs. (63) and (65), we obtain 


■doP sin pi 
- 8aP^ cos pt 


(c) 

(f) 


The components of acceleration of a point on the peripheiy of the disk, from 
Eqs. (66), are 

= r8 = —rOap- cos pt (g) 

(h) 


ai 


= 6lp-r sin- pi 


Prom the condition that the disk has 2 oscillations/sec, vve conclude that the 
period 

2’r 1 „„„ 

r = — = o sec 
P 2 

from which p = 4ir sec“h The maximum angular velocity, from Eq. (e), 
then is Bap = 2r seo'h Hence Bo = Substituting the values of do, p, 
and r into Eqs. (g) and (h), we obtain the following maximum values of the 
components of acceleration of a point on the 
periphery of the disk; 

(ai)n.»x = Sorp"- = 40x2 in./sec^ 

(a»)m«, = BoP'^r = 20x2 in./seo^ 

3. A slotted bar OA is hinged at 0 and supported 
by a pin B which can slide freely along the slot.as 
the block to which the pin is attached slides along 
a horizontal plane (Fig. 269). If at the initial 
moment f = 0, the bar OA is in a vertical position 
and the block moves to the right with uniform 
velocity vo, as shown, find general expressions for angular velocity B and 
angular acceleration 8 of the bar OA. 

Solution. Considering the system at the instant t when the block has dis- 
placement X = Vot and the bar has corresponding angular displacement d, ive 
see from the geometry of the figure that 



6 = arctan ^ 
0 


(i) 


Successive differentiations of this expression with respect to time give 


Vab 


¥ + 


and 


2vlbt 
+ vlty 


We note from the second of these expressions that the initial angular velocity 
^0 = Vo/b when t = 0 is a maximum. The student will find it instructive to 
make graphs of the expressions for 8 and 8 as given above. 
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PROBLEM SET 8.1 

1. The armature of an electric motor has angular speed n — 1,800 rpm 

at the instant when the power is cut off. (a) If it comes to rest in 6 sec, 
calculate the angular deceleration a assuming that it is constant. (6) How 
many complete revolutions does the armature make during this period? 
.4ns. (a) a = IOtt sec“^; (6) 90 revolutions. 

2. Referring to Fig. 268, compute the maximum tangential and normal 
components of acceleration of a point on the periphery of the disk if it oscil- 
lates with an amplitude Ba = I radian instead of ^ radian as in Example 2 
above. Ans. (aOmu = SOtt’ in./sec’; (an)n,„ = SOtt” in./sec’, 

3. Considering the system in Fig. 269, determine the value of 8 for which 
the negative angular acceleration 6 of the bar 0.4 has its maximum value. 
Hns. B = 30°. 

4. A slender but rigid semicircular wire of radius r is supported in its own 
vertical plane by a hinge at 0 and a smooth peg A as shown in Fig. A. If 
the peg starts from 0 and moves with con.stant speed «o along the horizontal 
X axis, find the angular velocity B of the wire at the instant when 6 = 60°. 
Ans. & — vo/r. 




♦5. A slotted bar OA hinged at 0 is made to oscillate about its vertical 
position by means of a crankpin D rotating with uniform angular velocity co 
as shown in Fig. B. Derive a general expression for the angular velocity 6 
of the bar, counting time from the instant when the pin D is in its lowest 
position and plot one cycle of the curve 8 = /(i) for the particular case where 
h = 2r. 

8.2. Equation of motion for a rigid body rotating about a fixed 
axis. In deriving the equation of motion for a rigid body rotating 
about a fixed axis, we shall use D’Alembert’s principle and the notion 
of dynamic equilibrium. We consider the body as a system of rigidly 
connected particles and apply to each particle its inertia force. These 
inertia forces together with all external forces acting on the body consti- 
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tute a system of forces in equilibrium. The internal forces (actions and 
reactions between the various particles) need not be considered, since 
they always occur in pairs of equal and opposite collinear forces and 
are of themselves balanced. Thus the algebraic sum of the moments of 
external forces and inertia forces, with respect to the axis of rotation, is 


In calculating the moments of inertia forces with respect to the axis 
of rotation, we have to consider only the tangential components of 

^ these forces, since the moments of the radial 

components, intersecting the axis of rotation, 
j I \ ^ vanish. Denoting by dm the mass of a particle 

I of the body at a distance r from the axis of rota- 

tion (Fig. 270) and using the first of Eqs. (66), 
.2 we find that the tangential component of its 
rddm ™ inertia force is —rQ dm and the moment of this 

force with respect to the axis of rotation 
ia—r'-'6dm. Summing up the moments of these 
inertia forces for all particles of the body and denoting by M the 
resultant moment with respect to the axis of rotation of all external 
forces acting on the body, we may write the following moment equa- 
tion of dynamic equilibrium ; 


rSdrn 
FIG. 270 


+ M = 0 (a) 

where the integration must extend over the entire volume of the body, 
The angular acceleration S, being the same for all particles of the rotat- 
ing body, can be taken out from under the integral sign. Then intro- 
ducing the notation 

I = Jr* dm (b) 

Eq. (a) can be written in the form 

Id = M (67) 

This is the equation of motion for a rigid body rotating about a fixed 
axis. The quantity I is the moment of inertia^ of the body with respect 
to the axis of rotation, and M is the resultant moment of all external 
forces with respect to the same axis. We see that Eq. (67) has the 
same form as the equation of motion [Eq. (34)] for the rectilinear 
motion of a particle. 

As in the case of rectilinear motion of a particle, we conclude 
that two kinds of problems can be solved by using Eq. (67) . In the 

‘ For further discussion and methods of calculating moments of inertia, see 
Appendix II, p. A, 17. 
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first case, the motion is known, i.e., the angle of rotation d is given as a 
certain function of time t, and it is required to find the resultant 
moment M that produces this motion. In the second case the moment 
AI of external forces with respect to the axis of rotation is given and it is 
required to find the motion that this moment produces, i.e., to find an 
expression for the angle of rotation 6 as a function of time. Problems 
of the first kind are simple. It is only necessary to substitute in Eq. 
(67), for d, the given function of time. Then, by differentiation, we 
obtain the corresponding expression for the resultant moment M. We 
shall now consider several examples of this kind. 


EXAMPLES 


1. A right ciicular disk which weighs 300 lb and is 30 in. in diameter is 
free to rotate about its geometric axis and is constantly accelerated from 
rest to 300 rpm in 20 sec. D^ermine the constant torque M required to 
produce this acceleration. 

Solution, The constant angular acceleration of the disk is 

a _ 300 X _ j giTj sgf.-s 

® 60 X 20 2 

The moment of inertia of the disk (see page A, 18) is 

j 300 16» _ 07 K ,K ir. 

^ = 3l6 T Ib-secMn, 


Substituting these value.? into Eq. (67) give.s 

M = 87.5 X 1.571 = 137.3 in.-lb (c) 

This is the external torque required to produce the given motion. 

2. A slender prismatic bar OA of weight W and 
length I (Fig. 271) can rotate freely about the fixed 
axis through 0 normal to the plane of the figure. 

By means of a horizontal bar AB and a crank- 
shaft with crank radius r and crankpin D freely 
sliding in the slot DC, a simple harmonic motion 
is given to the end A of the bar OA. Determine 
the force S in the bar AB, assuming that its mass 
is negligible. 

Solution. Denoting by co the uniform angular 
speed of the crankshaft and counting time from 
the instant when the crank is vertical as shown, 
the motion of the point A in the horizontal direction is' 

s = r sin oil (d) 

‘ It is assumed that the crank radius r is small compared with the length I of 
the bar OA, and vertical displacement of A is neglected. 
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Then for small angles of oscillation of the bar OA we ha\'e 


from which 


0 ^ sin 0 


= I = I sin a)/ 


d = — cij* sin cot 


(e) 

(f) 


The moment of e.xternal forces acting on the bar OA with respect to the axis 
of rotation consists of two parts: (1) the moment of the force 5, representing 
the action of the bar AB on the bar OA, and (2) the moment of the gravity 
force W, which can be assumed applied at the center of gravity of the bar OA. 
Then 

M = SI - TF^sin B 
which, by using expression (e), becomes 


M = SI — sin cot 
2 


(g) 


Substituting Eqs. (f) and (g) into the general equation of motion [Eq. (67)] we 
obtain 

Wr 


—To j £ 0 ® sin cot = SI ' 


sin CO 


from which 


O T 4 


(h) 


In calculating the moment of inertia 7o of the bar OA with respect to its 
axis of rotation, we assume that its cross-sectional dimensions are small com- 
pared with its length I, so that (see page A, 22) 

T = Zil = EL” 

“ ff 12 4 g Z 

Substituting this into Eq. (h), we obtain 

r, Wt (\ CoH') . . 

' — ~Tt is seen that the force 5 in the bar AB depends on the angular speed co ol 
the crankshaft. For very small values of co the second term in the parentheses 
of expression (i) can be neglected and we obtain 
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Thi.s is the magnitude of the force 5 in the bar AB whicii tvould be necessary 
to hold the bar OA in equilibrium with its lower end A displaced a distance 
s to the right. It is a tensile force for displacements as shown in the figure 
and a compre-s.sive force for displacement.s of .4 in the opposite direction. 

For larger values of oi the force .S as given by' Eq. (i) decreases and become.? 
zero when u-l/Sg = that is, when 

“ - ® 


The corre-sponding time for one revolution of the crank is obviously 



We shall see later that this is the period of free oscillations of the bar OA, 
vertically suspended at 0. Thus, if the frequency of forced oscillations pro- 
duced by the rotating crankshaft coincides with the natural frequency of the 
bar OA as a pendulum, no action from the bar AB is required to maintain these 
oscillations. 

When u becomes greater than the value given by Eq. (j) above, expression 
(i) changes sign and we have compression in the bar AB for the conditions as 
shown in the figure. 

3. Find the pulsating torque acting in a shaft if the rotation of a flywheel 
of weight W = 2,000 lb at the end of the shaft is defined by the equation 

d = <>iL A- a sin oil 


The average angular speed of the flywheel is 180 rpm, and the maximum 
deviation from this average angular speed is O.Oloi. The radius of gyration of 
the flywheel with respect to the axis of rotation is i = 50 in. 

Solution. From the numerical data given above we have 


0 . = 180 = for sec-i a = 0.01 


I = 


2000 

386 


50’' lb-sec“-in. 


Substituting these values in Eq. (67), we obtain 

M = l6 = —latiA sin cot = 46,000 sin cof in. -lb 


PROBLEM SET 8.2 

A flywheel having moment of inertia I = 600 Ib-secMn. with respect to 
its axis of rotation and making 100 rpm, if left alone, comes to rest with 
constant angular deceleration in 52 sec, owing to friction in the bearings. 
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Determine the friction couple that produces this angular deceleration. A.ns. 
M = 120.7 in.-lb. 

2. A homogeneous sphere, of radius a = 10 in, and weight W = 100 lb, can 
rotate freely about a diameter. If it starts from rest and gains, with constant 

angular acceleration, an angular speed n = 180 
rpm in 12 revolutions, find the acting moment 
M. Ans. M = 24.4 in.-lb. 

3. In Fig. A the pin P, sliding without friction 
in the slotted bar OA, moves with constant 
velocity So along the horizontal x axis, causing 
the bar OA to rotate in the vertical plane about 
the fixed axis through 0. For the particular 
instant when 6 — 30°, find the force F that the 
pin exerts on the bar. The following numerical 
data are given; IF = 51b, 1 = 20 in., wo = 30ips, 
Ans. F = 1.29 lb. 

4. Referring again to Fig. A, assume that the 
pin P performs simple harmonic motion along the 

horizontal x axis as represented by the displacement-time equation x = ilsinwi, 
where w = 6 sec~h Under such conditions, find the magnitude of the forreF 
exerted on the bar OA by the pin when it is in either of its extreme positions, 
that is, when x = ±1/2. Use all other data from Prob. 3 above. Ans. 
F = 0.30 lb. 

5. Referring again to Fig. A, find the period r = 27r/w of the simple har- 
monic motion of the pin P, as described in Prob. 4, for which the force F 
exerted on the bar OA in an extreme position {x — ±1/2) will be zero. 
Ans. T = 0.978 sec. 

8.3. Rotation under the action of a constant moment. We 

come now to the second kind of dynamics problems mentioned in Art. 
8.2, where the active forces are known and the motion that they pro- 
duce is required. That is, by integration of Eq. (67), we must deter- 
mine the angle of rotation as a function of time. In the particular 
case where the moment of all external forces acting on the body with 
respect to the axis of rotation is constant, the necessary integration of 
Eq. (67) can be made in a very simple manner. Assuming that M is 
constant, we obtain by the first integration 

16 = Mt+ Cl (a) 

The constant of integration Ci is found from the initial conditions of the 
motion. If, when f = 0, the angular velocity of the rotating body is 
6o, Tve obtain from Eq. (a), Ci = Z^o and the general expression for the 
angular velocity becomes 



M 
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Integrating Eq. (68), we obtain 

+ (b) 

The constant of integration Cj again must be determined from the 
initial conditions. If at the initial moment t = Q the angle of rotation 
is 00, we obtain from Eq. (b), C'-. = So and the general expression for the 
angle of rotation becomes 

9 = 6ot + 00 (69) 

Various simple problems of rotation of a rigid body about a fixed 
axis can be solved by using Eqs. (68) and (69) in the same manner as 
was doJie before in discussing the rectilinear motion of a particle 
under the action of a constant force (see Art. 

6.3). 

VTiting Eq. (67), governing the rotation of a 
rigid body about a fixed axis, in the form 

M - ie = o (o) 

we conclude that if we apply a couple — IS to the 
rotating body in addition to the moment M of the 
active forces, we obtain a condition of dynamic 
equilibrium. This couple — J0 which equilibrates 
the moment M of the active forces in called the 
inertia couple. We see that this inertia couple can 
be used in problems of rotation in the same way 
that we have previously used inertia force —mx in 
problems of rectilinear motion. 

Consider, for example, the circular disk in Fig. 272 which is made to 
rotate about its geometric axis through 0 by a falling weight W 
attached to a flexible but inextensible string wound on a shaft of 
radius a. Denoting by 0 the angular acceleration of the disk, we see 
that the falling weight W must have vertical acceleration ad if the 
.string is inextensible. Applying the corresponding inertia force 
— Wad/g to the falling weight and the inertia couple —IS to the disk 
as shown in the figure, we establish dynamic equilibrium. Then 
equating to zero the algebraic sum of moments, with respect to point 0, 
of all forces (including the inertia force and inertia couple), we obtain 
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which may be written 



where I is the moment of inertia of the disk with refspect to the axis of 
rotation. 

Equation (d) can be obtained in another way by using the principle 
of virtual work (see page 218) and equating to zero the algebraic sum 
of the works of all forces on any virtual displacement of the system. 
Such a virtual displacement, in the case of the system shown in Fig. 
272, will be an infinitesimal rotation 50 of the pulley around the cen- 
ter 0. Assuming this rotation to be in the counterclockwise direction, 
the corresponding equation of virtual work becomes 


from which 


TF 

W - —a6 
9 


&e - IS 


60 = 0 


-I- E 0 = Wa 

as before. 

It will be noted that Eq. (d) has the same general form as Eq. (67) if 
we consider the quantity 


I. 


g 


(e) 


as an equivalent moment of inertia of the system in Fig. 272. That is, 
the system behaves as a body of fictitious moment of inertia /, rotating 
about a fixed axis under the action of a constant external moment TFa, 
and Eqs. (08) and (69) may be used directly to find angular velocity 
and displacement as functions of time. 


EXAMPLES 


1. A rotor having moment of inertia I with respect to its axis of rotation 
starts from rest and is brought up to an angular velocity 0 by a constant 
driving torque M. Develop formulas for the time ( required to reach this 
speed and for the total angular displacement. 

Solution. The constant torque M produces constant angular acceleration 
S = M/I. Using Eq. (68) and noting that — 0, we find 



(f) 
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Using this value of I in Eq. (69) and noting also that do = 0, we find 

f) - 

° ~ 2M 


(g) 


Equations (f) and (g) represent the required formulas. 

Considering 6 as an initial angular velocity, Eq». (f) and (g) inay also be 
u.'ed in the case of a rotor coming to rest under the action of a con.stant 
decelerating torque M such as might be pro- 
duced by constant bearing friction. 

2. A solid circular rotor of radius r and 
weight IF which can rotate about its geometi ic 
axis i.s braked by the device .shown in Fig. 273. 

If the coefficient of friction between rotor and 
brake shoe is p and the rotor has an initial 
angular velocity u before the brake is applied, 
how many revolutions will it make before com- 
ing to rest? Meglect friction in the bearings. 

Solution. Considering the static equilibrium of the liar AB, we find that the 
normal force .V acting between, the rim of the rotor and the brake shoe is 



N = P 


I 


and hence the tangential friction force acting on the rim of the rotor is 

UiV = flP - 
a 

The decelerating moment of this force with respect to the axi.s of rotation of the 
rotor is 

M = fcPr- 
a 


Then using Eq. (g) from Example 1, we find 


„ if'uj-r/r 

The corresponding number of complete revolution.^ of the rotor is 

Wco-ra 

2ir STTfiffPl 


(h) 


(h') 


Taking, for example, W = 386 lb, n = 1,800 rpm, r = 10 in., n = 15 in., 
I = 36 in., p = -ff, and P = 150 lb, Eq. (h') gives 118 revolutions required to 
stop the rotor. 
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3. Two rotors having weights Wi and Ws and moments of inertia 7i and 
Is are mounted in bearings and geared together as shown in Fig. 274. A 
flexible cord wound around the circumference of one of the rotors carries a 

weight Q at its free end. Neglecting fric- 
tion, find the acceleration of the weight Q 
if it is allowed to fall vertically downward. 

Solution. Let £ be the acceleration of 
the falling weight; and Ss, the corre- 
sponding angular accelerations of the two 
rotors. Then introducing the inertia 
force —(,Q/g)i and the inertia couples 
—hSi and -^IsSs as shown in the figure, 
we put the system in dynamic equilibrium. 

We now give a virtual displacement ix 
to the weight Q and let S8i and SBs be the 
corresponding angular displacements of 
Then the equation of virtual work for the 



the rotors directed as shown, 
system becomes 

(q -^^x) &x- hSi S8i - Ish = 0 
Introducing the notations, 

Ws .j 


(i) 



r 

fx - — t 

2 

1 

and I 2 = 

and noting that 


Sx 

£ 

Si = -- 

while 

Sdi -- 

a 

5z 

a a 

302 = -• 

Eq. (i) becomes 


a 

a 1 


8x 


Upon canceling Sx, we obtain 

I = g 


El 

9 


.2 £ Sx 

ll 

a a 


Ws .2X r Sx r „ 

tz ' — U 

ff a a a a 




(i) 


' al 


Taking the following numerical data: Q = 6 lb, TFi = 20 lb, Ws = 40 lb, 
ti = a/2, is - o/V2) ^ - “/2, Eq. (j) gives x = g/Z = 10.73 ft/seo®. 


PROBLEM SET 8.3 

!• A shaft of radius r rotates with constant angular speed w in bearings 
for which the coefficient of friction is p. Through what angle 6 will it rotate 
after the driving torque is removed? Ana. 6 = ro)^/4:tig. 
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2. The wheel of a small gyroscope is set spinning by pulling on a string 
wound around the shaft. Its moment of inertia is / = 0.05 Ib-sec’-in., and 
the diameter of the shaft on which the string is wound is jr in. If 30 in. of 
string is pulled off with a constant force of 12 lb, what angular velocity will 
be imparted to the wheel? Ans. oi = 120 radians/sec. 

3. A right circular drum of radius t and weight W rotating at 600 rpm is 
braked by the device shown in Fig. A. Develop a formula for the time t 
required to bring the drum to rest if the coefficient of friction between the 
drum and breaking bar is p. The following data are given : Z = 4 ft, a = 2.5 ft, 
r = 15 in., ^ TF = 400 lb, andP = 100 lb. Ans. t — 12.2 sec. 



FIG. A FIG. B 


4. A solid right circular rotor of radius r and weight W tied to a horizontal 
plane by a rod AC has initial angular velocity coo as shown in Fig. B. If the 
rotor is suddenly allowed to rest its full weight on the plane, what time i will 
elapse before it comes to rest? The coefficient of friction 
at B is g. Numerical data are given as follows: coo = 20ir 
sec“h r = 1 ft, g = -j, a = IS". Ans. I = 3.64 sec. 

5. Solve Prob. 4 for the case where AB is a vertical 
wall instead of a horizontal floor. Use numerical data 
as above. Ans. t =13.6 sec. 

6. A solid right circular drum of radius r = 1 ft. and 
weight IF = 32.2 lb is free to rotate about its geometric 
axis as shown in Fig. C. Wound around the circum- 
ference of the drum is a fle.xible cord carrying at its free 
end a weight Q = 10 lb. If the weight Q is released 
from rest, (a) find the time Z required for it to fall through 
the height A = 10 ft. (b) With what velocity v will it strike the floor? Ans. 
(a) t = 1.275 sec; (5) v — 15.7 fps, 

7. The rotor and shaft in Fig. D weigh 500 lb, and the radius of gyration 
with respect to the axis of rotation is 10 in. Calculate the acceleration it 
of the falling weight W = 100 lb if the shaft radius a = 6 in. Ans. i = g/2l . 

8. Using the same numerical data as in Prob. 7, calculate the torque M 
that must be appKed to the shaft of the rotor to produce an upward acceler- 
ation g/3 of the attached weight TF. Ans. M = 4,000 in.-lb. 



FIG. c 
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FIG. D 



9. The two-step pulley in Fig. E has weight W = 400 lb. and radius of 
gyration I'o = 7.07 in. Develop a formula for the downward acceleration 
of the falling weight P on the right if P = 50 lb, ri = 10 in., and rj = 15 in, 
Ans. £ = 39.9 in./sec*. 

10. Figure F represents a system consisting of a block A of weight = 866 
lb, connected to a block E of weight TFi = 644 lb by a flexible cord which 
runs over a pulley of radius r = 12 in. and weight Wc = 322 lb. The block 
A slides along a plane inclined to the horizontal by the angle a = 30° and 
for which the coefficient of friction is m = 0.1. Friction on the axle of the 
pulley is assumed to supply a constant resisting torque of 10 ft-lb. Assuming 
that no slipping occurs between the cord and the pulley, determine (a) the 
acoeleiMtion of the blocks and (6) the maximum tensile force in the cord, 
Ans. (a) a = 2.43 ft/seo^; (6) iSb,„ = 595 lb. 


h h h 




11. Figure G represents a system of two rotors of moments of inertia 
1 1 and 1 3 which can rotate about their parallel geometric axes and are con- 
nected by an idling gear of moment of inertia Ij as shown. If a constant 
driving torque M ~ 100 ft-lb is applied to the first rotor h, what angular 
acceleration of the rotor Is will be produced? Assume that the mechanical 
efficiency of the system is 1 and that the pitch diameters of the three gears are 
in the ratios di'.ds'.ds = 1;4;2. The moments of inertia are 7i = 200 Ib- 
sec'*-in., Is — 80 lb-sec“-in.. Is — 300 Ib-secMn, Ans. S3 = 2.145 sec“*. 
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12. A homogeneous sphere of radius r = 1 ft and weight TF = 40 lb rotates 
about a vertical diameter with initial angular velocity aj = 2Chr sec“^ and is 
braked by the device shown in Fig. H Neglecting friction in the bearings, 
determine the time required for the brake to bring the sphere to rest if the 
coefficient of friction at B is p = i and P = 10 lb. Ans. t = 9.40 sec. 



FIG. H FIG.I 

13. A circular rotor of weight TF| = 30 lb .md radius ri = 10 in. rotating 
with an initial angular velocity oi = 100 sec“' (Fig. I) is suddenly allowed 
to rest its full weight against another rotor of weight Tl'^s = GO lb and radius 
fj = 15 in. which is free to rotate about its geometric axis parallel to that of 
the first, but is initially at rest. At first there will be slipping at the point of 
contact, but gradually the first rotor will be decelerated and the second 
accelerated until no further slipping occurs. Find the time t that elapses 
before this condition prevails. Neglect friction in the bearings, ahd assume 
that the coefficient of friction between the surfaces of rotors Is p = 0.25. 
Ans. I = 3.46 sec. 

8.4. Torsional vibration. Let us con.sider the device shown in 
Fig. 275, which consists of a circular disk attached to one end of a 
shaft, the axis Oz of which passes through the center 
of the disk and is perpendicular to its plane. When 
the upper end of the shaft is held rigidly as shown, 
the device is called a torsional ‘pendulum. If by some 
external moment the disk be turned about the axis Oz 
so that the shaft is twisted, and then the external 
moment is removed, the disk will perform an oscilla- 
tory rotation about this axis called torsional vibration. 

In discussing these vibrations, we shall neglect the 
mass of the shaft and also any damping influence such as air resistance 
or imperfect elasticity of the shaft. Then denoting by I the moment 
of inertia of the disk with respect to the axis of rotation Oz and by 9 
the angle of rotation measured from the equilibrium position as shown 
in the figure, the differential equation of motion is 

IS = M 


z 



FIG. 275 


(a) 
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where M is the moment, with respect to the axis Oz, of all external 
forces acting on the disk. Since the gravity force coincides with this 
axis, it does not contribute to the moment M and it is necessary to 
consider only the elastic reaction exerted by the shaft on the disk. 
Within the elastic limit of the material of the shaft, this torque is pro- 
portional to the angle of twist 8, and we can write 

M = -ktB (b) 

where hi is called the torsional spring constant of the shaft and represents 
the torque required to produce an angle of twist equal to 1 radian. 
The minus sign indicates that, when a rotation of the disk is produced 
in one direction as shown in the figure, the twisted shaft exerts on the 
disk an elastic reactive couple M in the opposite direction. In the case 
of a circular cylindrical shaft the relation between the torque and the 
angle of twist is given by the formula 


8 


Ml 

OJ 


(c) 


in which I is the length of the shaft, G the modulus of elasticity of the 
material in shear, and J = Td*f32 is the polar moment of inertia^ of the 
circular cross section of the shaft of diameter d. Comparing expres- 
sions (b) and (c), we conclude that in the case of a shaft of circular cross 
section 




GJ 

I 


(d) 


Substituting the value of M from Eq. (b) into Eq. (a), we obtain 


or using the notation 


we obtain 


IS = —ktB 


, kt GJ 

P = 7 = TT 


B + p^e = 0 


(e) 

(70) 


This differential equation is seen to have the same form as Eq. (40) 
for the case of free vibrations of a weight on a spring as dioussed in 
Art. 6.5, and as before, its general solution can be written in the form 


0 = Cl cos pi -f- C 2 sin pi (71) 

1 Polar moment of inertia J of area (dimension, length*) should not be confused 
with moment of inertia I of mass (dimension, force X time® X length). See 
Appendix I, p. A, 4, 
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The coihstaiits of integration are found in the same way as before, from 
considerations of the initial conditions of motion, and we finally obtain 


d = da cos pt sin vt 

P 


(71a) 


in which 6a is the initial angle of rotation and da, the initial angular 
velocity of the disk. 

In the particular case where the disk is given an initial angle of 
rotation 9a and released without initial angular velocity, we obtain 
from Eq. (71a) 

6 = do cos pt (71h) 

If torsional vibration is started by some impulse that gives to the 
disk an initial angular velocity while the initial angle of rotation from 
the position of equilibrium is zero, we obtain from Eq. (71a) 


5 = ^ sin pi (71c) 

From Eq. (71) we see that the rotation of the disk is periodical and 
that a complete cycle requires the time 

This expression represents the period of torsional vibration. 

If all dimensions of the torsional pendulum (Fig. 275) are increased 
n times, the moment of inertia I of the disk is increased in the propor- 
tion a® and the polar moment of inertia J, in the proportion nh Hence 
the period t, from Eq. (72), increases in the same ratio n as the linear 
dimensions of the system. Thus by increasing the size of the torsional 
pendulum but keeping it geometrically similar, we make the period of 
torsional vibration larger and the vibrations slower. 

frequency of torsional vibration of the pendulum from Eq. (72) is 



It should be noted that frequency is increased by increasing the tor- 
sional rigidity of the shaft and decreased by increasing the moment of 
inertia of the disk. 


EXAMPLES 

1. Determine the frequency of torsional vibration of a horizontal bar AB 
of weight W = 4 lb and length a = 2 ft (Fig. 276), which is suspended at its 
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mirl-point on a vortical steel wire of length I = 2 ft and diameter d = 4 in. 
The modulu.s of ehasticitj’ in shear for the wire is (? = 12 X IC' psi. Neglect 
the cross-scctional dimensions of the bur and the mass of the wire. 

Solution. The moment of inertia of the bar with respect to the axis of the 
wire is 

, Wa^ 4 24^,, 

/ = — 775 = 557; To' Ib-seoMn. 
g 12 3So 12 

and the polar moment of inertia of the circular cross sec- 
tion of the wire is 



t 

1 

ht- 



B 


FIG. 276 

Substituting in Eq. (73), we find 


trd* 

32 


32 X S-i 


~ 27r "V S' 


X 10'^Xt X 380 X 12 „ , 

X 32 X 24 X ^X 24^ = osedlations/sec 


2. A steel shaft of length Z and polar moment of inertia ./ is supported hori- 
zontally in friotionless bearings and has at- 
tached at its ends two disks having moments 
of inertia 7i and /a, as shown in Fig. 277. If 
the disks are turned in opposite directions, so 
that the shaft is twisted, and then released 
from rest, find the period and frequency of the 
torsional vibrations that will ensue. 

Solution. Since the gravity forces and bear- 
ing reactions intersect the axis of the shaft, it is clear that during vibrations 
there is no external moment about this axis. Hence the system as a whole 
can have no angular acceleration and since both disks are at rest when I — 0, 
we conclude that after release they must always rotate in opposite directions.' 
From this it follows that there must be a cross section nn of the shaft which 
remains stationary during these vibrations. This cross section is called the 
nodal cross section of the shaft. In discussing the torsional vibrations of the 
two bodies, it may be considered as fixed and the part of the system to either 
side can be regarded as a simple torsional pendulum. The distances a and h 
defining the position of the nodal cross section can be found from the condition 
that the periods of oscillation for the two parts of the system must be equal. 
Thus using Eq. (72), we obtain 

from which 

- = ll 

h I, 

' This question is also discussed in Example 1 on p. 407 


(f) 

(g) 
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i.e., the distances of the nod.T.1 cross section from the oscillating bodies are 
inversely proportional to their moments of inertia. Observing .also that 

0 6 = f (h) 

we find from Eqs. (g) and (h) that 


/. + /i + h 


(i) 


Substituting the'ie values into Eq. (f), we find for the period of free torsional 
vibrations of the system the following expression; 


T 


27r 


sjo. 


Jihl 


(tJ {I\ + /s) 


The corresponding frequency of vibration is 


_ _1_ \ (}J (/i 4- It) 

2tr\/ hhl 


(i) 


(k) 


TVe note again that frequency of torsional vibration increases with increasing 
torsional rigidity' of the shaft and decreases with increasing inertia of the 
attached bodies. 

Equations (j) and (k) can be used for calculating the period and frequency 
of free torsional vibration of a ship propeller shaft where the propeller will be 
represented by one of the disks and the 
rotor of the driving turbine, by the other. 

Torsional vibrations of such systems are 
of considerable importance in engineering. 

3. A torsional pendulum (Fig. 278a) 
consists of two parallel circular disks AB 
and CD connected together by rods AC 
and BD so that the whole acts as a rigid 
body attached to the vertical shaft and 
inside of which any body of limited size 
can be placed. When empty (Fig. 278a), the torsional pendulum has an 
observed period tq. When carrying a body of known moment of inertia h, 
which, owing to friction, oscillates with it (Fig. 2786), the observed period 
is Ti, and when carrying a body of unknown moment of inertia I (Fig. 278c), 
the observed period of torsional oscillation is rj. Find the moment of inertia I 
of the last body with respect to the axis of rotation, i.e., the axis of the shaft. 

Solution. When the pan of the pendulum is empty (Fig. 278a), we have 
by Eq. (72), 






C ' D 

(a) (6) (c) 

FIG. 278 
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To = 2^ 



( 1 ) 


where la denotes the moment of inertia of the pendulum itself. 

When carrying the body of known moment of inertia Ii (Fig. 2786), we have 


_ Ulo + I\)l 

Finally for the condition represented in Fig. 278c, we have 


= 2 .^ 


(m) 


(n) 


These three equations contain I, la, and GJ/l as unknowns. Eliminating the 
last two, we find 


I - T 


( 0 ) 


from which the unknown moment of inertia I can be calculated. This device 
is quite useful for the experimental determination of moments of inertia of 
irregularly shaped bodies. 

PROBLEM SET 8.4 

1. Calculate the period t of the torsion pendulum shown in Fig. A. The 
following data are given: W = 14 lb, 1 = 20 in., d = I- in,, r = 4 in., 6=1 in,, 
G = 12 X 10® psi. Neglect the thickness h of the 
disk in computing its moment of inertia. A«s. 
T — 0.631 sec. 

2. Calculate the per cent error in the period r of 
the torsion pendulum in Fig. A due to neglecting the 
thickness h of the disk in computing its moment of 
inertia. Ans. 1 per cent. 

3. The hairspring of a watch is so adjusted that to 
rotate the balance wheel one-quarter turn (90°) 
requires a torque of 0.02 oz-in, If the wheel has a 
period T = 1 sec in free oscillation, what is its moment 
of inertia II Ans. I = 20.1 X 10~® Ib-secMn. 

4. The circular disk shown in Fig. Ba has a radius 
r = 6 in. and weight TF = 50 lb. The observed frequency of torsional 
vibration is 1 osoillation/sec. When another body is attached to the same 
shaft (Fig. B6), the observed frequency of torsional vibration is 1.2 oscllla- 
tions/sec. Find the moment of inertia of the second body with respect to 
the axis of the shaft. Ans. I = 1.62 Ib-secMn. 



FIG. A 
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5. A thin ring of weight TFi = 3 lb and mean radius ri = 5 in. contains a 
solid wheel of weight TF 2 = 5 lb and radius rj = 4 in. as shown in Fig. C. 
^Across a diameter of the ring is a steel rod of diameter d = ^ \n. to which 
both ring and wheel are rigidly attached. The whole system floats freely in 
bearings as shown. If the disk is initially twisted through a small angle 
relative to the plane of the ring and then released, calculate the natural 
frequency of torsional vibration of the system using G = 12 X 10® psi. Ans. 
f ~ 9.80 oscillations/sec. 

6. The propeller shaft of a ship (Fig. D) has a length Z = 12 ft and a 
diameter d = 4 in. On one end of the shaft is a steam-turbine rotor of weight 
Wi = 2,000 lb and radius of gyration ii = SO in. On the other end is a 
propeller of weight Wj = 1,000 lb and radius of gyration = 20 in. The 
shaft is of steel for which G = 11.5 X 10® psi. Calculate the frequency of 
free torsional vibration of the system. Neglect friction in the bearings of the 
shaft. Ans. f = 7.75 oseillations/sec. 

7 . By what per cent will the frequency of torsional vibration of the system 
shown in Fig. D be increased if the diameter of the shaft is increased along 
half its length by 10 per cent? Ans. 9 per cent. 

8. Using the same data as given in Prob. 6 above, calculate the frequency 
of vibration of the system shown in Fig. D, if the diameter of the shaft is 
increased along one-third of its length from 4 to 5 in. Ans. f = 8.66 
oseillations/sec. 



FIG- D FIG. E 


9. In Fig. E, a shaft of uniform diameter d carries three right circular rl i.slra 
symmetrically arranged with respect to the mid-point of the shaft. The 
moments of inertia of the end disks are each I and that of the middle disk is 
37. If the system performs free torsional vibrations such that the middle 
disk always rotates opposite to the ones at the ends of the shaft, what are the 




380 


ROTATION OF A RIGID BODY ABOUT A FIXED AXIS [Art. 8.5 


distances fej and 62 to the 


D 


Ac(gt= 


C 

FIG. F 


■o— »-j 


material of the shaft? Ans 


nodal cross sections in the two portions of the 
shaft? Ans. hi = 2Z/5; hz -- 21/5. 

10. A torsion pendulum consists of a rigid bar 
AB attached at its mid-point C to a shaft DC 
as shown in Fig. F. Without the two balls, each 
of weight TF = 1 11), the observed pej-iod of free 
oscillation is ti = 0.70 see. When the two balls 
are set at the distance a = 10 in. from the axis 
of the shaft as shown, the observed period of free 
oscillation is tj = 1.00 sec. If the shaft BC has 
length / = 110 in. and diameter d = \ in., what 
is the modulus of elasticity in shear for the 
. G = 11.5 X 10' psi. 


8.5. The compound pendulum. Any rigid body so suspended 
that it is free to rotate about a fixed horizontal axis through any point 0 
and normal to the vertical xy plane as shown in Fig. 

279 is called a compound pendulum. In its equilib- 
rium position the pendulum hangs whth its center of 
gravity C vertically below the point of support 0, and 
we have the reaction at the support equal and oppo- 
site to the gravity force W. If the pendulum is 
rotated from this position of equilibrium and then 
released, it performs an oscillatory rotation about 
the fixed axis through point 0. In investigating 
this motion, we denote by 9 the angle of rotation of 
the body from its equilibrium position at any instant 
t and apply Eq, (67). Denoting by c the distance 
from the axis of rotation to the center of gravity C, 
the moment of all forces acting on the body, neglecting friction at the 
axis, is 

ikf = — TFc sin 6 



Substituting this in Eq. (67), we obtain 
W 

-y il§ = — Wc sin 9 (a) 

where lo is the radius of gyration of the pendulum with respect to the 
fixed axis of rotation through 0. 

Considering only small angles of oscillation, we have sin 6^6 and 
Eq. (a) becomes 

X \ ^9 n n /U\ 
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Comparing this equation with the equation 

s + = 0 

for a mathematioal pendulum of length L (see page 332), we conclude 
that the period of oscillation of a compound pendulum is equal to 
that of a mathematical pendulum of length 

L = (74a) 

c 

This period, of course, is 



The length L defined by Eq. (74a) is called the equivalent length of the 
compound pendulum. 

The equivalent length L of a compound pendulum can be written 
in another form by using the relation between the radii of gyration 
with respect to parallel axes [see Eq. (32), Appendi.x II]. Denoting 
by the radius of gyration of the body with respect to the axis through 
the center of gravity C and parallel to the axis of rotation, we have 

il = il + c= (d) 

Substituting this expression for il into Eq. (74a), we obtain 

L = c + (74h) 

c 

It is seen that the equivalent length L of the compound pendulum, 
as represented in Fig. 279 by the length OP, is larger than the distance c 
from the axis of rotation to the center of gravity C. The point P, 

which is on the prolongation of the line OC, is called the center of 

oscillation. 

The theory of the compound pendulum is often useful in making an 
experimental determination of the moment of inertia of a body with 
respect to a given central axis. The body is suspended on a knife-edge 
defining any convenient axis parallel to the central axis for which the 
moment of inertia is desired, and the distance o from the axis of suspen- 
sion to the center of gravity of the body is carefully measured. Then 
the period of small oscillations is determined by direct observation, and 
the equivalent length of the pendulum calculated from Eq. (c). Know- 
ing L and c, the square of the radius of gyration i,. of the body can 
readily be calculated from Eq. (746). The desired moment of inertia 
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is, of course, Wi\/g. By making several observations for differetit 
a.xes of suspension and averaging the results, a very accurate value of 
i; can usually be found. 

From Eq. (746) we see that the equivalent length of a compound 
pendulum is equal to =o when c = 0, that is, when the axis of suspen- 
sion pas.ses through the center of gravity of the body, and hence the 
period is infinite. Again we have L = w when c = . This sug- 

gests that there is some value of c between zero and infinity for which 
the equivalent length of the pendulum is a minimum and consequently 
for which its frequency of oscillation is a maximum. To find this 
value of c, we set the first derivative with respect to c of expression 
(746) equal to zero and obtain 

c = id (e) 

Thus the maximum frequency of oscillation of a compound pendulum 
will be obtained when the center of suspension is at the distance equal 
to the radius of gyration from the center of gravity of the body. 


EXAMPLES 


1 . Calculate the period of small oscillations of a circular cylindrical bar 
OA of length I and radius r suspended from one end 0 (Pig. 2S0). 

Solution. From Appendix II, page A, 21, we find that the 
moment of inertia of the bar with respect to the axis of rota- 
tion through 0 is 

= 7 V4 + 12 ; + 7 4 = 7 V4 + 3; 

Hence 

and Eq. (74a) for the equivalent length becomes 





lo = - + 

4 3 


0 3 2f 


Then, for small oscillations, the period will be 


= 2 .^. 


(f) 


If the bar is slender, i.e., if the ratio r/l is small, we see that the second term 
in expression (f) can be neglected in comparison with the first. Thus sub- 
stituting the approximate value L » 21/S into the formula for the period, 
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\ie obtain 




'21 

Sg 


(g) 


This formula which neglects the cross-sectional diinensions cun be used to 
calculate the period of free swing of a homogeneous slender bar of any prismatic 
form. 

2. The compound pendulum shown in Fig. 281 is so constructed that it has 
the same period t for small amplitudes of swing 
about either the knife-edge A (Fig. 2Sla) or the 
knife-edge B (Fig. 2Sli). Prove that the dis- 
tance I between the knife-edges is the equivalent 
length of the pendulum if c 1/2. 

Soiulion. For case a the equivalent length 
by Eq. (746) is 


A 

TTZ, 






l-C 


I 


L. = c -I- 

c 


while for case 6 it is 

{I- c) + 


I - c 


(h) 


(i) 


t 


l~c 


(a) 


ib) 


FIG. 281 


and by virtue of the specified equality of periods 

Li — Tj2 “ L 

Eliminating il between expressions (h) and (i), we obtain 

A (i - c)c = (Z, - f d- c)(l - c) 

which may be written in the form 

P - iL+ 2c)l -I- 2cL = 0 
Solving this quadratic for I, we obtain 

I = L or f = 2c 






T 


(i) 


FIG. 282 


Since we excluded the possibility of I = 2c, we conclude that I 
is the equivalent length of the pendulum. 

3. When hanging from a nail at A, the T square in Fig. 282 
has an observed period r = 1.5 sec. A simple static balance 
test shows also that the center of gravity C is at the distance o = 24 in. from 
the end A of the rule. At what distance x from A should a hole 0 be drilled in 
the rule so that the period of free swing about this point of suspension will be 
the minimum possible period? 

Solution. From the previous discussion on page 382, we know that the 
minimum period wdll be obtained by making the distance 


c = a 


a: = te 
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Also for small osoillations about A, we have, by using Eq. (74b) for equivalent 
length, 


T 


2ir 




a‘‘ + i 
ag 


2 

C 


Substituting a — a: for ic in this expression, and squaring both sides, 
obtain the following quadratic in x: 


+ 2ox — 




= 0 


we 


The roots of this equation are 


(k) 


Substituting the given numerical data, we obtain x = 10.7 in. The negative 
root is of no physical significance. 


PROBLEM SET 8..5 


1. A homogeneous circular disk of radius r and weight W hangs in a vertical 
plane from a pin 0 at its circumference. Find the period 
T for small angles of swing in the plane of the disk. Ans, 
T = 2ir ■\/3T/2g. 

2. A thin circular hoop of diameter d hang.s over a 
knife-edge at 0 as shown in Fig. A. Develop a formula 
for the period t for small amplitudes of swing in its own 
vertical plane. Ans. t = 27r ■\/dJg. 

3. A slender wire 30 in. long is bent in the form of a 
equilateral triangle and hangs from a pin at 0 as shown in 

Pig. B. Determine the period r for small amplitudes of swing in the plane 
of the figure. Ans. r = 1.03 sec. 



FIG. A 




4. A homogeneous semicircular disk of radius r is suspended as a com- 
pound pendulum as shown in Fig. C and swings with small amplitude in its 
own vertical plane. Calculate the period t. Ans. t = 2ir v^l.SSr/p. 

5. A homogeneous square plate with a centered circular hole is supported 
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as a compound pendulum as shown in Fig. D. Calculate the period r for 
small oscillations in the vertical plane of the plate. Ann. r = 1.115 sec. 



FIG. D fig. E 


6. Develop a formula for the period t for small oscillations of the com- 
pound pendulum shown in Fig. E. Tre.at OD and AB as identical slender 
bars of uniform cross section. .4ns. r = 27r \/ni/18g. 

7. Determine the period of small oscillations of the compound pendulum 
shown in Fig. F and consisting of a disk suspended by a slender rod if the 
following numerical data are given: i = 12 in., a = 5 in., Wi = i lb, and 
TFa = 3 lb. .4as. r = 1.32 sec. 




FIG. F 


FIG. G 


8. A circular ring rests with the inner face of its rim on a transverse hori- 


zontal knife-edge (Fig. G). Determine the radius of 
gyration ic of the ring with respect to its center if the inner 
radius of the ring is 3 ft 3 in. and its period for smaU oscilla- 
tions in the vertical plane of the ring is t = 2.93 sec. Ans. 
io = 3 ft 6 in. 

A connecting rod of weight W = 3.00 lb when sup- 
ported on a knife-edge as shown in Fig. H has, for small 
amplitudes of swing in its plane of symmetry, the observed 
period t = 1,05 see. If the dimensions of the rod are as 
shown in the figure, calculate its moment of inertia Jo with 
respect to the axis of the crank bearing. Ans. Jo = 0.353 
Ib-sec’-in. 

10. Calculate the period of oscillation of the ring in Fig. G 



FIG. H 


if it swings in the direction normal to the plane of the figure. Ans. 


T = 2,51 sec. 
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8.6. General case of moment proportional to angle of rota- 
tion. In many practical problems we encounter the case of a rigid 
body which can rotate about a fixed axis but that in so doing brings 
into play certain reactive forces which create a moment about that 
axis proportional to the angle of rotation of the body from its equilib- 
rium position and tending always to restore it to that position. In 
any such case, if the body is initially disturbed from its position of 
equilibrium, it will perform rotational oscillations of a simple harmonic 
nature about the fixed axis and we usually are most interested in 
determining the period or frequency of these oscillations. 

Consider, for example, the slender prismatic bar OA of weight W and 
length I which is hinged at 0 and supported in a horizontal position of 

equilibrium by a spring of constant I 
attached to it at A (Fig. 283). The 
tension in the spring for this position of 
equilibrium is obviously 17/2, If the 
end A of the bar is given some initial 
displacement downward and then re- 
leased, the bar will perform oscillatory 
rotation about the fixed axis through 0 
normal to the plane of the figure. During these oscillations, let d be the 
angle of rotation of the bar from its horizontal position of equilibrium 
at any instant t. Then the upward reactive force exerted by the spring 
on the end A of the bar is, 

W 

<S = "2 — h (a) 



W 

FIG. 283 


and neglecting the cross-sectional dimensions of the bar OA, the equa- 
tion of rotation [Eq. (67)] becomes 


which reduces to 



(b) 


Equation (b) is of the same form as Eq. (70) where = 3kg/W, and 
hence we conclude at once that we have a harmonic oscillatory rotation 
of the bar with the period 

In any case of rotation of a rigid body about a fixed axis where the 
general differential equation of motion (67) can be brought into the 
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form of Eq. (70), we conclude that we have a harmonic oscillatory 
rotation and can at once write down the e.xpression for its period or 
frequency. 


EXAMPLES 


1. In the case of a single-phase generator (Fig. 284), the rotor produces 
a pulsating torque on the stator. In order to reduce the effect of this torque 
on the foundation, springs are introduced be- 
tween the stator and the foundation as shown. 

The springs must be such that the natural fre- 
quency of torsional vibration of the stator is 
small in comparison with the frequency of the 
pulsating torque. It is required, then, to find 
the frequency of natural torsional wbration of 
the stator if its moment of inertia with respect 
to the axis 0 perpendicular to the plane of the figure is 1. The distance 
between the springs is 1, the total number of springs is 4, and each spring 
constant is k. 

Solution. If a couple iu the plane of the figure is applied to the stator so that 
a compression of the two springs on one side and an extension of the two on 
the other side is produced and then this couple is suddenly removed, rotational 
oscillations of the stator about the axis through 0 will ensue. Let 9 be the 
angle of rotation of the stator at any instant t. Then the compre.ssion and 
elongation of the springs for small values of 6 can be taken equal to 6i/2, and 




FIG. 285 


the corresponding reaction exerted by each 
spring on the stator is kdl/2. The couple 
formed by these elastic reactions is k8l^, 
since there are two springs on each side. 
Hence Eq. (87) becomes 

IS = 

which reduces to 

0 -b y 0 = 0 
and the frequency is 



2. In Fig. 285, a ball is attached to an inclined shaft AB by a bracket that 
can rotate without friction on the shaft. The entire weight of the system 
is 17, the center of gravity lies at Co, distance c from AB, and the radius of 
gyration with respect to AB is to. Find the period of oscillation for small 
amplitudes of swing about the equilibrium position ABCo. 
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Solulion. Considei-ing a small angle of rotation 6 out of the vertical plane 
ABCo, 've Bee that the gravity force W acting at C will exert a restoring 
moment about the axis AB of the inclined shaft. To calculate this moment, 
we resolve the vertical force ir into components W cos a, parallel to AB, 
and W sin a, perpendicular to AB, a.s shmv'ii in the figure. Then only the 
latter component need be considered in calculating the moment M. The 
arm of this force is c sin 6 and we have 


M = —W sin a c sin 6 (d) 

Substituting this value of M into the general equation of motion Id ~ M, we 
obtain 

W « • 

— iod = — Wc sin a sin 6 
S 


Considering only small values of 6 such that sin 0 ~ 6, this reduces to 



(e) 


From this we conclude that the ball performs simple harmonic motion having 
the period 


T 


2ir 


Jil, 

\cg 


CSC a 


(f) 


Thus we have a compound pendulum with equivalent length 



c sin OL 




I 


>22^ 




I 

) 

I 

■fl'L 




222 ^ 


By making the angle of inclination a of the shaft AB very small, we obtain a 

pendulum having a very large equivalent 
length L. This device is sometimes used 
in situations where a very-Iow-frequency 
oscillation is desired. 

3. Determine the period of small rota- 
tional oscillations of a horizontal slender 
prismatic bar of length li and weight W 
suspended at its ends by two vertical 
and perfectly flexible strings of length I 
(Fig. 286a). 

Solution. Measuring from the posi- 
tion of equilibi'ium a small angle of rota- 
tion 6 of the bar AB in the horizontal plane, the corresponding angle of 
inclination a of each string with the vertical, as we see from Fig. 2861i, is 



(a) 


f (i>) 


FIG. 286 


he 

21 


(g) 
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Hesolving the loud W/'2 transmitted to each string into two components as 
siiown in Fig. wc obtain a couple of forces trQ;/2 that arc approximately 
horizontal and tend to bring the bar back to its po.'ition of stable equilibrium. 
The moment of this couple is /,irQ:/2, which, using expression (g), becomes 
l]8^V/il. Equation (liT) for rotation of the bar about a vertical axis through 
its center of gravity then becomes 


which reduces to 


IF 1? n 11 

7i2''"-Tr 

(i + je = 


0 


and we have for the period of oscillation 



i.G., the .same as for a mathematical pendulum of the length 1/3. 


/ 


PROBLEM SET 8.6 


\^. A slender prismatic bar AB of weight TF = 5 lb and length 1 = 3 ft 
is hinged at D and held in a horizontal position of equilibrium by a spring of 
constant k = 5 Ib/in. (Fig. A). Find the 
period t for small amplitudes of rotational 
oscillation of the bar in the vertical plane 
of the figure. The distance a = 1 ft. Ans. 

T = 0.320 sec. 

2. A slender prismatic bar AB of weight 
IF = 5 lb and length 1 = 3 ft is hinged at A 
and supported in a horizontal position by a 

vertical spring attached to it at D (Fig. B). For small amplitudes of rotational 
oscillation of the bar in a vertical plane, calculate the period of oscillation if 
the spring constant is fc = 5 Ib/in. and a = 1 ft. Ans. r = 0.55.5 sec. 


-It' 

ill 

1 

2 

C 

>k 

< > 


zfc ’IT" 

FIG. A 


•//////, 


A in c 


1 

2 'i 

, 2 * 


W 
FIG. B 



3B 


3. A slender prismatic bar AB of length Z = 3 ft and weight TF = 4 lb is 
lunged to a wall at A and supported in a horizontal position by two springs 
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having constants ki and ka as shown in Fig. C. Find the period of oscillation 
for small amplitudes of rotation in the plane of the figure if a = 1 ft, 6 = 2 ft, 
and ki = hi — 2 Ib/in. Ans. r = 0.350 sec. 

4. The spring of the arrangement shown in Fig. D is such that a move- 
ment of the weight W from the position D on the bar A£ to the position E 
produces a vertical movement of the pointer £ of 0.1 in. as shown. Find the 
period of vibration of the weight TF when in the position F. The following 
numerical data are given; o = 10 in., b = 10 in., c = 15 in,, IF = 12 lb. The 
bar AB is 40 in. long and weighs 4 lb. d.ns. t = 0.1.55 sec. 



FIG. D FIG. E 


5. A slender T bar of uniform cross section and total weight W is sup- 
ported in a vertical plane by a hinge at 0 and a spring of constant k at A b.s 
shown in Fig, E. Develop a formula for the period t for small amplitudes of 
rotational oscillations in the plane of the figure. Ans. t = Stt \/W /kg. 

6. A slender L-shaped bar ACB is supported in a vertical plane by a pin 
at 0 and a spring at A as shown in Fig. F. The total weight of the bar is 
3 lb, the spring constant A = 1 Ib/in., and 2 = 6 in. Calculate the period t 
tor small amplitudes of rotational oscillation in the plane of the figure. Ans, 
T = 0.479 see. 

7. Calculate the period t for rotational oscillations of the bar in Pig. P 
if the leg CB stands vertically above C instead of vertically below as shown. 
Ans. T = 0.679 sec. 



FIG. F FIG. G 


8. A homogeneous triangular plate of weight TF, base b, and altitude h is 
hinged along its base and supported in a horizontal position by a spring of 
constant k at the verte.i of the triangle. Develop a formula for the period 
r for small amplitudes of rotational oscillation. Ans. t = 27r ■x/Wf&kg. 
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9. A solid circular drum of weight W and radius r can rotate without 
friction around its horizontal geometric axis (Fig. G). A flexible but inex- 
tensible belt overhanging the drum carries a weight Q at one end and is 
attached to a spring of constant k .at the other end. Assuming that the belt 
cannot slip on the drum, find the period of oscillation of the system. The 
following numerical data are given: IF = 160 lb, r = 1 ft, Q = 40 lb, /b = 60 
Ib/in. A ns. t = 0.452 sec. 

10. Find the period t for small amplitudes of rotation of the horizontal bar 
AB in Fig. H about the vertical axis through its mid-point C, Xegleot the 
tliickness of the bar. Ans. r = 3.33 sec. 



'////////,'. 
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FIG. H 



IF 
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11. Find the period r for .small amplitudes of rotation of the horizontal 
slender bar AB in Fig. I about the vertical a.xis through the mid-point C. 
The inclined strings are attached to the ceiling at points vertically above A 
and B, as shown. Ans. t = 3.1S sec. 

12. A homogeneous rectangular plate is free to rotate with respect to a 
fixed axis AB coinciding with one of its edges and inclined to the vertical 
by an angle a = 20” (Fig. J). Determine the period 
of small rotational oscillations if the dimensions of the 
plate are a — 3 ft and b = 4 ft. Ans. r = 2.69 sec. 

13. Soh'e Prob, 12, assuming that the plate is an 
eciuilateral triangle wdth edges of length a = 3 ft, one 
of which coincides with the inclined axis AB. Ans. 

T = 2.18 sec. 

14. A thin circular hoop is suspended by several 
uniformly spaced vertical strings of equal lengths I so 
that its plane is horizontal. Prove that for small 
amplitudes the period of rotational oscillation of the hoop in its plane is 

r = 2Tr 

8.7. D’Alembert’s principle in rotation. When a body rotates 
about a fixed axis AB as shown in Fig. 287, any mass particle dm travels 
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in a circular path of radius r centered on the axis of rotation and 
normal thereto. Attaching to each particle its normal and tangential 
inertia forces { — rd^ dm) and {—rd dm) in accordance with D’Alem- 
bert’s principle, we equilibrate the real forces and establish dynamic 

equilibrium. In short, we transform the 
dynamics problem into a statics problem. 

By so doing, we see that the inertia 
forces will represent some form of distrib- 
uted load, as discussed in Arts. 2.5 and 3.8. 
In general, the distributed inertia loading 
on the body will produce reactions at the 
bearings and various stresses in the body 
and the shaft on which it is mounted. 
Such dynamic reactions and stresses are 
very important in the design of rotating 
machine parts, and D’Alembert’s principle furnishes a useful method 
for their calculation. The examples which follow will serve to illustrate 
several particular cases of practical interest. 

EXAMPLES 

1. A hub of radius r has attached to it several slender radial spokes each 
of length I and weight W, as shown in Fig. 288. 
zontal plane about its geometric axis with uni- 
form angular velocity w, prove that the radial 
force S exerted on it by each spoke is the same 
as if the entire mass of that spoke were con- 
centrated at its center of gravity C. 

Proof. Let dm be any element of mass of a 
spoke at the distance x from the axis of rotation. 

Then the inertia force for this one element is dm directed as shown in the 
figure. Summing up all such inertia forces, we obtain for the total radial 
force exerted on the hub: 

0=1 w w am = oj’ / X dm = — (a; 

Jr Jr g 

This formula can be used to calculate the tension produced at the root of a 
turbine blade owing to centrifugal force. 

2. A slender prismatic bar of length I and weight W = wl is supported 
horizontally by a hinge at A and a vertical string at B as shown in Fig. 289a. 
Under such conditions, the static reaction at A is obviously W /2. Find the 
magnitude of this reaction an instant after the string is cut but before the 
bar has moved perceptibly. 


If the hub rotate, g in a hori- 
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Solution. As soon .ns the string is cut the bar is free to lotate about A. 
At the initial instant in which we aie interested, the bar has no angular velocity 
but only angular acceleration 6. Hence, in 
this case, there will be no normal inertia 
forces but only tangential inertia forces per- 
pendicular to the axis of the bar. For an 
element of mass dm = w dx/g at the distance 
X from A, the tangential inertia force is 
— xSw dx/g. Dividing this by the length dx 
of the element, we see that the intensity of 
distributed load is —dwx/g which varies 
linearly w'itli x since d is the same for all 
elements of the bar. Thus the load diagram 
representing the distributed inertia force is a 
triangle as shown in Fig. 2896 and the 
intensity at the free end of the bar is 
6wl/g = dW/g. The resultant of this load 
distribution is equal to the area of the load diagram and acts through its 
centroid at the distance 21/3 from A as shown. 

We now have the bar in dynamic equilibrium under the action of three 
vertical forces (Fig. 2896), The equations of equilibiium for such a system 
of force.? are i'F, = 0 and SMx = 0, which become 



-1- F - W = 0 

fifi-iri-o 


(b) 


From the second equation, ive find R = 3TF/4. Substituting this in the 



FIG. 290 


first equation, we obtain Fa = ir/4. Thus, w’hen 
the string is cut, there is a sudden decrease in the 
magnitude of the reaction at A . 

3. Referring to Fig. 290, find the bending 
couple M exerted on the rotating shaft AB by 
the slender prismatic bar CD of length 21 and 
w'eight TF = 2gl which is rigidly attached to the 
shaft at its mid-point. The axis of the bar CD 
makes the angle a with the axis of the shaft AB. 

Solulion. Considering two infinitesimal ele- 
ments of length dx, as shown in the figure, we 
find that the corresponding inertia forces form 


a couple of the magnitude 


q dx , . „ 

- — sm a 2x cos ce 

ff 


qoA sin 2a 

g 


where tx is the angular velocity of rotation. The resultant couple transmitted 
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to the shaft by the inclined bar is 


M 


JO g 3g 


WuV 

p>g 


sin 2a 


(c] 


which is zero when a = 0 or when a = 90° and maxiinnin when a ~ 45°. 

4. Calculate the bending couple transmitted to the horizontal shaft AB 
by the hub of a flywheel the plane of which makes a small angle a with the 

Consider only the muss of the rim of 
the flywheel and assume that this 
mass is uniformly distributed along 
the center line of the rim having a 
radius r. 

Solution. Measuring an angle (p 
from the horizontal diameter repre- 
senting the intersection of the middle 
plane nn of the flywheel with the 
plane oo normal to the shaft and con- 
sidering an element of the rim cor- 
responding to an infinitesimal angle dtp, the centrifugal force acting on this 
element is (gr dplg)oi'^r, where g denotes the weight of the rim per unit length 
of its center line. This force can be resolved, as shown in the figure, into two 
components: (1) a horizontal component equal to 


plane normal to the shaft (Fig. 291). 



qr^ d tp 
0 


ui'* cos 


<p 


and (2) a vertical component equal to 

qr^ dp , . 

2 CO* sm p 

q 


Considering now four equal elements 1, 2, 3, 4, symmetrically situated with 
respect to the horizontal and vertical diameters of the flywheel, it is evident 
that the horizontal components of the centrifugal forces of elements 1 and 
2 and also of elements 3 and 4 balance one another. The vertical components 
of the centrifugal forces of elements 1 and 2 give a resultant 


2gr* dp 
9 


sin p 


that acts at a distance d ^ ar sin p from the plane oo normal to the shaft. 
Elements 3 and 4 contribute a vertical resultant of the same magnitude but 
in the opposite direction and on the opposite side of the plane oo by the same 
distance d. Thus, all together, the inertia forces of the four elements form 
a couple with an arm 2d and acting in the vertical plane through the axis ol 
the shaft. The magnitude of this couple is 


2gr* dp 


CO* sin p 2ra sin 


<P 


9 



Art. 8.7] ROTATION OF A RIGID BODY ABOUT A FIXED AXIS 


395 


Varying the angle <p from. 0 to ir/2 and summing up all such elemental 
couples, we obtain the resultant couple that represents the action of the fly- 
wheel on the shaft and is transmitted to the shaft by the hub of the flj'wheel. 
The magnitude of the moment of this couple is 


M 


^ /■ 2gr-' 

Jo a 


d<p „ . „ . 11 ' „ , 

— u>- sm tp Ira sin <p = -pr- ca-r-a 
2? 


(d) 


During rotation of the flywheel the plane of the couple also rotates, always 
remaining perpendiculai to the diameter represented by the line of inter- 
section of the phanes oo and nn. 

5. A conical pendulum consists of a slender 
pri.smatic bar AB of length I and weight ql 
pinned to a vertical shaft as shown in Fig. 

292. If this shaft rotates with constant 
.angular velocity u, what will be the angle a 
of the cone described by the bar? 

Solution. Consider one element of the bar 
of length dx at the distance x from the pin 
A. This element of mass dm = q di/g 
moves uniformly in a circular path of radius 
z sin a ; it has normal acceleration u-x sin a. 

The corresponding inertia force is directed 
horizontally outward as shown in the figure. 

Considering such inertia forces for all elements of the bar together with the 
gravity force ql, we have a system of forces in dynamic equilibrium. Equating 
to zero the algebraic sum of their moments about point -4, we obtain 



7 2 ■ 

ql - sin a 




g dx 


03*x sin a z cos a = 0 


which reduces to 


01^ ■ r. 

— — cos a sin a = 0 


2 9 3 

From this equation we obtain two solutions for a as follows; 

sin a = 0 

3? 


cos q: 


2<zH 


(e) 

(f) 


These expressions define the angle a of the cone for all possible values of ca. 
Setting cos a = 1 in Eq. (f), we find 

For angular velocities below this value, the solution (e) applies and we see 
tlrat the bar remains vertical ; that is, a = 0, For angular velocities above this 
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value, the solution (g) applies and we have a definite value of a for each value 
of CO. It is of interest to note that the angular velocity (g) at which the bar 
first shows a tendency to depart from the vertical position corresponds to its 
natural frequency of oscillation as a compound pendulum (see E.vample 1, 
page 382). 


PROBLEM SET 8.7 


1. Determine the tensile stress at the root of a steel turbine blade of constant 
cross section due to centrifugal force, if the radius of the rotor at the root of 
the blade is 30 in. and the length of the blade is 10 in. The speed of the 
rotor ia n = 1,800 rpm and the weight per unit volume of steel is 0.283 Ib/in.^ 
Ans. s = 9,110 psi. 

2. Solve Prob. 1, assuming that the cross-sectional area of the blade at the 
end is only half that at the root and that the magnitude of the area varies 
along the blade following a linear law. .dns. s = 6,730 psi. 

3. A horizontal turntable carries a slender I^shaped prismatic bar weighing 
3 lb and rotates about a vertical axis with constant angular velocity cj as 
shown in Fig, A. What is the magnitude of the reaction induced at B if the 
angular speed of the turntable is 60 rpm and B — 90“ ? Ans. R ~ 4.95 lb. 

4. Solve Prob. 3 if the angle B — 120“ and all other data are the same. 
Ans. R = 6,68 lb. 


C 
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FIG. A 



5. A slender bar AB of length I and weight W is attached to a vertical 
shaft as shown in Fig. B. Calculate the tension 5 in the string BD when 
the system rotates with constant angular velocity o about the vertical axis AB. 
The following numerical data are given; W = 25 lb, a = 46°, Z = 4 ft, and 
the system rotates at 600 rpm. Ans. S = 2,900 lb. 

6. Assuming that the system in Pig. B is at rest, calculate the instantaneous 
values of the reaction components at the hinge A just after the string DB is 
out. Assume W = 20 lb, a = 35“. Ans. = 7.05 lb; Fa = 15.1 lb. 

7. Referring to Pig. C, calculate the angular speed at which the sliding 
weight Q = 2 lb will begin to lift free of its support if each of the slender 
prismatic bars weighs 2 lb. Ans, 101 rpm. 
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8. A thin circular disk CD of radius r and weight W is attached at its center 
to a shaft AB, and its plana makes with the plane normal to the axis of the 
shaft a small angle a (Pig. D). If the disk rotates with a constant angular 
velocity co, find the bearing reactions at A and B due to this rotation. 

Hint. Use Eq. (d) from Example 4 above for an elemental ring of radius p 
and thickness dp and integrate over the full radius r of the di.sk. Ans. 
fZa = f?!, = 

9. Referring to Fig. E, calculate the bending couple AI transmitted to the 
vertical shaft AB by the bent prismatic rod DEFG. The weight per unit 
length of the rod is lo = 0.10 Ib/in. and the system 
rotates at a constant angular speed of 600 rpm. 

Ans. M = 36.8 in.-lb. 

10. An ordinary carpenters square (18 by 24 in.) 
bangs freely from a pin at the end of the long leg 
and rotates with constant angular velocity about 
a vertical a.xis through this pin. The weight of the 
short leg is -j- lb ; that of the long leg, t lb. What 
is the required rpm to keep the long leg vertical, 
i.e., on the n.xia of rotation? Ans. 38.2 rpm, 

11. A slender prismatic bar of length I and 
weight 17 is supported in a horizontal position as 
shown in Fig. F. Find the instantaneous reaction at A just after the string 
BG is cut. Ans. J2<, = 317/4. 
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12. A slender prismatic bar AB rotates about a vertical axis CD as shown 
in Fig. G. Calculate the constant angular velocity w for which the axial 
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force in the tie bar AD will be zero. Neglect the weight of the tie bar. Atis, 
0 ) = 4.98 sec~h 

13. A slender prismatic bar AB is supported in a vertical plane as shown in 
Fig. H. Calculate the magnitude of the total reaction at the hinge A\ 
(a) an instant before the string DE is cut and (6) an instant after it is cut. 
Ans. (a) Ra = 0.66217; (b) R, = 0.54517. 




14, Referring to Fig. I, calculate the bending couple M exerted on the 
vertical shaft AB by the slender prismatic curved bar DCE rigidly attached 
to the shaft at C. The curves DC and EC oi'e circular quadrants of radius r 
centered at A and B, respectively, and the weight per unit length of the curved 
bar is w. The system rotates with constant angular velocity o) about 
the axis AB. Ans. M = wr^u^lg. 

8.8, Resultant inertia force in rotation. In Art. 8.7, we have 
seen that the inertia forces acting on the various particles of a rigid 

body in rotation represent some form 
of distributed load. Sometimes the 
distribution of such forces becomes 
too complicated to work with directly 
and it is helpful to reduce the inertia 
forces to their resultant. In this 
article, we shall limit our attention to 
the ease of a body having a plane of 
symmetry and rotating about an axis 
normal to this plane. Then we can 
treat the distributed inertia forces as a 
coplanar system acting in this plane of symmetry and the problem will 
be much simplified. 

Referring to Fig, 293, we consider a rigid body rotating about a fixed 
axis through 0 normal to the plane of the figure which is a plane of 
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symmetry of the body. In this plane, we take coordinate axes x and 
ij through point 0 as shown. The x axis is taken through the center 
of gravity C of the body and both x and y axes are attached to the body 
so that they rotate with it. 

Considering a particle of mass dm at the distance r from the axis of 
rotation and having coordinates x and y, the normal and tangential 
inertia forces rd'^ dm and r6 dm will be directed as shown in Fig. 293. 
We wish to determine the magnitude and line of action of their result- 
ant R which, of course, lies in the rotating xy plane. To do this, we 
denote by X and Y the rectangular components of the force R and 
by X the distance from the axis of rotation to the point P where its line 
of action cuts the x axis. Then from statics 

X = Jr0- dm cos <p -F frd dm sin <p 
Y = Jrfl’ dm sin p — dm cos p 

Noting from the figure that 


X = r cos p and y = r sin ip 


and remembering that 6 and d are 

the same for all particles, 

these 

expressions become 

p 


p 


X = 

J 

X dm 

r 

+ ej 

1 y dm 

r 

(a) 

F = 5= 

1 

/ y dm 


f z dm 


J 

Observing that 





/ X dm = —Xc 

J 9 

and 

f W 

j y dm = -J = 0 



Eqs. (a) reduce to 

W W 

W = — and F = - — i? x. (75) 

9 9 

We see that these components of the resultant inertia force R represent 
individually the resultant normal inertia force and the resultant tan- 
gential inertia force, respectively, and that both of these resultants 
may be calculated by assuming the entire mass of the body concen- 
trated at its center of gravity C. This is a conclusion that has been 
noted previously in some of the examples of Art. 8.7. 

To find the point P where the resultant inertia force R cuts the x 
axis, we use the theorem of moments. Noting that the normal inertia 
forces rS® dm all intersect at 0 and using this point as a moment center. 
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we have 

f . . W ■ 

Yx ~ ~ I ~ —Iad= — — ilS (b) 

where ia is the radius of gyration of the body with respect to the axis 
of rotation. Substituting the value of Y from the second of Eqs 
(75), we obtain from Eq. (b) 

5 = 1 (76a) 

Using the parallel axis theorem = xj -\- il (see page A, 19), this may 
also be written in the form 

X = Xo + — (766) 

Xc 

Comparing Eqs. (76) with Eq.s. (74), page 381, we see that the point 
of application P of the resultant inertia force is the same as the center 
of oscillation discussed previously in connection with the theory of 
the compound pendulum. This point is also called the cenier of per- 
cussion of the body, 

If the axis of rotation passes through the center of gravity C of the 
body in Fig. 293, we have Xa = 0 and the resultant inertia force as 
defined by Eqs. (75) vanishes. However, at the same time, the dis- 
tance 5 as defined by Eq. (76) becomes infinite. This means that the 
distributed inertia forces reduce to a resultant couple (see page 105), 
The moment of this resultant couple is represented by Eq. (b) , that is, 

Mr = —lod (77) 

which is simply the inertia couple discussed previously in Art. 8.3, 
page 367, 

Summarizing the results of the foregoing discussion, we conclude 
that in the case of a rigid body rotating about a fixed axis normal to a 
plane of summetry, the resultant of all inertia forces may be repre- 
sented as shown in Fig. 294a. It should he emphasized that while the 
components of this resultant are calculated by assuming the entire 
mass W/g concentrated at the center of gravity C, they do not act 
at this point, but at the center of percussion P, in order to bo statically 
equivalent to the actual distribution of inertia forces on the individual 
particles. 

We can bring the resultant inertia force in Fig. 294o to the center 
of gravity C by resolving the tangential component WSxJg into an 
equal parallel force at C and a couple (see page 67). Then the 
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moment of the couple, opposite in sense to the angular acceleration 6, 
will be 

TV i’* 

(c) 

g 

and we can represent the resultant of all inertia forces as shown in 

X 

( 6 ) 

FIG. 294 

Fig. 294!). Both methods of representation in Fig. 294 will be found 
useful. 

EXAMPLES 




1. A homogeneous thin plate in the form of a circular quadrant of radius r 
is supported in a vertical plane by a hinge at 0 and a stop at B as shown in 


Fig. 29Sa. Find the horizontal and vertical com- 
ponents of the reaction at the hinge 0: {a) before 
the stop at B is removed and (5) just after it is 
removed. 

Solution. Before the stop at B is removed, the 
plate is in static equilibrium, and we have the 
free-body diagram as shown in Fig. 295o. Writ- 
ing 2!(jkfi,)i = 0 and SF; = 0, we obtain 



4 [V 

Xa = = 0.424TF 


Ya=W 


directed as shown. 

Just after the stop at B is removed, the plate 
has angular acceleration S but no angular velocity. 
Hence the resultant inertia force is WeS/g applied 
at the center of percussion P and acting at right 
angles to the radius OC as shown in Fig. 295b. 
Under the action of this inertia force together 
with the grawty force TV and the reaction at O, 
the plate is in dynamic equilibrium. 



(fc) 


FIG. 2M 


Using the equation US = M, we find for the initial instant (t = 0) that 


j, _ M _ W 4t 8g _ 

~ lo Sw TV r* 37rr 


(e) 
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Also from SZ,- = 0 and 27. = 0, we have 

^ IV 1 17 

Substituting the value of 6 from expression (e) and noting that the distance 
c = -s/'L (-lr/3ir), expressions (f) reduce to 


Zo = 1.4417 


- 0.4417 


t Comparing these, dynamic reactions with the static 

reactions given by Eqs. (d), we see that there is a 
considerable change in both components, in fact 
there is even a change in direction in the case of the 
'^dc vertical component Yo. 

2. A compound pendulum, suspended from 0 and 
initially at rest, is to be set in rotation by the action 
of a suddenly applied horiJiontal force F as shown 
in Fig. 296. At what distance a below the nonter of gravity should the 
force be applied in order to avoid creating a hoiizontal reactive force at the 
hinge 01 

Solution. The force F having moment M = F{c + a) about 0 produces 
angular acceleration S of the pendulum, but at the initial instant there is as 
yet no angular velocity = 0). Hence there will be only tangential inertia 
forces (—r6 dm) on the individual particles and the resultant of these distrib- 
uted forces is a horizontal force (W/g)^c applied at the ^ ^ 
center of percussion P of the pendulum as shown in the 
figure. We see now that if the applied force F is collinear \\ 

with this resultant inertia force, the system is in equilibrium 
without the need of any horizontal reaction at O. Hence '‘o._ 

the force F should be applied along a line pa,ssing through 
the center of percussion. P, that is, a = il/c. j'V'”' J 

In practical cases of impact on a body free to rotate \~j/ '' — 

about a fixed axis, it is usually very desirable to eliminate piq, 297 

the transmission of impact forces to the axis. For this 
purpose it is necessary to apply the impact at the center of percussion. Thus 
in the case of an impact testing machine (Fig. 297), the proportions of the 
hammer OOP used for producing impact are such that the reaction at the point 
of impact goes through the center of percussion P. The same condition 
should be fulfilled in the case of a ballistic pendulum or in various kinds of 
hammers used in forging. 


h ' 


PUODLEM SET B.8 

1. A slender prismatic bar AB is supported in a horizontal position as 
shown in Fig. A. At what distance x from the hinge A should the vertical 
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string DE be attached to the bar in order that when it is cut there will be no 
immediate change in the reaction at ^4? Am. x = 2//3, 



FIG. A FIG. E 

2. A homogeneous square plate of weight IF and having dimensions a hangs 
in a vertical plane by two pins A and B as shown in Fig. B. Calculate the 
horizontal and vertical components of the reaction at A an instant after the 
pin at B is removed. Ans. = 3TF/S; F<. = SIF/S. 

3. In Fig. C a homogeneous plate having the form of an erjuilateral triangle 
with edges of length a hangs in a vertical plane by pins at two of its corners 
A and B. Calculate the horizontal and vertical components of the reaction 
at A an instant after the pin at B is removed. The weight of the plate is 
IF = 40 lb and the dimension a = 24 in. Ans. = IS.BSlb;!’!, = 16.01b. 



FIG. C fig. d 


4. The compound pendulum shown in Fig. D consisting of two slender 
prismatic bars each of length I and weight IF/2 oscillates in a vertical plane 
with small amplitude da. Find the rectangular components No and So of 
the reaction at 0 when the pendulum is in an extreme position. Assume in 
calculation that sin do “ do and cos do ^ 1. Ans. N'o ~ IF; So ~ 0.206TF5o 

5. Referring again to Fig. D, calculate the reaction components jVo and 
So as the pendulum swings through the ndddle position. Use the same data 
as given in Prob. 4. Ans. Mo = TF(1 + 0.7956o); So = 0. 

6. A locomotive wheel 6 ft in diameter is out of balance to the extent of 
200 lb at a radius of 1 ft. The load on the wheel including its own weight is 
7 tons. Calculate the maximum and minimum force transmitted to the I'ail 
when the speed of the locomotive is 60 mph. 
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Hint. Uniform translatory motion of the locomotive doe.? not affect 
accelerations of the particles of the wheel in its rotory motion; thus inertia 
forces are the same as in the case of rotation of the wheel about a fixed axis. 
Ans. Raax = 9-67 tons; R„^,„ = 4.33 tons. 

8.9. The principle of angular momentum in rotation. In 

particle in a plane, it was shown (see page 348) 
that the rate of change of moment of momentum 
of the particle with respect to any fixed point in 
its plane of motion is equal to the moment of all 
forces acting on the particle with respect to the 
same point. This principle of moment of mo- 
mentum can be readily extended to the case of 
a rigid body rotating about a fixed axis. 

Conservation of Angular Momentum. We 
begin with a consideration of moment of momen- 
tum about the axis of rotation (Fig. 298). 
Taking this axis as the z axis and considering an 
element dm of the body at a point A, distance r 
therefrom, we see that, during rotation, the 
element describes a circle in the plane perpen- 
dicular to the z axis and having a radius r. If ^ 
is the angular velocity of the body, the velocity 
of the point A is and the moment of momentum of the element dm 
with respect to the axis of rotation is 

rW dm (a) 

The rate of change of this moment of momentum is equal to the 
moment, about the z axis, of all forces acting on the element. Sum- 
ming up the moments of momenta (a) together with the corresponding 
moments of forces for all elements of the rotating body, we find that 
the rate of change of this sum must be equal to the moment with 
respect to the axis of rotation of all external forces acting on the body, 
That is, 

^ j dm = M, (b) 

where M, denotes the moment of external forces acting on the body, 
Noting that the angular velocity 6 is the same for all elements of the 
body and can be taken out from under the integral sign, we write Eq. 
(b) in the following form; 


discussing motion of a 


Z 



|(J.« = M. 


(78) 
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where I, = Jr® dm is the moment of inertia of the body with respect to 
the axis of rotation. The expression 1^6 is called the angular momentum 
of the rotating body with respect to its axis of rotation, and Eq. (78) 
states the principle of angular momentum. That is, the rate of change of 
angular momentum of a rotating body with respect to its fixed axis of 
rotation is equal to the moment of all external forces acting on the body with 
respect to the same axis. Considering 7^ as constant, we see that Eq. 
(78) coincides with Eq. (67) which was derived previously by using 
D’Alembert’s principle. In using the equation in the form here given, 
we may consider also cases in which L is variable, as might result, for 
instance, from thermal expansion of a body during rotation. 

Equation (78) can be used also in the case of a .system of bodies 
rotating about the same axis and having moments of inertia h, h, 

. . . and angular velocities fli, 6^, . . . about this axis. In this case 
the equation can be written in the form 

^ (7ifli + JjSa -}' ■•■)’= Afj (79) 

If the moment of external forces with respect to the axis of rotation is 
zero, we conclude from Eq. (79) that the angular momentum of the 
system of bodies with respect to that axis remains constant. This is 
called the law of conservation of angular momentum. 

Vectorial representation of angular momentum. In the preceding 
discussion, the principle of angular momentum was established only 
for the fixed axis of rotation of the body, but it holds also for any 
other fixed axis. Let us take, for instance, the x axis (Fig. 298). 
Then resolving the velocity r6 of the element at A into rectangular 
components y6 and parallel, respectively, to the x and y axes, as 
shown in Fig. 298&, we see that only the component xff parallel to the 
y axis should be considered in calculating the moment of momentum of 
the particle with respect to the x axis. This moment of momentum is* 

—dm dxz (c) 

and its rate of change is equal to the corresponding moment of the 
resultant force acting on the particle as before. Then summing 
moments of momenta (c) and the corresponding moments of forces for 
all particles of the body as before, we obtain 

(d) 

* We use for moment of momentum the same rule of signs as for moment of force. 
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where Mx denotes the resultant moment with re.spect to the x axis of 
all external forces acting on the body and —IxJ is the angular momeU' 
turn with respect to the x axis ot the body rotating about the j axis. 
In a similar manner we may write 

I = M, (e) 

Using the previously derived equation (78) together with Eqs. (d) and 
(e)j we obtain the complete set of equations defining the system of 
forces external to a rigid body rotating about a fixed axis as follows: 

J (IJ) = Mx i-h-J) = Mx ^ i-IJ) = M, (80) 

If the z axis is a principal central axis of inertia of the rotating body, 
the angular momenta — and — with respect to the x and y axes 
will ahvays be zero, since the products of inertia Ixi and ly, are always 
zero. In such cases we conclude that the moments Mx and My of all 
external forces with respect to these axes are also zero. Thus a rigid 
body rotating about a principal central axi.s does not produce dynamic 
reactions at its bearings. 

Introducing for the components of angular momentum of a rotating 
body the notations 

Hx = —IxJ Hy = —lyxO Hx = I xd (f) 

and taking their geometric sum, we obtain the resultant angular 
momentum H o with respect to the fixed point 0. In general this result- 
ant angular momentum vector may change both in magnitude and direc- 
tion and its rate of change is represented by the velocity of its end 
point. Then from Eqs. (80), we conclude that the rate of change of the 
resultant angular momentum Ha, considered vectorially, is equal to the 
resultant moment vector Mo of external forces. Thus 

J^Sa = Mo (81) 

This is a generalized statement of the principle of angular momentum 
for the case of a body or system of bodies rotating about a fixed axis. 

In the particular case where a rigid body rotates about a principal 
central axis, the components Fix and Fly of angular momentum vanish 
and the component Hx = Iz6 directed along the axis of rotation 
becomes the resultant angular momentum. 


t 
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EXAMPLES 

1. Prove thiit, if the shaft with two disks at the endb (Fig. 29f)) is twisted 
and then .suddenly tele/i-sed, the disks in their tor>ion:ii o'-cillatioiis uill rotate 
always in oppo.site direetions if thei'e is no hietioii in the he.'iiing.s. 

Solution. The angular momentmn of the .system with rrspert to the axis of 
rotation at the initial instant is zero, since the disks aie at le^t. The moment 
of external forces with respect to the same axis in zeio. provided there is no fric- 
tion and the cpnter.s of gravity' of the disks are on the axis of rotation. In 
.such case the rate of change of angular mo- 
mentum of the .system with respect to the axis 
of the shaft must he zero. Hence, if this 
angular momentum was initially zero, it con- 
tinues to remain zero. Thi.s coriflitioii can be 
satisfied only if the di.sk.s .are at rest or .are 
moving always in opposite directions. If /i and hiire the moments of inertia 
of the disks with respect to the axis of the shaft and and are their angular 
velocities at any instant t, the equality to zero of the angular momentum of 
the system about the axis of rotation requires that 

Ij, + hj, = 0 

Hence 81 : 82 = 

i.e., the angular velocities arc of opim.site .‘^ign and are inversely proportional 
to the moments of inertia of the corresponding disks. The angular displace- 
ments of the disks from their equilibiiura positions are 
in the same ratio as the angular velocities. Hence the 
nodal cros-s section (see page 376) will hax'e distances 
from the disks inversely proportional to their moments 
of inertia. 

2. A pulsating torque iHo cos wt acts on a flywheel 
that is rotating with constant angular velocity ci;. 
This uniformity of rotation is obtained by properly 
changing, by means of cams, the radial distances r of 
two equal weights W sliding along two spokes, as shown in Fig. 300. How 
should r change with the time? 

Solution. From Eq. (78) we have 

(loj) = Mo cos ul 

Hence, observing that u is constant, we obtain 

dl Mo cos <nt , . 

dt = “[T- 

If /o is the moment of inertia of the flywheel without the weights IF, we can 




FIG. 299 
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assume 


To + 


2W 


Substituting (h) for 1 in Eq. (g), we obtain 

2W d(r^) _ Mg cos wi 
g dt w 


(h) 


from which, by integration, 


Mog 


sin coi + 


C 


Denoting by rg the initial value of r when t = 0, we find C = rl and the above 
equation gives, for the desired r — f(t), 


r = 



Mgg . 
2Wb>'^ 


3. As a device for measuring high velocities of bullets, a ballistic pendulum 
consisting of a heavy weight W, say a block of wood, suspended on a slender 

rod OA is used (Fig. 301 ). Establish the relation 
between the velocity v of the bullet striking the 
pendulum at its center of percussion P and the 
angular velocity 0c that the pendulum acquires 
owing to impact. 

Solution. If w is the weight of the bullet and 
Jo the moment of inertia of the pendulum with 
respect to its axis of rotation through 0, the 
initial angular momentum of the system consist- 
ing of the bullet and pendulum is, with respect to 
the axis of rotation, wvL/g. 

At the end of impact the angular momentum is 
Ig0g. It is assumed that the duration of impact is 
very small in comparison with the period of oscil- 
lation of the pendulum, and the angle of rotation of the pendulum during im- 
pact is neglected. The mass of the bullet in comparison with that of the 
pendulum is also neglected, and the moment of inertia Jo is assumed un- 
changed. Since the moment of external forces with respect to the axis 0 
remains zero during impact, the angular momentum of the system must remain 
unchanged and we obtain for determining v the equation 

- »L = Jo(?o 

g 



from which 
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Observing that Jo = Wil/g while L = il/c, this reduces to 



Instead of the initial angular velocity da of the pendulum, it is more con- 
venient to measure the maximum angle of rotation dm- The relation between 
this angle and the angular velocity do will be discussed later (see Example 3, 
page 413). 

4. A horizontal turntable (Fig. 302) carries a gun at A and rotates with 
initial angular velocity wo about its vertical geometric axis. Calculate the 
inorement of angular velocity Aoi that the turntable will obtain if the gun 
fires a bullet of mass m with tangential muzzle 
velocity a. 

Solution. Denoting by Jo the combined mo- 
ment of inertia of the turntable and gun, the ini- 
tial angular momentum of the sj'stem with re- 
spect to the axis of rotation is 

(Jo + mr®)uo (i) 

Denoting by to the angular velocity of the disk 
after the gun has been fired, the final angular momentum of the system is 

Joco — m(v — r(ji)r (k) 

where y — w is the absolute velocity of the bullet to the right. 

Equating expressions (]) and (k) in accordance with the law of conservation 
of angular momentum, we obtain 

(Jo -h wr’)(co — cao) = uiir 

from which 

A nivr 

Aco = 0 ) - Mo = j — j •„ (1) 

Jo -h mr^ 

We see that the increment of angular velocity imparted to the disk is inde- 
pendent of its initial angular velocity mo. 

PROBLEM SET 8.9 

1. In Fig. A, a wood block of weight 
IT = 5 lb rests on a horizontal plane and is 
attached to a fixed hub 0 by a horizontal string as shown. A revolver bullet 
of weight w = \ oz is fired horizontally into the center of the block in 
the direction normal to the plane of the figure with velocity v = 2,000 fps. 
Calculate the number of revolutions that the block will make around the 
vertical z axis before coming to rest if the coefficient of friction between the 
block and plane is ft = x- Neglect the dimensions of the block. Ans. 
3 revolutions. 



FIG. A 
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FIG. B 


2. A rotor A, initially at rest, is suddenly connected to a rotor B, having 
the initial angular velocity toj, by means of a clutch C (Fig. B). What 
common angular velocity will the two system.? acquire if the moment of inertia 

of the system A is la and that of the system 
~ B, 7b? Neglect friction in the bearings. Ans. 
w = «b [76/(7,, + /b)]. 

3. A prismatic bar A 15 of weight Wi and 
length 2ij carries two balls M and N of equal 
weights W and is rotating with uniform angular 
velocity too about the vertical s axis perpen- 
dicular to the bar and through its center of gravity (Fig. C), The balls are 
kept at equal distances li from the axis of rotation by string.?. Wh,at will 
be the new angular velocity of the system if the strings are suddenly out and, 
owing to oentiifugal forces, the balls come to the extreme positions P and Q 
with distances from the axis of rotation equal to I? The following numerical 
data are given: tco = 2ir sec”*, Wi = 5 lb, 212 = 70 in., W = 12-i' lb, 2ii = 30 
in., and 21 = 45 in. Assume in calculation that the mass of the bar is dis- 
ttibuted along its axis .and the masses of the balls concentrated at their centers. 
Aws. o>i = 0.52uo = 3.27 sec”*. 



4. A horizontal circular disk of uniform thickness, radius a, and weight 
W can rotate freely about its vertical geometric axis (Fig. D) . Along a circular 
track of radius r, a particle of weight Q is traveling. Initially the disk and 
the particle are at rest. What angular velocity oi will the disk acquire if 
the particle begins to travel along the track with a constant speed v relative 
to the disk? Assume W = 10 lb, (? = 1 lb, a = 10 in., r = 6 in., y = 4 fps, 
Ans. w = 0.537 sec”*. 

5. Owing to cooling, the linear dimensions of a solid homogeneous sphere, 
uniformly rotating about a diameter, diminish by 0,1 per cent. What effect 
will this have on the angular velocity if there is no external moment with 
respect to the diameter of the sphere? Aws. The angular velocity increases 
by 0.2 per cent. 

6. A man weighing 160 lb steps onto the edge of a horizontal circular 
turntable initially at rest, walks five times around the circumference, and 
steps off at the same spot on the ground from which he started without having 
passed it previously. Assuming a perfectly ideal setup and treating the turn- 
table as a solid right circular disk, calculate its weight W. Ans. W ~ 80 lb. 
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7. A horizontal turntable initially at rest carries two men A and B at its 
circumference. To bring the turntable into rotation, the men run with 
velocity V relative to the disk and then jump off tangentially. Prove that, 
if B stands still while A runs and jumps and then subsequently does likewise, 
the disk will acquire a greater final angular velocity co than if both men run 
and jump simultaneously. 


8,10. Energy equation for rotating bodies. If a body rotates 
about a fixed axis (Fig. 303) with angular velocity 6, a particle of mass 
dm at point A describes, during rotation, a circle of radius r and its 
velocity along this path is r^. Hence the kinetic energy of the particle 


is 



(a) 


The total kinetic energy T of the rotating body is obtained by sum- 
ming up expressions (a) for all particles 
of the body. Thus 

r = J^irey 

Observing that the angular velocity 8 is 
the same for all particles, we can write 

T = ~ I dm = (b) 

where / = Jr^ dm is the moment of inertia 
of the body with respect to its axis of 
rotation. Comparing Eq. (b) here with 
Eq. (a) on page 299, we see that the ex- 
pression for kinetic energy of rotation has a form similar to that for 
kinetic energy of translation. 

In discussing curvilinear motion of a particle (see Art. 7.6), it was 
shown that the change in kinetic energy of a particle during a small 
displacement ds is equal to the work done by all forces acting on the 
particle during the same displacement. Summing up such change.s in 
kinetic energy for all particles in a rotating body and also the corre- 
sponding work of all forces acting on these particles, we conclude that 
the change in the kinetic energy of the entire body during a small 
angle of rotation d9 is equal to the corresponding work done by all 
external forces acting on the body. 

* In the case of a rigid body in which the distances between particles do not 
change, the net work of all internal forces is zero. 
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In calculating the work done by external forces during rotation, we 
resolve any force Fi acting at ili into three components St, Ni, Zi, as 
shown in Fig. 303. During rotation of the body through a small angle 
<16, point A I moves the distance ds = VidO and we see that only the 
tangential component <Si produces work. This work, equal to the 
product of the force and the corresponding displacement of its point of 
application, is 

Si -TidO = SiTi ■ dd 

We see that this may be interpreted simply as the moment of the force 
F 1 with respect to the axis of rotation multiplied by the corresponding 
angular displacement d6 around this axis. From this, we conclude 
that the total work of all external forces is 

M dd (e) 

where M is the resultant moment with respect to the axis of rotation. 

Using expressions (b) and (c), the above-stated conclusion regarding 
the relation between change in kinetic energy of a rigid body during a 
small angle of rotation d6 about a fixed axis and the corresponding work 
of all external forces may be expressed as follows: 

d = M de 

Then by integration, we obtain 

The right side of this equation represents the work produced by all 
external forces during a finite angle of rotation from do to 0 in which the 
angular velocity of the body changes from 6o to 0. Equation (82) then 
states that the total change in the kinetic energy of the rotating body 
during any angle of rotation is equal to the total work done by the 
external forces during the same angle of rotation. 

EXAMPLES 

1. If the slender prismatic bar in Fig. 304 is released from rest in the hori- 
zontal position AB and allowed to fall under the influence of giavity, what 
angular velocity ^ will it acquire by the time it reaches the vertical position 
ABi? 

Solution. The final kinetic energy of the bar in the vertical position will be 

WP6^ 
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The initial kinetic energy in the horizontal position is zero; hence expression 
(d) represents also the change tn kinetic energy. 


The gravity force W is constant in both magnitude and direction, 
the work done is .simply 

I 


Hence 




(e) 


Equating change in kinetic energy (d) to work (e), 
we obtain 


‘4 






(f) 


II 




2. Determine the velocity v of the falling weight Q 
of the sy.stem shown in Pig. 30S as a function of its 
displacement from the initial position of rest. 

Solution. The initial kinetic energy of the system is zero. After the weight 
Q has fallen a distance x and acquired a velocity v and the cylinder has acquired 
an angular velocity 8 = v/t, the total kinetic energy of the system is 




FIG. 30.1 
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(g) 


which, in this case, also represents the change in kinetic energy. Neglecting 
friction at the bearings, the corresponding work of all external 
forces acting on the system is 

Qx (h) 

Equating change in kinetic energy (g) to work (h), we obtain 

from, which 

3. If, owing to the impact of a bullet, the ballistic pen- 
dulum shown in Pig. 301 swings up through an angle 8m before coming to rest, 
find the muzzle velocity v of the bullet. Assume that the properties of the 
pendulum and the weight w of the bullet are given. 

Solution. Denoting by the initial angular velocity imparted to the pendu- 
lum due to impact of the bullet, the initial kinetic energy of the pendulum is 
/o^o/2. When the pendulum reaches its extreme position, indicated in the 
figure by dotted lines, its kinetic energy is zero. Thus the left side of Eq. (82) 
becomes — Jo^o/2. In calculating the work done by external forces, which in 
this case are the gravity force and the reaotion at the axis of rotation, we note 
that the moment of these forces with respect to the axis of rotation, for any 
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angle of rotation B, is — Wc sin 8, where the minus sign indicates that the 
moment acts in the direction opposite to the direction of increasing 6. Thus 
the total work done during the angle of rotation is 

— Wc sin 8 dd = — Trc(l — cos Qm) 


Substituting this in Eq. (82), we obtain 


= Wc(l — cos 6m) 


from which 


Be = yj' 


2gcil — cos 6,n) 


where in is the radius of gyration of the pendulum with respect to its axis of 
rotation. Substituting this expression for into the formula for v previously 
obtained in Example 3, page 408, we find 

0 = ^ \/2ffc(l — cos Bm) 
mo 

From this formula the muzzle velocity v of the bullet can be calculated if the 
maximum angle of rotation 0„ of the pendulum is detei'mined experimentally, 


PROBLEM SET 8.10 


1. The wheel of a small gyroscope is set spinning by pulling on a string 
wound around the shaft. The moment of inertia of the wheel is I = 0.045 
lb-sec'*-in. and the diameter of the shaft on which the string is wound is w in, 
If 36 in. of string is pulled off with a constant force of 12 lb, what rpm will be 
imparted to the wheel? Ans. n = 1,324 rpm. 

2. A slender prismatic bar of total length 2Z and weight 2 IF is bent in a 
right angle at its middle point 0 and hangs from a hinge at this point as shown 
in Fig. A. Find the maximum angular velociti'' 0 that the bar will acquire 
if released from rest in the position shown. A7is. = ■\/0.d21g/l. 



FIG. A 


■B n 


A~^ 

aLj 




FIG. B 


3. In Fig. B, a slender prismatic bar AB is free to rotate in a vertical plane 
about a fixed axis through 0. The bar is released from rest in the unstable 
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position shown by solid lines and falls into the horizontal position A'B', 
w here it is brought to rest by two identical springs ha\-ing eon.stanta k. If 
the spring at A' is compressed i in., before the bar comes to test, \\hat is the 
magnitude of the spring constants k? The weight of the bar is If = 8 lb. 
Neglect mass of the springs. Atis. k = 76.8 Ib/in. 

■1. If the slender prismatic bar AB shown in Fig. C is released from rest in 
the horizontal position and rotates about A under the influence of gravity, 
find the reaction at A as it swings through the vertical position. Am. 


Ba= 5 IF/2. 




1 



: 1 

< - ' rl 

1 2 



W 

FIG. C 



5. A slender prismatic bar DE of length I and weight W is rigidly attached 
at its mid-point C to a shaft AB and makes therewith an angle a as shown 
in Fig. D. Determine the kinetic energy T of the bar if it rotates with 
constant angular velocity w about AB. The following numerical data are 
given; TF = 20 lb, I = 40 in., cc = 45°, and the uniform angular speed is 
200 rpm. Ans. T = 755 in.-lb. 

6. In Fig. E, a slender prismatic bar OA of length 1 = 3 ft and weight 
TF = 3 lb rotates as a conical pendulum about a vertical axis through the 
hinge 0. If it has such uniform angular velocity u that the angle a = 30°, 
calculate the kinetic energy T of the bar for this steady state of motion. 
Am. T = 0.850 ft-lb. 



7. A homogeneous slender prismatic bar AB of length I and weight TF is 
hinged at its lower end A and can rotate freely in the vertical plane as shown 
in Fig. F, If the bar is released from rest in the unstable position and falls 
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over under the influence of gravity, calculate the horizontal component of the 
reaction at A when d = 30°. Ans. Xa ~ 0.22511^. 

8. What initial angular velocity o) should be given to the bar j4j3 in Pig. F 
in the top position in order that it will swing through the lowest position 
(B vertically below A) with angular velocity 2cj? Am. w = s/^g/l. 

9. In Fig. G, a rotor of weight W = 386 lb and radius of gyration io = 4 in. 
is mounted on a horizontal shaft and set in rotation by a falling weight 
W — 386 lb, as shown. If the system is released from rest, find the velocity 
of the block after it has fallen through adiata,nce of 10 ft. Ans. v = 11.36 fps. 



10. A slender weightless rod pivoted at C has balls of weights IFi = 5 lb 
and IFa = S Ib attached at its ends, as shown in Pig. H, and is initially at rest 
in the unstable position shown in the figure. If the system is disturbed 
slightly, the bar begins to rotate about C. Find the horizontal and vertical 
components of the reaction at C as the bar passes through the horizontal 
position. Ans. X^ = — 1.00 lb; F„ = +2.50 lb. 

11. A homogeneous plate 1 ft square is supported in a vertical plane as 
shown in Fig. I. If the pin at B is removed, what angular velocity to will 
the plate acquire by the time the diagonal AC becomes vertical? Ans. 
to = 4.47 radians/seo. 

12. Referring again to Fig. I, calculate the vertical reaction Ra for the 
instant when the diagonal AO of the square is vertical. 
Ans. Ba = 1,44TF. 

13. The ballistic pendulum shown in Fig. 301, page 
408 has a total weight W = 20 lb, and the distance from 
its center of gravity to the center of suspension is found 
by experiment to be c = 7.63 ft. Also its observed 
period of oscillation for small amplitudes is r = 3.22 sec. 
When the pendulum is hanging in its position of stable 
equilibrium, a rifle bullet of weight re = 1 oz is fired 
horizontally into the block at the center of oscillation, and as a result of the 



FIG. I 
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impact the pendulum is observed to swing through an angle d„ = 26°40' before 
coming to rest. Find the muzzle velocity v of the bullet. Ajis.v = 2,200 fps. 

8.11. Gyroscopes. A gyroscope usually has the form of a solid of 
revolution mounted on. an axle coinciding with its geometric axis. If 
such a body rotates about this axis of symmetry {axis of spin) with a 
high angular velocity, it possesses certain dynamic characteristics that 
are of practical interest. In discussing these characteristics, it is 
advantageous to use the principle of angular monsentum and the idea 
of vectorial representation of resultant angular momentum nith respect 
to a fixed point and resultant moment of external forces with respect 
to the same point as discussed in Art. 8.9. These two vectors, as 
we have already seen, usually do not coincide, but the vector repre- 
senting the moment of force gives the magnitude and direction of the 
rate of change of the vector representing the angular momentum. 

If the axis of spin of a gyroscope is fixed in direction and we denote 
by Is and oi the moment of inertia and angular velocity with respect to 
this axis, the relation between the corresponding angular momentum 
1,01 and moment M, of external forces is (see p. 404) 

I (J.«) = Ms (83) 

It follows from the discussion of Art. 8.9 that the angular momentum 
with respect to any axis perpendicular to and intersecting the axis 
of spin is zero, since, by virtue of symmetry, the axis of spin is a 
principal central axis of inertia pf the gyroscope. From this it can 
be concluded that the angular momentum I,oi with respect to this axis 
is the resultant angular momentum, which can be represented by a 
vector directed along the fixed axis of spin in accordance with the 
right-hand-screw rule. If there is no friction in the bearings and 
otherwise no moment of forces about the z axis, we conclude from Eq. 
(83) that this resultant angular momentum vector maintains a constant 
magnitude; i.e., the gyroscope maintains a constant angular velocity of 
spin. 

Now let us consider the ease where the axis of spin of a gyroscope is 
not fixed but can change its direction in space by free rotation around a 
fixed point, for it is under such conditions that the dynamic character- 
istics referred to above manifest themselves. As an example of a 
gyroscope the axis of spin of which is free to rotate in any way about a 
fixed point 0, consider a top spinning about its geometric axis OA with 
angular velocity oi and supported at a point 0 on this axis (Fig. 306) . 
Then for reference we take through the point 0 a system of fixed 



418 ROTATION OF A RIGID BODY ABOUT A FIXED AXIS [Art. 8.11 

reriangular coordinate axes, x, ij, z, the z axis of which coincides with 
the instantaneous position of the axis of spin of the gyroscope as shown 
in the figure. 

Now when the axis of spin is changing its direction through point 0, 
there will be some rotation of the gyroscope with respect to the x and 
y axes, and the angular momenta with respect to these axes will no 
longer be zero. Thi.s fact complicates the calculation of the resultant 
angular momentum of the gyroscope with respect to the fixed point 0. 
To simplify the problem, we shall assume that the angular velocity of 

spin to is very large compared with the 
rate of change of the direction of the 
moving axis of spin and also that the 
moment of inertia I of the gyroscope 
with respect to its axis of spin is not 
small compared with its moments of 
inertia with respect to the x and y axes. 
In such case, the angular momentum 
of the gyroscope with respect to its axis 
of spin will be very large in comparison 
with its angular momenta with respect 
to the X and y axes and these latter mo- 
menta can be neglecl.ed. Thus it can 
be assumed with good accuracy that the 
angular momentum lu, as represented 
by the vector OM directed along the 
moving axis of spin, is the resultant angular momentum. If there is no 
friction and no other force giving moment, about the moving axis of 
spin, this resultant angular momentum remains constant in magnitude, 
as in the preceding case, ivhere the axis of spin was fixed. 

Owing to the weight W of the top acting at its center of gravity 
C and the reaction at 0, we obtain a couple in the plane OVM. The 
moment of this couple is equal to Wg sin a, and it is represented by a 
vector perpendicular to the plane OVM and directed away from the 
reader, i.e., in the negative direction of the x axis. Applying now the 
principle of angular momentum, we conclude that the end ilf of 
the vector OM must have a velocity, representing a rate of change of 
the angular momentum Jeo, which is equal to the vector representing the 
moment of force Wc sin a, that is, perpendicular to the plane OVM so 
that M is traveling along a horizontal circle of radius 
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Hence the axi.s of spin of the top clescrihe.s a circular cone of the angle 
2a. The angular velocity 0 of the plane 0V2I rotating around the 
vertical axis OV is obtained by dividing the velocity Wc sin a of the 
point J/ by the radius Iw sin a of the circle. Thus we obtain 

r, _ ITc sin a TFc „ ^ 

Jto sin a “ 

This angular velocity with w'hich the vertical plane containing the 
axis of spin of the top revolves is called the angular velocity of prccc.s- 
sion of the top. We sec that it is inversely proportional to the angular 
velocity co and directly proportional to the distance c of the center of 
gravity above the support. When c is positive, that is, when the 
center of gravity of the top is above 
ils support (Fig. 307a), wc see that 
Q is positive and the top preeesses 
in the same direction that it is spin- 
ning, When c is negative, that is, 
when the center of gravity is below 
the support (Fig. 307b), 0 is nega- 
tive and the top preeesses in the 
direction opposite to its direction of 
spin. 

If we support a gyroscope at its 
center of gravity, the distance c in 
Eq. (b) becomes zero and the axis of spin of the gyroscope remains 
immovable in space. This fact was utilized by Foucault to prove the 
existence of rotation of the earth about its axis. If the axis of spin of 
a gyroscope supported at ils center of gravity is directed toward a fixed 
star, it retains this direction, and to an observer the axis of the gyro- 
scope appear.'! to rotate describing a cone around the axis directed 
toward the polar star. 

The same characteristic of a spinning body to retain the direction of 
the axis of rotation is utilized when a high angular velocity of spin 
about the longitudinal axis is given to a bullet by rifling the barrel of 
the gun. Owing to air resistance eccentrically applied, some moment 
will be produced with respect to the axis through the center of gravity 
of the bullet and perpendicular to the vertical plane containing the 
initial velocity. This moment produces a gradual change in the direc- 
tion of the axis of spin of the bullet, which is responsible for some 
deviation of the trajectory from the above-mentioned vertical plane. 
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EXAMPLES 


1. A homogeneous circular disk rotates with a high angular velocity u 
about its horizontal geometric axis, which is supported in bearings A and S 
(Fig. 308). If the axis AB is fixed and the disk is perfectly bal.wced, the 
reactions at the bearings are due to the gravity force alone and can easily be 
calculated by using equations of statics. What additional reactions will 
exist at the bearings A and B if the frame supporting these bearings rotates 

atiout a vertical axis through the center of 
gravity of the disk with the angular velocity fl 
as indicated in the figure? Assume that the 
angular velocity fi is small compared with u. 

Solution. In calculating the additional pres- 
sures at the bearings due to rotation of the 
frame, we use the principle of angular mo- 
mentum. Taking fixed rectangular coordinate 
axes X, y, z, with origin 0 at the center of 
gravity of the disk as shown and the z axis 
coinciding with an instantaneous position of 
the axis of spin, we see that the angular momentum of the disk with respect 
to the y axis is small compared with its angular momentum with respect to 
the 2 axis, since w is large compared with 0. Thus we are justified in assum- 
ing that the angular momentum Joi with respect to the axis of spin is the result- 
ant angular momentum. With good accuracy the resultant momentum can 
be represented by the vector OM equal to lu and directed along the 2 axis in 
accordance with the right-hand-screw rule. Then, owing to rotation of the 
frame around the vertical y axis, the end M of this vector describes a horizontal 
circle of radius OM - loi. The velocity of the end M of this vector, perpen- 
dicular to the yz plane and equal to /wfl, represents the rate of change of the 
angular momentum 7u. If the frame has the direction of rotation indicated 
in the figure, this velocity has the positive direction of the x axis. Then the 
vector representing the resultant moment of external forces, which in this 
case are additional reactions from the bearings due to rotation about the 
y axis, must have the same direction. Hence we conclude that the reactions 
represent a couple in the yz plane as shown in the figure and of such magnitude 
that 



from which 


Rl = JcijQ 



(c) 

(d) 


By putting the bearings A and B on pistons of hydraulic cylinders, the 
additional forces R, due to the angular velocity 0, can be determined by meas- 
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uring the change of oil pressure in the supporting cylinders. In this way 
formula (d) can be found to be in good agreement with actual conditions. 

2. The armature of an electric motor has its axis of spin perpendicular to 
the longitudinal axis of a rolling ship fFig. 309). The angular velocity of 
spin of the rotor is aj, and the rolling motion of the ship is a-s.-umed to be 
represented by the equation 6 = do cos pt. Find the maximum magnitude 
of the additional pressures on the bearings of the rotor due to rolling of the ship. 



Solution. Since the rolling motion of a ship has a fairly large period, we are 
justified again in this case in assuming that the angular momentum lu of the 
rotor with respect to its axis of spin is the resultant angular momentum. 
This angular momentum is represented by the vector OM directed along the 
axis of spin as shown in the figure. During rolling of the ship the end ill of 
this vector describes the arc of a circle of radius OM = lu and its velocity 
along this path is determined by multiplying this radius by the angular velocity 
of rolling 6 — —dop sin pt. Hence the maximum velocity of point M has the 
magnitude loidoV- This maximum velocity of the point M represents the 
maximum rate of change of the angular momentum /a> of the rotor and is equal 
to the maximum moment of the additional reactions at the bearings due to 
rolling. Since it occurs when sin pi = 1, cos = 0 and the angle of roll 
9 = 0. At such instants the velocity of point M is vertical, and hence the 
additional reactions at the bearings represent a couple in the horizontal plane. 
The magnitude of each reaction is found from the equation 


from which 


= loidap 


R 


max 


I(j>9ap 


(e) 


PROBLEM SET 8.11 

1. Calculate the maximum value of the reactions discussed in Example 
2 above if the maximum angle of roll of the ship is 15°, the period of roll 30 sec., 
the speed of the rotor 1,800 rpm, / = 25 Ib-secMt, and I — 36 in. Ans. 
Rm.. = 86.1 lb. 
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2. A locomotive travel.s with constant speed v around a curve of in(liu.‘i r. 
Due to gyroscopic action of a pair of drivers, there will be an iiiciea'ic of pres- 
sure on the outside rail and a corresponding decrease on the insirle t ail. Evalu- 
ate this change in rail pressures if /j denotos the 
jnoment of inertia for a pair of drivers with respect 
to their axle and a and I are the radiu.s of a driver 
and the distance between rails, respectively. Arts. 
R = IjV^/arl. 

3. A horizontal axle A5 of length Z = 36 in. is 
pivoted at its mid-point C and carries at A a weight 
Q = 5 lb and at a spinning wheel of weight 
IV = 10 lb, the mass of which is uniformly distrib- 
uted around the rim of I'adius r = 12 in. (Fig. A). 
If the velocity of spin of the wheel is 600 rpm in the direction shown in the 
figure, calculate the angular velocity of precession 0, of tlie system around 
the vertical axis througli C. Ans. Q = 0.384 ladians/sec. 

4. Tlie armature of the motor of an electric car ^v'eigh.s (100 lb aiifl rotates 
in a direction opposite to the rotation of the car wheels. The distance bedween 
its bearings is 2 ft, and it.s radius of gyration is G in. The motor makes 4 revo- 
lutions to 1 revolution of the car wheels, which have diameters (jf 33 in. If 
the car is moving forward around a curve of 100-ft radius with a velocity of 
20 fps, what are the total pressures on the bearing, s of the armature if the 
center of the curve i,s to the right? Ans. Left bearing, 273 lb; right heaiiiig, 
327 lb. 



5. A pair of locomotive drivers 6 ft. in diameter weigh .5,000 lb and have 
a radius of gyration of 2|- ft. Compute the additional gyroscopic pies,sure on 
the outer rail as the locomotive travels around a 6° eui’ve at 45 nipU. The 
rails are 60 in. apart. A 6” curve is one for which a 100-ft chonl subtends 
a central angle of 0°. A/is. 295 lb. 

6. The armature of a big generator located in Philadelphia (latitude 
0 = dO^N) has moment of inertia 7 = 400 lb-sec--in. and rotates at 1,800 
rpm so that the po.sltive end of its horizontal axis of s])in jioints due north. 
Calculate the magnitude of the gyroscopic 
moment due to rotation of the earth. Ans. 

M — 3.52 in.-lb tending to increase north- 
bearing reaction. 

7. Calculate the tension 5 induced in the 
vertical drive shaft O 1 O 2 of the rolling mill 
shown in Fig. B as a result of gyroscopic 
action of the rolleis. The angular velocity 
around the axis OiOa is SI, and the rollers 
do not slip on the horizontal plane. Comsidei’ each roller a,s a light eiivular 
disk of weight W and radius r. Ans. S = {W/g) iVr. 

8. An airplane with a three-blade propeller (Fig. C) make.s a turn of 
1.000-ft radius while traveling at 450 mph. If the propeller, rotating at 
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1^590 rpiUj hs*® weight W = 100 lb and radius of gyration ic = 3.0 ft, w'hat 
bending moment M is created in the propeller shaft during the turn? Ajis. 
M = 3,0B0 ft-lb. 



FIG. C FIG. D 


9. A spinning top weighing 1 lb and having the form of a solid cone with 
diraen.sions as .shown in Fig. D, is observed to preeess at the constant rate of 
1 rps. What is its rate of spin? Ans. 733 rpm, 



9 

PLANE MOTION OF A RIGID BODY 


9.1. Kinematics of plane motion. In engineering problems of 
dynamics, we often encounter .such motion of a rigid body that a certain 
plane in the body always remains in a fixed plane. Under such condi- 
tions, the path of each particle of the body is a plane curve parallel to 
the fixed plane, and the body is said to have 'plana motion. Plane 
motion of a rigid body is easily demonstrated by rolling a right circular 



cylinder or disk along a flat surface in such a way that its geometric axis 
always remains parallel to itself. Such motion of a rigid body can be 
completely defined by the motion of a plane figure representing the 
projection of the body on a fixed plane normal to the axis of rotation. 
Further, the position of this plane figure is completely defined by the 
position of one point in it together with the angle of rotation of the 
figure about an axis through that point and perpendicular to the plane 
of motion. Thus the position of the plane figure shown in Fig. SlOa 
is completely defined by the coordinates Xa, Ha of a point A and the 
angle of rotation 0 that a line AB in the figure makes with the fixed 
X axis. The arbitrarily chosen point A in the figure is called a pole. 
As the figure moves in the xy plane, the coordinates Xa, ya, and the 

424 
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angle 9 are changing and the motion is completely defined if we know 
■^'<1 = fi(t) lJa = Mt) 0 =/,{(} (a) 

If Eejs. (a) defining any plane motion of a rigid body are given, the 
velocity and acceleration of any point in the body can cfi'-ily he found. 
In the ca.se of the body represented in Fig. 310«, fui evaraplc, let u.s 
consider a point P the position of which in the body is defined by its 
distance r from the chosen pole A and the angle a that the line AP 
makes with the selected reference line AB. Then using the notation 
^ = 0 + a, we see that the coordinates x and y of the particle P are 

X — Xa A- r cos y — Ija + r sin (p (b) 

Differentiating each of these expressions once with respect to time and 
remembering that r is constant while Xa, y^, and v are changing with 
timCj we find 

X = Xa — rep sin ep it — Vn A- rp cos p (c) 

From these equations we see that the x and y projections of the velocity 
of P are obtained by adding algebraically to the corresponding pro- 
jections of the velocity of the pole A the projections of the velocity r<p 
due to rotation of the body around point A. Thus, if Eqs. (a) defining 
the motion of a rigid body in a plane are given, the velocity of any 
point P in the body is obtained as the geometric sum of the velocity of 
the chosen pole A and the relative rotational velocity of P with 
respect to A. This may be expressed by the vector equation 

Vp = VaA^ Vp/a ( 8 - 1 ) 

where the sign 4> means that the vectors Va and i’p/a are to be added 
geometrically. 

Let us consider now the acceleration of the point P of the body shown 
in Fig. 310. Differentiating Eqs. (c) with respect to time, we obtain 

X = Xa — rp cos ep — rep sin ep ^ 

y = Va — Tep‘’ sin ep Ar rep cos ep 

The first term on the right side of each of these equations represents a 
corresponding projection of the acceleration of the arbitrarily chosen 
pole A. The second term in each case is seen to represent the projec- 
tion on the corresponding coordinate axis of the normal component 
ryj® of the relative acceleration of P with respect to A, as indicated in 
Fig. 310b. Likewise the last term in each equation represents the 
corresponding projection of the tangential component rep of the relative 
acceleration of P with respect to A. Thus, we conclude from Eqs. (d) 
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that, if Eqs. (a) , defining the plane motion of a rigid body, are given, 
the acceleration of any point P of the body is obtained as the geometric 
sum of the acceleration of the pole A and the relative acceleration of P 
with respect to A. Expressed in equation form, we have 

Qip — Qiq I ) Ofp/a 

Applications of Eqs. (84) and (85) to various problems of plane 
motion will now be illustrated by the following examples. 

EXAMPLES 

1. A right circular cylinder rolls without slipping along a horizontal plane 
AB, and its center has at a certain instant a velocity Vc, as shown in Fig. 311o. 
Find the velocities at the same instant of the points D and E on the rim of the 

cylinder. 

Solution. Since the cylinder rolls with- 
out slipping, the velocity of point F in 
contact with the plane must be zero. 
Thus using Eq. (84) with point (7 as a 
pole, we have v/ = Vc — rS = 0 from 
which d = vjr. Then owing to rotation 
the points D and E have, with respect to 
the moving polo C, relative velocities 
r6 = rvc/r = «« directed as shown in Fig. 311a. Adding geometrically each 
of these relative velocities to the velocity Vc of the pole C, we obtain the vectors 
a3 and ac as shown in Fig. 3116 and r-epresenting, respectively, the velocities 
of points D and E. From Fig. 3116, we see that the velocity of point D has 
the magnitude 2Vc and the velocity of point E, the magnitude ■\/2Vc. 

2. A prismatic bar AB has its ends A and B con- 
strained to move horizontally and vertically as shown 
in Fig. 312a. If the end A of the bar moves with 
constant velocity Va, find the angular velocity 6 of the 
bar and the velocity Vb of the end B for the instant 
when the axis of the bar makes the angle 9 with the 
horizontal £C axis. 

Solution. Considering the end A of the bar as a 
pole, we know that the velocity of the end B is equal 
to the geometric sum of the velocity of point A 
and the relative velocity of point B with respect 
to A as a center of rotation. Then to construct the 
diagram of vectors (Fig. 3126), we begin by laying out the horizontal vector 
ab representing the given velocity Va of the point A. Since the relative velocity 
of B with respect to A is due to rotation of the bar around A as a center, it 
must have the direction perpendicular to the axis of the bar, and since B is 
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constrained to move only vertically, ite^total velocity must be vertical. Thus 
the directions of the vectors 5c and ac are both known and the diagram of 


vectors is completed. From this diagram we 
find 

cot 0 ^ ^ (e) 

3. If the crank OA of the engine shown in 
Fig. 313ffi has a length r = 10 in. and a constant 
angular velocity w = fiOrr sec“^ and the con- 
necting rod AB has a length Z = 24 in., find 
graphically the velocity yt and acceleration yr. 
of the piston B at the instant when the angle 



BOA is equal to 45^". 

Solution. The diagram of the engine is first 


constructed carefully to scale as shown in Fig. 313a. Taking point A as a 


pole, the vector diagrams for determining the velocity yi, and acceleration yi, 
of the piston are shown in Figs. 3135 and 313c, respectively. From these 


diagrams, we find yi, = 1,740 ips and yt = 258,000 in./seo^. 


PROBLEM SET 9.1 

1, A locomotive runs along a straight level track with constant acceler- 
ation 0 = 0.2g. Find the total acceleration of a point at the top of the rim 
of a driver of radius r = 3 ft when the speed of the locomotive is 15 mph. 
Arrs. 161.6 ft/sec^. 

2. A circular roller of radius a = 8 in. is contacted at the top and bottom 
points of its circumference by two conveyor belts AA and BB as shown in 
Fig. A. If the belts run with uniform speeds «, = 6 fps and Vi = i fps, find 
the linear velocity of the roller and also its angular velocity to. Arm. 
Vc = 5 fps; £0 = 1.6 sec“'. 



FIG. A FIG. B 


3. If the end A of the prismatic bar shown in Fig. B moves with constant 
horizontal velocity Va, find the angular velocity ^ of the bar as a function of the 
angle d that its axis makes with the horizontal. Ans. 6 = (Va/h) sin^ B. 

4. In Fig. 0 the end A of a slender bar AB is constrained to follow the 
horizontal straight line OA while point C is attached to a crank OC. For the 
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configuiation shown, point A has a known velocity v„. Find the velocity of 
point B. Ans. Ub — 1.29ua. 

5. Referring to Fig. C and assuming that the crank OC has a constant 
angular velocity to = 10 find the total acceleration of point B for the 

configuiation shown. Ans. oi, = 1,230 in. /.see-. 



6. In Fig. D, the end A of the bar A7i niove,s with con.stiint a[)oc(l r„ = 20 fps 
along the horizontal plane DA, while the end B follows the ciicnlar arc DB. 
Find the velocity of point B for the irrstant when 0 = 1.')°. The following 
numeiical data are given: f = 4 ft, r = 2 ft. A?is. i), — 29 fp.s, 

7. Referring again to Fig. D, and using the same data us in Prob, 6, find 
the total acceleration of point B when 0 = 15°. /Ins. Oh = 202 ft/sech 

9.2. Instantaneous center. Let us consider any displacement of 
a plane figure from the position AB to the position AiBi (Fig. 314). 

As pointed out in Art. 9. 1 , this displace- 
ment can he accomplished hy a trans- 
latory motion of the figure together with 
a pole and a rotation of the figure around 
this pole. We can take, for instance, as 
a pole the point A and move the body 
parallel to itself from the position AF to 
the position AiB' and then rotate it 
around A i through the angle 6 so as to 
bring it to the posilioii AiBt. Again, 
if we take as a pole the point B, we 
bring the body first to the position BiA' and Ihcn rotate it about fii 
through the same angle B, as before, to come to the position Aiifi. It 
is seen that the displacement of the pole depend.? upon what point in 
the Irody is chosen as a pole but that the angle of rotation 9 of the figure 
is independeiit of the choice of a pole. We can, as a matter of fact, 
always find in the plane of the figure such a point C that, for displace- 
ment of the figure from the position AB to the position AiBi, only 
rotation about C will be required. It is evident from Fig. 314 that 
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this center is obtained as the iiiter&ection of the perpendicular liisectors 
CM and CN of the lines d.4i and BBi, respectively. For, from the 
construction, it follows that the two .shaded triangle.s .lift ’ and AiBiC 
are equal. Thus they can be brought into coincidence by rotation 6 
about point C. If the line AB coincides with the line .liBj, the entire 
figure AB coincides with the figure 

In .studying the motion of a plane figure, representing a cros.s .section 
of a body performing plane motion, we may consider the cuntiuuou.s 
motion of the figure as made un of succes.9ive infinitesimal displace- 
ments from one instantaneous position to the next. Each such iiifiiii- 
tesiinal displacement may be considered as a rotation of the figure 
about a certain point in its plane. This point is called the in.sianta- 
neous center of rotation for that particular po.sition of the figure. Con- 
sidering, for instance, the cylinder shown in Fig. 31 la, which we assume 
rolls without slipping, it is seen that at any instant the point of contact 
with the plane has zero velocity. Hence this 


point is the instantaneous center of the rolling 
cylinder, and we conclude that the instantaneous 
velocity of any point on the rim is directed per- 
pendicular to the chord joining it with the point 
of contact and is equal to the product of the length 
of this chord and the angular velocity of the 
cylinder. It should be noted that, as the cylinder 
moves, the point of contact, i.e., the instantaneous 
center of rotation, is continually changing its 
position;^ in this case it is evidently moving along 



FIG. 315 


the line AB. 


If we know the directions of the velocities of two points of a moving 


plane figure for any instantaneous position of the figure, the location 
of the instantaneous center can always be determined. Consider, for 


example, a bar AB of length I, the ends of w'hich are constrained to 
move along the x and y axes (Fig. 315). Then the velocity of point A 
at any instant must be horizontal, and we conclude that, if this veloc- 
ity is a result of rotation about a certain instantaneous center, then 
this center must lie on a vertical line through point A. In the same 


way we conclude that, if the end B of the bar is moving vertically, 
the instantaneous center must lie on a horizontal line through point B. 


^ The notion of instantaneous center of rotation should not be confused with 
the notion of a pole as discussed in Art. 9.1. While a pole is always a point fixed 
in the body, the instantaneous center is not fixed in the body. 
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Thus its po.sition is determined by the intersection C of these two lines. 
Denoting by x and y the coordinates of the instantaneous center C\ 
we see from the figure that 


Thus the instantaneous center C in this case is moving along a circle 
of radius I and center at 0. 

As another example, we take the case of the connecting rod AB of 
an engine (Fig, 316). Since the point A moves perpendicular to the 
radius OA and since the point B moves vertically, we obtain the 

instantaneous center as the intersection C of 
the prolongation of the radius OA and the 
horizontal line through point B. 

The instantaneous center of rotation of a 
body performing plane motion is very useful 
in finding the angular velocity of the body 
and the lineal velocities of ihs various points 
when the magnitude and direction of the 
velocity of oire point and the direction of the 
velocity of another point are known. In the 
case of the connecting rod AB (Fig. 316), for 
example, if the angular velocity w of rotation 
of the crank OA is given, we know the magnitude and direction of the 
velocity of point A and also the direction of the velocity of point B. 
Flence, using the instantaneous center C, located as explained above, we 
conclude, since motion of the connecting rod for the instantaneous 
position shown is equivalent to a rotation about point C, that 



from which 


AC ■ ff = roj 


6 = 


rw 


If the diagram in Fig. 316 has been constructed to scale, the length AC 
can be measured from it and 6 is determined. As soon as the angular 
velocity 6 of the rod is known, the magnitude of the velocity of point B 
can be obtained from the equation 

Vf, = BC ■ d 

where again the distance BC must be scaled from the figure or com- 
puted trigonometrically. Likewise the velocity of any point D on the 
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axis of the rod is 

Vi = DC • B 

and has the direction perpendicular to DC. 


EX.VMPLES 

1. Find the ratio of the angular velocities 6, and 0; of the cranks OiA and 
O'iB of the sy.stem shown in Pig. 317 for the instantaneous po-^itions shown. 

Soliilion. The instantaneous center C for the ^ 

bar AB is obtained as shown. Then we have 

Tidi _ Tidi 

AC ~ BC 

from which 

fli _ rnAC 

Bi Ti BC 

For given numerical values of ri, r*, 0^, 62, and 
a, the construction shown in Fig. 317 can be made to sc.ale and the lengths AC 
and BC measured from the figure. 

2. The ends A and B of a slenrler bar of length 1 .aie constrained to follow 
the straight lines OA and OB with exterior angle a as shown in Fig. 318. 
Prove that, for motion of the bar in the plane of the figure, the instantaneous 

center of rotation describes a circle of radius 
i/sin a with center at 0. 

Proof. First, we draw normals to the given 
lines OA and OB through A and B, respectively, 
and obtain the instantaneous center C as shown. 
Then since the angles OAC and OBC are right 
angles, it follows that 0, A, C, B all lie on a circle 
with OC as a diameter. Thus, the angles OAB 
and OCB which subtend the same chord OB are 
equal. Denoting this angle by 6 and the diameter OC by d, we may write 

BD = t sin 0 = d sin 6 sin a 

fj-om which d = / sin a. We .sec that regardless of the value of 0, the instan- 
taneous center C remains a constant distance d from 0. 




PROBLEM SET 9.2 

1. A locomotive wheel of radius r = 3 ft rolls without slip along a hori- 
zontal rail AB with constant speed = 60 fps as shown in Fig. A. Using 
the notion of instantaneous center, find the velocity of point E on the rim 
of the wheel. Ans. v, = 84.8 fps. 
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2. If the end A of the bar AB in Fig. 318 above moves to the left with 
constant speed Va = 10 fps along OA, find the velocity of point B for the 
instant when d = 30°. Assume Z = 4 ft and a = 60°. Ans. vt = 10 fps. 
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FIG. A 


12 ft/sec 



FIG. B 


3. A roller of radius r = 5 in. rides between two horizontal bars moving in 
opposite directions as shown in Pig. B. Calculate the distance a defining 
the position of the horizontal path of the instantaneous center of rotation of 

the roller. Assume that there is no slip at the 
points of contact m and n. Ans. a = 4 in, 

4. For the mechanism shown in Fig. C, the 
crank centers Oi and O 2 are 20 in. apart and 
the line O 1 O 2 makes an angle of 45° with the 
horizontal. Find the angular velocity b of the 
bar AB for the instant when the crank OiA, 
having constant angular velocity «i, is hori- 
zontal as shown. Ans. b = 0.364ui, 

5. Find the angular velocity Wz of the crank 
OiB of the mechanism shown in Fig. C for 
the configuration shown. Ans. tea = 1.36 coj. 

6. The disk shown in Fig. D rolls without slip 
on two level rails with constant speed = 40 ips. 

Find the velocities Vd and a, of points D and E at the top and bottom of the 
rim. Ans. Vd = 120 ips; a, = —40 ips. 


D 



7. A ladder AB of length Z = 16 ft rests on a horizontal floor at A and 
leans against a vertical wall at B. If the lower end A is pulled away from the 
wall with constant velocity Va = 10 fps, what is the angular velocity b of 
the ladder at the instant when A is 8 ft from the wall? Ans. ^ = 0.722 seo"‘. 
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8. In Fig. E, the wheel is moving to the left with velocity Vc = 2 fps and 
the bar OA is vertical when CB is horizontal as shown. Find the angular 
velocity 0 of the bar OA for the configuration shown if the wheel rolls on the 
horizontal plane without slip. Ans. 6 = 0.64 sec~‘. 



FIG. E 

9. The wheel in Fig. F rolls to the left along a horizontal plane with constant 
speed Vc = 3.0 fps. For the configuration shown, find the velocity of the 
block A which slides in a groove cut in the surface of the plane. Assume that 
the wheel rolls without slip. Ans. = 5.52 fps. 



FIG. F FIG. G 


10. If the bar AB (Fig. G) always remains tangent to a circle of radius r 
and the end A moves with constant velocity Vc along the horizontal x axis, 
find the angular velocity 6 of the bar as a function of the angle of rotation 8. 
Ans. 6 = Va sin= 0/(r cos 6). 

9.3. Equations of plane motion. In the two preceding articles, 
we have considered only the kinematics of plane motion, without 
regard as to how this motion was produced. We come now to the 
problem of finding the relation between applied external forces and 
the motion that they produce, i.e., the derivation of the equations of 
plane motion. For this purpose we shall use D'Alembert's principle 
as we did in the derivation of Eq. (67) for rotation of a rigid body 
about a fixed axis. 

Referring to Fig, 319, let C be the center of gravity of a body that 
moves parallel to the xy plane under the action of applied forces and 
let A be any particle of mass dm at the distance r from an axis through 
C normal to the plane of motion. Let Xc and yc be the coordinates of 
point C, considered as a pole, and 6, the angle that AC makes with 



434 


PLANE MOTION OF A RIGID BODY [Art. 9.3 

the X axis. These three coordinates completely define the position of 
the body at any instant t as already discussed in Art. 9.1, and point A 
may now be regarded as having two motions. (1) translation together 
with the pole C and (2) rotation about the axis through C normal to 

the plane of motion. 

As a result of the translation, the 
particle at A has two components of 
inertia force — dm and — dm. As 
a result of rotation about the normal 
axis through C, it has tangential and 
normal components of inertia force 
— rS dm and —rd^ dm. These four 
inertia forces are now applied to the 
particle as shown in Fig. 319. Then 
in accordance with D’Alembert’s prin- 
ciple, this system of inertia forces for 
all particles in the body is in equilibrium with the external applied forces 
and we may write the following equations of dynamic equilibrium : 

X — Xo[ dm + Sfr sin 6 dm + cos 0 dm — Q 

Y — 2 / 0 / dm — dfr cos 6 dm sin 6 dm = 0 (a) 

^0 — &cfr cos 0 dm + dcfr sin 6 dm — 6fr^ dm — 0 

where X, Y, and Me represent the applied external forces. Noting 
that the statical moments 

Jr sin d dm = 0 /r cos d dm = 0 (b) 

since C is the center of gravity of the body, Eqs. (a) become greatly 
simplified and we have 

W W 

~Xe = X —yo=Y leB = Me (86) 

9 9 

where W/g = J dm is the total mass of the body and Ic = jr^ dm is its 
moment of inertia about the centroidal axis normal to the plane of 
motion. 

From the above system of equations, we make a very important 
observation: In the case of a rigid body performing plane motion 
under the action of applied external forces defined by X, Y, Me, the 
center of gravity of the body moves exactly as if the entire mass were 
concentrated there and acted upon by forces X, Y. The moment Me 
of external forces with respect to the center of gravity has no effect on 
the motion of that point. At the same time, the body rotates about 
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the axis through the moving center of gravity exactly as if this were a 
fixed axis. This is sometimes referred to as the principle of independ- 
ence of translation and rotation in the case of plane motion. It must 
be observed, however, that this is true only so long as the center of 
gravity C is taken as a pole. If any other point in the body is chosen 
as a pole, conditions (b) will not be fulfilled and Eqs. (a) cannot be 
reduced to the simple form (86). 

Equations (86) can be used to solve two kinds of problems involving 
the motion of a rigid body parallel to a fixed plane: (1) The motion of 
the body is given, and the forces required to produce this motion are to 
be determined; (2) the acting forces are given, and it is required to 
determine the kind of motion of the body that they will produce. In 
most practical problems of plane motion of a rigid body we have a 
combination of the above two cases. Various combinations that may 
be encountered can best be illustrated by several examples. 


EXAMPLES 

1. Under the action of gravity, a solid of revolution of weight W rolls 
without sliding down a plane inclined to the horizontal by the angle a (Fig. 
320). Determine the acceleration of its 
center of gravity down the plane and the 
maximum angle of inclination a of the inclined 
plane for which the body will roll without 
sliding if the coefficient of friction at the 
point of contact is /a. Assume that the body 
has a plane of symmetry normal to its axis 
of revolution. 

Solution. Choosing the vertical plane of 
symmetry of the body as the xy plane and 
taking as the x axis the line of intersection of this plane with the inclined plane 
on which the body rolls, we may limit our attention to the motion in the xy 
plane of a circular figure of radius r and Eqs. (86) become 

W 

— Xc = W sin a — F 
9 

W 

i/c = W cos o£ — fil = 0 (c) 

IcS = Fr 

where F represents the total friction at the point of contact A. 

Prom the condition that there is no sliding, we conclude that the velocity 
of the point of contact at any instant is zero. That is, point A is the instan- 
taneous center of rotation. From this it follows that the angular velocity 
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of rotation of the body is 0 = Xc/r, from which, by differentiation, 6 = 
Substituting this in the last of Eqs. (c), we obtain 


Ic 


r 


= Fr 


(d) 


Eliminating the friction force F between Eq. (d) and the first of Eqs. (c), we 
obtain 



a:, = W sin a 


(e) 


from which it is seen that the center of gravity C is moving down the plane 
with a constant acceleration 


Xc 


g sill a 


(f) 


where is the radius of gyration of the body with respect to its geometric axis. 

If the body were to slide down the plane without friction and hence with- 
out rolling, we know that its acceleration would be simply g sin a. Hence ne 
conclude that, owing to friction which causes the body to roll without sliding, 
the acceleration is reduced in the ratio 


+ it 


(g) 


In the case of a solid cylinder, = rV2 and the ratio (g) is equal to Foi 
a thin cylindrical shell, we can take if and the ratio (g) becomes I-. Foi 
a sphere, il — 2r^/5 and the ratio (g) is equal to 4- Thus, if a sphere, a solid 
cylinder, and a hollow cylinder all roll down the same incline without sliding, 
the sphere will reach the bottom first, the solid cylinder second, and the 
hollow cylinder last. 

Having the acceleration of the center of gravity of the body, the friction 
force F is determined from the first of Eqs. (c) from which 


F = 


Wil sin a 

+ il 


(h) 


The condition that the body rolls without sliding can be satisfied only if this 
force F is not greater than the total friction nW cos a that can bo developed 
at the point of contact A. Thus the condition of rolling without sliding 
requires 


Wil sin a 

+ il 


< nW cos a 


from which 


tan a < 


• 9 


(i) 
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If the angle of inclination a: of the plane does not satisfy e\pre‘^'-ion fi), there 
will be rolling of the body together with sliding. In such a ca^e there is no 
geometric relationship between the acceleration of the center of gravity C 
and the angular acceleration 6, and these two accelerations are obtained by 
substituting F ~ gT7 cos a into the first and last of Eqs. (c), 

2. A sphere of radius r and weight Tl' is projected 
along a horizontal plane surface with initial linear veloc- 
ity Co and initial angular velocity flo (Fig. 321). Discuss 
the subsequent motion of the spheie assuming that the 
coefficient of friction at the point of contact is g. 

Solution. If Vo = rdo, the point A has zero velocity 
and becomes the instantaneous center of rotation. In 
such case the sphere rolls without sliding and its velocity 
remains constant. 

If Do > rda, there must be sliding at the point of contact and a friction force 
F = fiW will act as shown in the figure. In this case the equations of motion 
are 

TF ^ 


2 IT 

^ — r^6 = plFr 
0 0 



from which, by integration, 

etc = Vo — figt 
These expressions hold until = t6, that is, until 


== ^o + ^t 


H — ^ t 


from which 


t = 


Vo — r6o 


gs(i + 

After this time the sphere continues to move with constant velocity 

= TWO + Ir^o 


(j) 


(k) 

( l ) 


which is obtained by substituting the value of t from Eq. (k) into the first 
of Eqs. (j) above. 

If Wo < rdo, there is again sliding at the point of contact and a friction force 
F = nW acts in the direction opposite to that shown in the figure. It is left 
as an exercise for the student to determine the time that must elapse in this 
case before the velocity of the sphere along the plane becomes constant and 
equal to the same value (1) as for the previous case. 

3t A circular cylinder of radius r and w'eight TT'^ can roll without sliding in a 
fixed hollow cylinder of inner radius a (Fig. 322). The axes of the two 
cylinders are horizontal and parallel. Find the period of oscillation of the 
rolling cylinder, assuming that its initial displacement from the position of 
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stable equilibrium is small so that the angle tp defining an instantaneous 
position of its center of gravity C is always small. 

Solution. We begin by noting that the center of gravity C of the rolling 
cylinder follows a circular path of radius a — r. The forces acting on the 

cylinder are its gravity force W and the reaction 
at the point of contact A which we resolve into 
a normal component R and a tangential or fric- 
tion component F. In discussing the motion of 
the center of gravity C, which can be done with- 
out consideration of rotation of the cylinder, we 
shall find it convenient to resolve the resultant 
acceleration of point C into radial and tangential 
components at any point on its path. These 
components evidently are 

at = (a — r)ip and a„ = (p^(a — r) 

Then the equations of motion for the body 
considered as a particle concentrated at its 
center of gravity C, to which all forces are applied parallel to their actual 
directions, become 

W W 

— (a — r)<p = — IF sin Ip -|- F (n — r)ip'‘ = R — W cos <p (m) 

Considering now rotation of the cylinder about its geometric axis and using 
the third of Eqs. (86), we may write 

? ilS = -Fr (n) 



where 0 is the angle of rotation of the cylinder corresponding to the displace- 
ment of its center of gravity as defined by p, and ic is its radius of gyration 
with respect to the geometric axis. Since we assume rolling without sliding, 
we conclude that the arc OA is equal to the arc AB where B is the point that 
was oi'iginally in contact with point 0. Hence between 6 and <p we obtain the 
relationship, r{d + p) = aip, from which 


e = 


a — r 


and Eq. (n) above may be written 


W a — r .. 

— — r- p 


-Fr 


(o) 

(n') 


Eliminating F between the first of Eqs. (m) and Eq. (n'), we obtain 


(a - r) 



— gi sin Ip 


(P) 
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Equation (p) is seen to have the same form as the rlifferential equation of 
motion of a mathematical pendulum having the length 

L = (a - r) ^1 + (q) 

Hence we conclude that for small displacements the oscillations of the rolling 
cylinder are harmonic and have the period 

r = 2rr 

Q 

PROBLEM SET 9.3 

1. A solid cireular cylinder and a sphere are started from rest at the top 
of an inclined plane at the same time, and both lull without sliding down the 
plane. Ifj when the sphere reaches the bottom of the incline, the cylinder is 
12 ft behind it, what is the total length s of the incline? Ans. s = ISO ft. 

2. A solid cylinder and a thin hoop of equal weights IF and radii r are 
connected by a bar AB and roll down an inclined plane as shown in Fig. A, 
Find the acceleration of the system down the plane and also the force S in the 
bar AB. Assume that no slipping occurs and neglect the ma«.s of the bar and 
friction at the axles. Ans. x = j g sin a; S = (TF/7) sin a, compiession. 




3. A sphere of weight TF and radius r rolls without sliding down a V-shaped 
trough, the axis of which is inclined to the horizontal by the angle cc (Fig. 
B). The cross section of the trough perpendicular to its longitudinal axis 
is also shown in Fig. B. Assuming that there is sufficient friction to prevent 
slipping at the points of contact A and find the acceleration Xo of the center 
C of the sphere down the length of the trough. Numerical data are given as 
follows: TF = 10 lb, r = 4 in., a = 30°, (S = 90°. Ans. £. = 0.278p. 

4. What is the least coefficient of friction at the points of contact A and 
B in Fig. B for which the sphere will roll without slipping? Use all data as 
given in Prob. 3. Ans. g. > 0.181. 

5. A right circular cylinder of radius r and weight TF is suspended by a 
cord that is wound around its surface (Fig. C). If the cylinder is allowed 
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to fall, prove that its center of gravity C will follow a vertical rectilinear path 
and find the acceleration along this path. Determine also the tensile force 
<S in the cord. A«s. = W /i. 



FIG. C 



FIG. D 


6. A solid right circular cylinder of weight W and radius r is pulled along 
a horizontal plane by a horizontal force P applied to the end of a string wound 
around the cylinder as shown in Pig. D. (a) Assuming no slip, find the 
acceleration of the center C. (b) What coefficient of friction /j. is required 
between the cylinder and plane to prevent shpping under these conditions? 
Ans. (a) £c = 4Pff/3W; (6) g > P/3 TP. 

7. A solid homogeneous right circular cylinder of weight W and diameter d 
is pulled up a 30° incline by a constant force P = i-JV applied to the end of a 
string wound around its circumference ns shown in Fig. E. Assuming no slip 
at the point of contact A, find the acceleration in of the center of gravity C 
up the plane. Ans. Xr ~ p/3. 



FIG. E FIG. F 


8. A homogeneous solid right circular cylinder of weight W and radius r, 
initially spinning about its geometric axis with angular velocity w, is suddenly 
set down on a horizontal plane without any fore ward velocity (Eig. F). 
What velocity along the plane will the cylinder finally acquire if the coeffi- 
cient of friction at the point of contact A is fi? Ans. = rw/3. 

9. A solid homogeneous right circular cylinder of weight W and radius r is 
supported on an inclined plane as shown in Fig. G. The string wound around 
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its eiroumfereiice is attached to the foundation, at A and is parallel to the plane. 
Find the acceleration of the cylinder down the plane if the coefficient of 
friction at the point of contact B is fi = ^. Ans. = 0.355j. 



FIG. G FIG. H 


10. A spool of weight W and radius of gyration i,. with respect to its_ geo- 
metric a.’cis is pulled along a horizontal plane by a force P applied to the end 
of a string wound around the shaft of the spool as shov\ n in Fig. H. Find 
the acceleration of the spool if it rolls along the plane without slip. Numeri- 
cal data are given as follows: P = 10 lb, IF = 20 lb, o = 6 in., r = 3 in., 
ic = a/3, a = 30°. Arjs. = 0.165(7. 

11. Referring again to Fig. H, find the limiting value of the angle a below’ 
which the spool will roll to the right and above which it will roll to the left. 
Use all other data as given in Prob. 10 above. Ans. a = 60°. 

12. A solid right circular roller of weight TF = 500 lb and radius r = 1 ft 
rolls on two inclined rails (a = 10°) and is made to roll up the incline by a 
falling weight Q — 200 lb arranged as shown in Fig. I. Find the acceleration 
of the roller up the incline if it rolls without slip. Assume that the length of 
string between roller and w’eight remains approximately vertical. Ans. 
Xc = 2.84 ft/sec“. 




FIG. I FIG. J 


*13. If the bar AB in Fig. J starts from rest in the vertical position (0 = 0) 
and falls in the vertical xy plane under the action of its own weight TF, find the 
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reactions Ra and Rb as functions of the angle 0. The ends A and B of the bar 
are constrained to follow the x and y axes, respectively, without friction. 
Ans. Ra = (W/i) (3 cos d - 1)=“; Rb = (^W/i) (9 cos 0-6) sin 0. 

9.4. D’Alembert’s principle in plane motion. Writing Eqs, 
(86) in the form 

X - a, = 0 y - ^ 1/c = 0 M,- IJ = 0 (87) 

Ave conclude that, in the case of a body performing plane motion, we 
need only to add to the applied external forces, defined by X, Y, M„ 
the inertia forces ~ (W/ff)xc and —(W/(/)yc and the inertia couple 

— to obtain dynamic equilibrium of the body. The components 
of inertia force — (W/g)xc and — (W/g)yc must be applied to the body 

at its center of gravity ; the inertia 
couple — IJ, anywhere in the plane 
of motion. Then writing equations 
of statics in the usual way, we ob- 
tain the solution to our problem. 
This is D’Alembert’s principle. 

So long as we are dealing with the 
plane motion of a single body, Eqs. 
(87) hold no particular advantage 
over Eqs. (86), but in the case of a 
system of connected bodies moving 
in one plane, the use of D’Alembert’s 
principle together with the principle 
of virtual work may result in great simplification of the problem. Con- 
sider, for example, the system of pulleys shown in Fig. 323. The Aveiglit 
Q falls vertically with acceleration x, thus rotating the fixed pulley A 
Avith angular acceleration 0i and lifting the free pulley B with accelera- 
tion xi. The pulley B also rotates clockAvise with angular acceleration h. 

If we try to Avrite separate equations of motion for each of the three 
bodies involved, Ave have to introduce the tensions Si, S2, and S3 in the 
three vertical branches of the string and the algebraic Avork becomes 
someAvhat involved. To avoid this, we introduce the inertia forces 

— —{Wi/g)xi and the inertia couples —l\0i, —1^02, as shoAvn, 
thus putting the system as a whole in dynamic equilibrium. Then 
making a small virtual displacement bx of the Aveight Q and denoting 
by 501, 502, and 5a:2 the corresponding virtual displacements of the 
pulleys, we may Avrite one equation of virtual work as follows; 

Q -jA^bx - I A 501 - ^ Sx 2 - I A 502 = 0 (a) 



FIG. 323 
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Assuming that such quantities as the weights and dimensions of the 
pulleys and block are given, Eq. (a) contains as unknowns the follow'- 
ing four quantities: x, dj_, 9z, as well as their time derivatives. Thus 
to obtain a solution of the problem, we need three more equations 
relating these four quantities. These will be obtained from the geo- 
metrical conditions of constraint of the system which has only one 
degree of freedom. This means that when a displacement x of the 
weight Q is specified, then the angular displacements 6i, di of the two 
pulleys and the displacement xi of point B are also known. In this 
case, we see that if there is no slip between the string and the pulleys, 
point D is the center of rotation for the pulley B and we must have 


01 = - = 2 0. = ^_ (b) 

Equations (b) relating the coordinates of the several parts of the sys- 
tem are sometimes called equations of constraint. Differentiating each 
of Eqs. (b) twice with respect to time, we obtain also 

X X X ■■ X 

= g = ^ (c) 


Substituting the values of di, ds, x^ and their time derivatives from 
Eqs. (b) and (c) into Eq. (a) and solving for x, we obtain 


X -= g 


Q -ITF2 


Q + W,% + \W, 

Ti ^ 


(- 1 ) 


(d) 


where ii and in are the radii of gyration of the two pulleys. For any 
given numerical data, this equation defines the acceleration of the 
weight Q. We note that, when Q = ■^1^2, the system is in equilibrium. 

The separate equations of motion for the three parts of the system 
will be as follows; 

1. For the weight Q, 

^x = Q-S, 

2. For the fixed pulley, 


y' = (Sx - iS2)ri 


3. For the movable pulley, 


X, = S, + S3 - TE2 

ff 


— il02 = (Si - Sz)ri 
9 
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Eliminating the three unknowns Si, S 2 , and Sa from these eciuations, 
Eq. (d) will be obtained. The student is advised to carry this out and 
judge the advantage of the use of the principle of virtual work. 


EXAMPLES 


1. A prismatic timber of weight W rests on two rollers, each of weight 
W/2 and radius r, and is pulled along a horizontal plane by a force P as 
shown in Fig. 324a. Assuming that there is no slipping and treating the 
rollers as solid right circular cylinders, find the acceleration a; of the timber. 


C X 



Solution. Since there is no slipping, points A and B are the instantaneous 
centers of rotation of the rollers. Thus, the rollers have linear accelerations 
z/2 and angular accelerations i/2r. The corresponding inertia forces and 
inertia couples together with the applied forces are shown in Pig. 3246, and 
the system is in dynamic equilibrium. Defining a virtual displacement of the 
system by a small forward movement dx of the timber, wo see that the roller 
centers move forward through the distance Sx/2 and rotate through angles 
8x/2r. Hence the equation of virtual work is 


from which 


5a; - 2 


/W x\ Sx 

\2g2J 2 


\2g 2 2r) 2r 


.r - ^ P n 


(e) 


2. Find the acceleration x of the timber in Fig. 324 by writing equations of 
motion directly without using the principle of virtual work. 

Solution. For this purpose, we make separate free-body diagrams of the 
timber and one roller as shown in Fig. 325. In so doing, it becomes necessary 
to introduce unknown friction forces Fi and Fj as shown. It makes no differ- 
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ence whether we assume the correct directions for these forces or not, but the 
fact that the force F i/2 acting at one end of the timber is equal and opposite 
to the force acting on the top of the corresponding roller is import.ant. 


We are now ready to write the equations 
of motion as follows; 

1. For the timber, 



!7 


2. For either roller, 

_ Z? 

2g2 2 2 

Klli- = (?J + lA r 

2g2 2r V2 2/ 



FIG. 325 


Upon elimination of the friction forces and Fi, these three equations will 
yield the same result as obtained in Example 1 above. 


PROBLEM SET 9.4 

1. Calculate the acceleration £ of the falling weight Q in Fig. 323 for the 
following numerical data; Q = 5 lb, TFi = 10 lb, n = 5 in., IFj = 4 lb, 
r 2 = 8 in. Treat the pulley A as a solid right circular disk and the pulley B 
as a thin hoop. Ans. x = ff/4. 

2. Referring to Fig. A, find the acceleration ij of the solid right circular 
roller of weight W wdiich is pulled along a horizontal plane by means of the 
weight Q on the end of a string wound around the circumference of the roller. 
The following numerical data are 
given: TF = 20 lb; Q = 10 lb. As- 
sume sufficient friction at A to prevent 
slipping. Ans. = 9.2 ft/sec®. 

3. In Fig. B, the weight of the two- 
step pulley is IF = 401b, and its radius 


FIG. A B 

of gyration is % = 5 in. The small pulley has weight Q = 10 lb and radius 
r = 3 in. and may be considered as a solid right circular disk. Find the 
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angular acceleration S of the large pulley if ri = 8 in. and ri = 6 in. .4jjs 
8 = 10.2 sec“'. 

4. Two identical right circular disks are arranged in a vertical plane as 
shown in Fig. C. Neglecting friction, find the acceleration of the center 
C of the falling disk. Am. Xc = 4g/5. 


FIG. C FIG. D 

5. Referring to Fig. D and assuming that the two-step pulley of weight 
PF = 40 11: has radii ri = 4 in., r* = 6 in., and radius of gyration = 3 in,, 
find the acceleration a of the rising weight (? = 60 lb. There is another hub 
and vertical string on the far side of the pulley to make the vertical plane of 
the figure a plane of symmetry. Am. a = 0.645(7. 

6. A prismatic timber of weight TF supported on rollers each of weight 
IF/2 and radius r rolls clown an inclined plane as shown in Fig. F. Assuming 
no slip and treating the rollers as 
solid right circular cylinders, find the 
acceleration .i of the timber down 
the plane, Ams. x = Tr(7 sin a. 


FIG. E FIG. F 

7. For the system of pulleys in Fig. F, we have F = Q = 10 lb and each 
pulley is a thin hoop of weight IF = 4 lb and radius r = 8 in. Find the 
acceleration of the falling weight Q, neglecting the inertia of the spokes in the 
pulleys. Am. a = 0.452p. 
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8. Referring to Fig. G, find the acceleration ii of the block H’l clown the 
inclined plane for the following numerical data: IF, = 200 lb, TFc = 100 lb, 
ju = 0.2. Each pulley is a solid right circular disk of weight W = 50 lb and 
radius r = 1 ft. Rns. aii = 4.57 ft/sec*. 




FIG. G FIG. H 

9. A small car body of weight W has four solid disk wheels, each of weight 
17/4 and radius r. What acceleration will the ear have in coasting down a 
straight track inclined to the horizontal by an angle a, if rolling resistance is 
neglected? Assume that the wheels roll without slip. Ans. x = sin a. 

10. In Fig. H, the block B has weight Wt — 322 lb, the fixed pulley C has 
weight Wc = 32.2 lb, radius = 2.5 ft, and radius of gyration z/ = 2 ft. 
The right circular Ci’linder A has weight 17^ = 64.4 lb and radius To = 1 ft. 
Find the acceleration a of the falling block B if the cylinder rolls on the inclined 
plane without slip. What is the least coefficient of friction between the 
rolling cylinder and the inclined plane for which this will be possible? Neglect 
friction in the bearing of the pulley C. Ans. a = 22.1 ft/sec^; ^ = 0.4. 

9.5. The principle of angular momentum in plane motion. 

Let us consider a body moving in the xij plane as shown in Fig. 326. 
Choosing the center of gravity (7 as a 
pole, we define the position of this 
point at any instant by the coordinates 
Xc, 2/c. Through the moving center of 
gravity, we take also coordinate axes 
r\, parallel, respectively, to x and yA 
Then the coordinates of any point A 
of the body will be 

a; = aic + S y = Vc + V (S') 

In these expressions, both sets of coordinates Xc, yc and f, t) are chang- 
ing with time; x, y are called absolute coordinates, of point A] rj, 
relative coordinates. 

' These axes move with point C, but they do not rotate with the body. 
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Differentiating Eqs. (a) with respect to time, we obtain 

= Xc + I y = 2/c + 77 (b) 

With these expressions for the velocity components of any point A in 
the body, we can easily calculate the total angular momentum of the 
body with respect to the fixed point 0 in its plane of motion. By 
definition, the moment of momentum, with respect to point 0, of a 
particle of mass dm at A is 

dm(yx - xy) (c) 

which, by using Eqs, (a) and (b) above, becomes 

dml(ijc + + f) — (xo + ^)(yc + 77 )] (d) 

Summing up such expressions for all particles of the body, we obtain 
for the I'esultant angular momentum with respect to the 2 axis the fol- 
lowing expression. 

Hz = 'S dm [( 7/0 + 'n)(xc + i) — (ito + ^){yc + 77 )] 

= S dmixeVe — VeXe) + 2 

-f Xe'^y dm + 7/„2g dm — dm - dm 

Since C is the center of gravity of the body, 

2$ dm = 0 27) dm = 0 (e) 

2^ dm = 0 2?) dm = 0 

and the expression for angular momentum roduocs to 
W 

Hz = Y ~ + 2 ( 77 ^ - $7)) dm (f) 

where W jg = 2 dm is the total mass of the body. The first term in 
expression (f) is seen to represent the moment of momentum of the 
mass W Iq moving as a particle concentrated at the center of gravity C 
of the body. The second term is the angular momentum of the body 

with respect to an axis parallel to the z axis and through the center of 

gravity C. This angular momentum is due to rotation of the body 
around point C. Thus we see that, in the case of a body performing 
plane motion, the total angular momentum with respect to a fixed axis 
perpendicular to the plane of motion is made up of two parts: (1) the 
moment of momentum, with respect to that axis, of the body considered 
as a particle of mass W /g concentrated at the center of gravity C and 
(2) the angular momentum of the body with respect to a parallel axis 
through the moving center of gravity C. 
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Denoting by 6 the angular velocity of rotation of the body with 
respect to the axis through C, the second term in expression (f) can be 

written in the same form as in the case of rotation of a rigid body with 

respect to a fixed axis. Then expression (f) becomes 

W 

= y - Vcic) f led (88) 

in which Ic is the moment of inertia of the body with respect to an axis 
through C and parallel to the fixed z axis, that is, perpendicular to the 
plane of motion. 

Using now the principle of angular momentum and equating the 
rate of change of He to the moment of all external forces with respect 
to the z axis, we may write 

(He) = Me (89) 

This states the principle of angular momentum for a rigid body in 
plane motion. The rate of change of angular momentum (88) with 
respect to any fixed point in the plane of motion is equal to the moment 
of applied external forces with respect to the same point. 


Equation (89) is particularly useful in 
studying the sudden changes produced in 
the motion of a rigid body under the action 
of impulsive forces. In our further discus- ( c/ \ 

sion, we assume that the body has a plane ' T 
of symmetry and that it moves only in this i 

plane. If such a body is given a quick blow V?77777777777?P^^77> 
or impact also in the plane of motion, very 
large accelerations will be produced mo- fig. 327 

mentarily and the motion just after the 


blow will be quite different from what it was before, even though 
there has been no appreciable change in the position of the body. In 
dealing with such problems, it is customary to neglect entirely all 
ordinary forces such as gravity in comparison with the very large 
impact forces and also to neglect change in position of the body during 
the impact. In short, knowing the motion of a body just before 
impact and the nature of the impact, what will be the new motion of 
the body just after impact? 

As an example, let us consider a solid right circular cylinder that 
rolls with constant velocity along a horizontal plane and suddenly 
strikes an obstruction at B as shown in Fig. 327. Just before impact 
at B, the cylinder has a horizontal velocity Vc and angular velocity 
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B = Vc/r, since point A is its instantaneous center of rotation. Just 
after the impact, point B becomes the new instantaneous center, and 
we wish to know the magnitude of the new velocity of the cylinder. 
To find this, we observe that during the interval of impact very large 
forces Xb and Yt act on the cylinder at point B. In comparison with 
such forces, we can neglect the gravity force W entirely and assume 
that Xb and Yb are the only forces acting during the impact. Then if 
we take B' as a moment center, the moments of these forces vanish and 
we conclude from Eq. (89) that the angular momentum of the cylinder 
with respect to point B does not change. Before impact it was 


while just after impact it is 

Wr^v'W, 
Equating expressions (g) and (h), we obtain 


(g) 

(h) 


= I (1+ 2 cos 


(i) 


The above discussion assumes that there is sufficient friction at B to 
prevent slipping during the change in motion. 


EXAMPLES 

1. A thin homogeneous plate of any shape has a prescribed motion in its 
own plane defined by the velocity components x^, Vo of its center of gravity C 

and its angular velocity co (Fig. 328). If 
a certain point 0 in the plate at the dis- 
tance r from C is suddenly fixed by means 
of a pin, find the new angular velocity of 
the plate around this point. 

Solution. Through point 0, we choose 
fixed coordinate axes ®, y, in the plane of 
motion such that the x axis coincides with 
the instantaneous position of the line OC 
as shown. Then by Eq. (88), the angular 
'>mentum H, of the plate just before point 0 is fixed is 

= J (’•So + (i) 

\ is the radius of gyration of the plate with respect to the centroidal 
nal to the plane of the plate. The velocity component Xc does not 
Eq. (j) because = 0. 
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When point 0 is suddenly fixed by the pin, there will be a large impact force 
cieated at 0. However, the moment of this force with respect to the z axis 
through 0 will be zero because the arm of the force is zero. Hence, by Eq. 
(89), the angular momentum of the plate after impact must remain unchanged. 

To calculate the angular momentum of the plate about 0 after impact, we 
note that it is now a rigid body rotating about a fixed axis. Hence the new 
angular momentum is simply 

Hi = 7.01' = ^ (t^ + r=)oi' (k) 

where oi' is the new angular velocity. 

Equating expressions (]) and (k) in accordance with the principle of con- 
servation of angular momentum, we obtain 


VcT + ilea 

il+r^ 


( 1 ) 


2. A slender prismatic bar AB of length I and weight W is allowed to fall 
vertically in an inclined position but without rotation as shown in Pig. 329. 
If the center of gravity C of the bar has velocity ti. at 
the instant when the end A strikes a smooth horizontal 
plane, find the new motion of the bar just after the 
impact assuming no rebound at A, 

Solution. Just before impact, the bar has only 
translatory motion and its angular momentum with 
respect to point A, by Eq. (88), will be 


TT W vj. 

Ha = ^ cos . 

9 2 


(m) 



Now since the impact force at A is vertical in the 
absence of friction, point C will continue to move 
vertically after impact but with some new velocity 
horizontally so that the bar acquires some angular velocity qj'. Then, again 
by Eq. (88), the angular momentum of the bar about A just after impact will be 


FIG. 329 

Also point A will move 


Wv'j B , 

Ha = — — cos a -h — — 0 ) 
g 2 g 12 


(n) 


Equating expressions (m) and (n), we obtain 

, 6 . /, 
to' = -| (Vc — Vc) cos a 


(o) 


We see that in this ease the condition of conservation of angular momentum 
alone is not sufficient to determine the two unknown velocities &>' and 
defining the new motion of the bar. However, since C continues to move 
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vertically and A begins to move horizontally, we conclude that point D as 
shown in the figure is the instantaneous center of rotation for the bar just 
after impact. Hence, between lA and there exists the relationship 

, et'f 

= Y cos a (p) 



(q) 

(r) 


Equations (q) and (r) define the new motion of the bar just after impact. 


PUOBLEM SET 9.5 

1. At what height h above the table surface should a billiard ball of radius 
c be struck by a horizontal impact X in order to have no sliding at the point of 
contact 0 (Pig. A) 7 Ans. h = ic. 

2. A prismatic bar AB of length I attached to a string OA of length 1/2 is 
supported by a smooth horizonfail plane and rotates with uniform angular 
velocity « around a vertical axis through 0, ns indicated by dotted lines in 
Fig. B. At what radius r should a 
peg P be inserted in the plane in 
order that, on striking it, the bar 
will come exactly to rest? Ans. 
r = xf-/ 


FIG. A FIG. B 

3. A .solid right circular disk of radius r supported by a perfectly smooth 
horizontal table spins with angular velocity co about its vertical geometric axis 
as shown in Fig. C. What new angular velocity w' will the disk have if a 
point A on its circumference is suddenly pinned to the table? Ans. ai' = w/3. 

4. Solve Prob. 3 for the case of a square plate initially spinning about a 
vertical axis through its center of gravity if one corner is suddenly pinned 
down. Ans. w' = co/4. 
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5. A homogeneous thin steel hoop of radius r rolls without slipping along 
a horizontal plane with velocity and strikes an inclined plane as shown in 
Fig. D. With what velocity will the hoop start up the inclined plane if 
a = 45°? Neglect any tendency to rebound or slip. Ans. c' = O.S53Cj. 

6. A horizontal prism.atic bar AB of length I and weight W is falling in a 

vertical plane with velocity v when suddenly , 

the end A makes connections with a fixed i” i 

pivot as shown in Fig. E. With what angu- ^ i, \ ! | „ 

lar velocity to' will the bar begin its rotation 1 , C 

around the pivot A? Ans. to' = 3v/2l. 

7. An arrow (slender prismatic bar) of 

length I = 30 in. traveling with velocity a = 50 fps strikes a smooth hard 
wall obliquely as shown in Fig. F. Assuming that the end A of the arrow 
does not penetrate but slides downward along the wall without friction or 
rebound, find the angular velocity w' that it will acquire as a result of the 
impact if q: = 30°. Ans, w' = 16.0 sec“h 



8. A slender prismatic bar AB of weight W and length I rotates on a smooth 
horizontal plane with constant angular velocity u about a fixed pin at one 
end A (Fig. G). At an opportune moment another pin B is inserted in the 
plane so that, on coming round, the end B of the bar engages this pin and 
at the same time disengages the pin at A. What new angular velocity u' will 
the bar have in its rotation around B1 Ans. to' = iw, 

9. Initially, a slender prismatic bar AB of weight W and length I is falling 
in a vertical plane with velocity and without rotation (Fig. H). The end 
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B of the bar slides freely along a smooth vertical wall and the bar makes uu 
angle a with the wall. Suddenly the end A of the bar comes into contait 

with a smooth horizontal floor and theie 
is an impact. Assuming no tendency 
to rebound and that the ends A and 
B of the bar are frictionless, find the 
angular velocity w' with which the bar 
begins its now motion after impact, 
if a = 30°. Ans. co' = 3«c/4/. 

CO 


FIG. H FIG. I 

*10. A slender prismatic bar AB of weight W and length I rotates in a hori- 
zontal plane with constant angular velocity to about a fixed vertical axis 
through one end A (Fig. I). Suddenly, due to centrifugal tension, the bai 
snaps in two at the middle. What angular velocity co' will the remaining 
portion AC have? How will the free portion CB move after fracture? 

9.6. Energy equation for plane motion. Considering motion 
of a body parallel to the xy plane (Fig. 330), the kinetic energy of a 
particle of mass dm at point A is 

^ (a) 

Summing up such expressions for all 
particles in the body and using, for the 
components of the velocity, their 
expressions 

X = X,; + ^ y = yc + V FIG. 330 

from Eqs. (b), page 4-18, we obtain, for the total kinetic energy of the 
body, the expression 

T = -jS dm{{Xc + + (2/c + ’?)’'] 

= + yl)ll dm + iSd* + i]^) dm + dm + y^'Eri dm (b) 

The last two terms in this expression vanish by virtue of Eqs. (e), 
page 448 and we have simply 

T = -f vD'Z dm + -f ^2) dm (c) 

Observing that x^ and are the components of the resultant velocity 
Vo of the center of gravity C and that the second term in expression (c) 
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repi'G&L’iits the kinetic energy of rotation of the body with respect to C, 
we can write the expression for total kinetic energy iii the .simplified 
form 


T = 


g 2^ ‘ 2 


(90) 


It i.s seen from Eq. (90) that the total kinetic energy of a body per- 
forming plane motion consists of two parts. (1) the kinetic energy of the 
mass of the body .supposedly concentrated at its center of gravity C and 
moving with this point and (2) the kinetic energy of rotation of the 
body about the axis through its center of gravity. For example, in the 
case of a solid right circular cylinder of weight 11’ and radims a that rolls 
along a horizontal plane with velocity v and without slipping, we have 
for the total kinetic energy 


r = IZ !(: I E L’ 11 = 3 

g 2^ g 2 2r- 2 p 2 

Having the kinetic energy T in the case of motion of a rigid bodj' or 
system of bodie.s parallel to a plane, we obtain the energy eciuation of 
motion by equating the change in total kinetic energy between any two 
positions or configurations of the system to the corre.sponding work of 
all external forces. Formulation of the energy eciuation for various 
cases of plane motion of a rigid body will now be illustrated by several 
examples. 


EX\MPLES 


1. Formulate the energy equation of motion for the solid of revolution 
rolling without sliding down an inclined plane (Fig. 331) and u.'^e this equation 
to find the velocity Xc of the body down 
the plane. Assume the initial conditions 
(Xc)o = (x^)o = 011 = 0. 

Solution. The total kinetic energy of the 
body at any instant is 0 


T 


g 2 


El' I 

2g ' 


1 + 


(d) 



Since in the initial position the body was at 
rest, we conclude that expression (d) is also the total change in kinetic energy. 

In calculating the work of all external forces, we note that the normal reac- 
tion B acts always perpendicular to the direction of motion and therefore does 
not produce work. Likewise, if there is no slipping at the point of contact, 
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the friction force F does not produce work. Thus the work 

Wxc sin a l^e) 

of the gravity force W represents the total work of all forces. 

Equating change in kinetic energy (d) to work (e), we obtain the energy 


equation of motion 


from which 


Wx\ 

2i7 


= TFx. sin a 


(f) 


hgxo sin a 


+ 


hg 

vr 

Differentiating Eq. (f) once with respect to time, we obtain 

— Xc = W sin a 

which coincides with Eq. (f) of Art. 9.3, page 436. 

It i.s seen that by using the energy equation here we obtain a simplification 
due to the fact that it is not necessary to con- 
sider the reactive forces F and R, since they do 
no work. If the determination of those forces 
is required, the equations of motion discussed 
in Art. 9.3 must be used. 

2. Eormulato the energy equation of motion 
for the prismatic bar AB (Pig. ,332), fallingunder 
the action of gravity from its vertical unstable 
position of equilibrium and use the equation to 
find the angular velocity 6 of the bar as a func- 
tion of its angle of rotation 0. Neglect friction 
at A and B. 

Solution. We .see from the figure that the 
velocity of the center of gravity C along its circular path of radius 1/2 and 
center at 0 is He = l6/2. Hence the total kinetic energy of the bar is 

W (Id) 

8 



T = - 
g 


^ - 12 2 6 p 


g 


(g) 


Since the bar started from rest, the initial kinetic energy is zero and Eq. (g) 
represents also the total change in kinetic energy. 

In calculating the work of all external forces, we note that in the absence of 
friction the reactions and Bi do not produce work and we have simply 
the work 

W ^(1 — cos 6) (h) 
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of the vertical gravity force W. Equating change in kinetic energy (g) to 
work (h), we obtain 

1 W I 

6 y = R'' 2 ~ cos 0) fi) 

fiom which 

^ (1 - cos 6) (j) 

3. A body bounded at the bottom by a circular cylindrical surface of radius 
r rests on a horizontal plane as shown in Fig. 333. If rolled slightly from its 
position of stable eriuilibriuin and then released, the body begins to oscillate. 
Formul.ate the energy equation of motion and find the period of oscillation, 
assuming that the body rolls without sliding 
and that the initial angle of rotation ffo is 
small. 

Solution. We consider two positions of 
the body during its motion; (1) an extreme 
position in which the body is at rest and has 
the maximum angle of rotation 8o from the 
middle position of stable equilibrium (indi- 
cated by dotted lines in the figure) and 
angular velocity = 0 and (2) any position 
defined by the angle of rotatiorr 6 from the 
same middle position. Choosing the coordi- 
nate axes X and y through the point Oo as fiG. 333 

shown in the figure, we see that for any 

angle of rotation 0 the coordinates and yc of the center of gravity C are 

Xc = rd — h sin. 9 Vc h cos 9 (k) 

Thus, during motion of the body from an. extreme position defined by the 
angle of rotation to any other position defined by the angle of rotation 9, 
we conclude from the second of Eqs. (k) that the work of all acting forces is 
equal to 

1711(003 9 — cos 60 ) (1) 

since only the gravity force W produces work if there is rolling without 
sliding. 

In the extreme position the body is at rest and has kinetic energy equal to 
zero. We conclude then that the kinetic energy in the position defined by 
the angle of rotation 9 represents the change in kinetic energy. Denoting by 
W the weight of the body and by its radius of gyration with respect to the 
axis through the center of gravity C, this change in kinetic energy is 

Wxl + yl, W .j 6^ 
g 2 g 2 



(m) 
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Equating change in kinetic energy, Eq. (m), to woik, Eq. (1), iind suhstituting 
for Xc and j/r their values from Eqs. (k), we obtain for the energy equation of 
motion 

e2[(r2 - 2rh cos 6 + h'^) + 1?] = 2gh(cos 6 - cos do) (n) 

For sm.all values of 6 we have with good accuracy 

cos 0 = 1 — — 

A 

Substituting thi.s into Eq. (n) and neglecting small quantities of second order, 
except where their differences are involved, we obtain 

e^[(r - hy + iS = gh(el - 0“) 
which, by differentiation, becomes 

^ (r - hy + ii 

From this equation we conclude that for small amplitudes, the oscillations of 
the body are harmonic and that the period of oscillation l.s 

= ,p, 

p ^ gh 

i.e., the same as for a simple pendulum of length 


PROBLEM SET 9.6 

1. A car body of weight W — 100 lb has four solid disk wheels each of 
weight Q = 25 lb and rolls along a horizontal plane with constant speed 
y = 20 fps. Calculate the total kinetic energy of the system if the wheels 
roll without slipping. Ans. T = 1,554 ft-lb. 

2. Referring to Fig. A, find the velocity that the right circular cylinder 
of weight and radius r will acquire after falling from rest through a vertical 
distance h. Ans. Vc = -v/dp/i/S. 



FIG. A 


FIG. B 
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3. In Fig. n, a homogeneous solid right circular cylinder of weight 
W = 100 lb and radius r = 4 in. rolls to the right on a horizontal plane with 
constant speed Uc — 5 fps. At B, it hits a curb of height /i = i in. Assuming 
no rebound or slip at B, find the velocity v” with which the cylinder will roll 
out along the horizontal plane at D. How much kinetic energy did the 
cylinder lose between A and Z)? Ans. v" = 2.86 fps. 

4. Two prismatic bars AC and BC of equal weights W and lengths I ;ire 
hinged together at C and are supported on a perfectly smooth horizontal plane 
as shown in Fig. C. If, owing to sliding of the ends A and B, the bars fall 
in their owm vertical plane, find the velocity v with which the hinge C will 
strike the plane. The initial height of C above AB is h. Am. v — '\/Sgh. 



FIG. C FIG. D 

5. A workman moves a cylindrical lawn roller of weight IF = 1,000 lb and 
riidius r = 1 ft along a horizontal plane by pushing with a constant force F 
in the direction AC (Fig. D). What is the magnitude of this force if, after 
a horizontal displacement r = 12 ft, the roller has a velocity y = 4 fps? 
Assume that the cylinder rolls without sliding. Ans. F = 35.9 lb. 

6. A prismatic bar AB of weight W and length I = ^ starts from rest 

in the position shown in Fig. E and under the action of gravity slides without 
friction along the constraining vertical plane curve ABD, the portion AB of 
which is a quadrant of a circle of radius r and the portion BD of which is a 
horizontal tangent to this circle. With what uniform velocity v will the bar 
move along the horizontal portion BD1 Ans. v = \/^. 





FIG. E FIG. F 

7. Using the method of work and energy, find the velocity of the falling 
disk in Fig. F as a function of the height h through which it has fallen from 
rest. Ans. — ^Sgh/5. 
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8. (a) Find the period of oscillation of 11 homogeneous right semicircular 
cylinder of radius ?• = 1 ft for small amplitudes of rolling on a horizontal 
plane, (b) Repeat for a homogeneous hemisphere of radius r = 1 ft. 

To = 1.37 sec; n — 1.46 sec. 

9. For the one-cylinder gas engine shown in Fig. 316, page 430, the following 
numerical data are giv^en: weight of pistoir and piston rod, 32.2 lb; weight of 
connecting rod, 21.5 lb; length of connecting rod, 3 ft. The center of gravity 
of the connecting rod is 1 ft from A, and its radius of gyration with respect 
to the centroidal axis normal to the plane of motion is ic = 0.86 ft. The 
crank radius r = 1 ft, and the engine runs uniformly at 600 rpm. Calculate 
the kinetic energy Ti of the piston and pi.ston rod and the kinetic energy 
of the connecting rod for the conhgurntion shown in the figure where the 
angle wt = 60°. Ans. Ti = 2,035 ft-lb; T. = 1,280 ft-lb. 

*10. A thin steel hoop of weight W and radius r stiirta from rest at A and 
rolls down along a circular cylindrical surface of radius o as shown in Fig. G. 
Determine the angle defining the position of point B whore the hoop will 
begin to slip if the coefficient of friction at the point of contact is p = |. 
ip = 29°32'. 




*11. Referring to Fig. G, assume that the roller is a gear wheel with pitch 
radius r and radius of gyration rolling on a cylindrical rack with pitch 
radius a so that there is no possibility of slipping even without friction, 
Under these conditions, find the value of the angle <p at which the roller will 
jump clear of the rack if it starts from rest at A. Data arc given as follows; 
0 = 12 in., r = 4 in., = 3 in. Ans. <p = 55°61'. 

12. The thin cylindrical shell in Fig. H approaches the inclined plane 
at the right with velocity as shown, rolls up this piano until brought to 
rest by gravity, and then rolls back down again. What will be its velocity 
v” as it finally rolls to the left along the horizontal plane? Assume that the 
shell at all times rolls without slipping and that there is no rebound after 
impacts. Ans. v'/ = Tyc(2 — cos ay. 



RELATIVE MOTION 


10.1. Kinematics of relative motion. In all our previous dis- 
cussions we have considered the motion of a particle or of a body with 
respect to a system of fixed coordinate axes. There are cases, how- 
ever, where it is necessary to investigate the motion of a particle or 
body relative to another body that is in motion. Strictly speaking, 
we never observe any motion with respect to fixed axes. In all of 
our laboratory experiments we are ob.serving motion with respect to 
coordinate axes that are moving with the earth. Although the motion 
of axes connected to the earth is usually of 
no practical significance in the solution of 
engineering problems and can be disregarded, 
there are many other cases where motion with 
respect to moving axes must be considered. 

We begin our discussion of relative motion 
with the case of motion parallel to the fixed xy 
plane (Fig. 334). If a rigid body moves in 
this plane, its motion is completely defined 
by the coordinates Xa and tja of a pole A and the angle of rotation 6 
around this pole. Through the pole A and in the plane of motion, we 
take rectangular coordinate axes | and ij that are fixed in the body and 
move with it as shown in the figure. Then if a particle P is moving in 
the plane, its position in the body is defined by the relative coordinates 
f and Tj which are changing with time. Taking the derivatives f and i), 
we obtain the components of the relative velocity of the particle P as they 
would be measured by an observer moving with the body. In the same 
way, by taking the second derivatives and ij, we obtain the components 
of the relative acceleration of the particle P. 

The absolute coordinates of the particle P are obtained by taking the 
coordinates of its projections on the fixed coordinate axes x and y. 
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we obtain 

a: = Xo -t- ? cos 0 — 17 sin 5 

?/ = t/a -f- f sin 9 T] cos 9 

Taking the derivatives with respect to time of the.so exprcssioii.s, we 
obtain for the components, in the .r and 1 / dircetion.s, of the absolulf 
velocity of the particle P 

X = sin 0 + 17 cos 0)^ + f CO.S 9 — y sin 9 

it — ila. + cos S — »7 sin + f sin 6 + ^ cos 6 

The first two terms in each of these expressions are obtained by con- 
sidering J and 17 as constants in differentiating expressions (a) . Thus 
they represent the components of the velocity of that point of the body 
with which the moving particle P coincides at the instant under con- 
sideration. The last two terms in each of expressions (b) represent 
the projections on the fixed axes x and y of the relative velocity of the 
particle P. Thus we conclude from Eqs. (b) that the absolute velocity 
of the particle P may be considered as the geometric sum of two veloci- 
ties: (1) the velocity of that point of the body with which the particle 
coincides and which we call the base velocity and denote by vi, and (2) 
the relative velocity of the particle, with respect to the moving body, 
which we denote by Vr. Thus vectorially the absolute velocity of the 
particle P can be put in the following form: 

V = Vr ( 91 ) 

Taking the second derivatives with respect to time of expressions 
(a), we obtain for the components, in the x and y directions, of the 
absolute acceleration of the particle P 

X = Xa — sin 0 -b 17 cos 0)0' — (f cos 6 — y .sin 9)6'^ 

— 2(^ sin 0 -b 17 cos 0)5 -b ? cos 9 — y sin 0 (c) 

y = Va + {i cos 9 — y sui 0)0' — (I sin 0 -b »7 cos 0)0- 

+ 2(^ cos 0 — 57 sin 0)0 -b ^ sin 0 -b 1; cos 0 

The first three terms in each of these expressions are obtained by con- 
sidering f and y as constants in differentiation. Thus we conclude 
that they represent the components of the acceleration of that point 
of the body with which the moving particle P coincides at any given 
instant. This is called the base acceleration, denoted by oj. The 
remaining terms in each expression are due to the relative motion of 
the particle with respect to the body. "VVe can subdivide these terms 
into two groups. (1) the terms containing and y and representing the 
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projections on the fixed axes of the relative acceleration of the particle 
and ( 2 ) the terms having the factor 2 and representing the so-called 
supplementary acceleration^ 


a.s 


The supplementary acceleration can be visualized by the following 
geometric representation. Let OB (Fig. 335) be a vector representing 
the relative velocity of the particle, the projections of which 
shown in the figure are represented hy the 
last two terms in each of Eqs. (b). Now a.s 
the system shown in Fig. 33-1 moves in the 
xy plane, imagine that the vector OB rotates 
around the origin O with angular velocity B. 

Thus the end B of this vector has the veloc- 
ity vj perpendicular to OB as shown. This 
velocity of the end B of the relative velocity 
vector Vt has the dimension of acceleration. 

To calculate its projection on the fixed x 
axis, we note from Fig. 335 that the cosine 
of the angle that it makes with the x axis 
Thus the required projection is 



A ^ sin 5 17 cos 8 A,u ■ ^ 

— v^B — sin 0 + 77 cos 6) (d) 

In the same manner we find the projection on the y axis to be 

. j cos 0 — 77 sin 9 / s 

VrB = 0 (f cos 0 — 77 sin 0 ) (e) 

Vr 

Comparing expressions (d) and (e) with the components of the sup- 
plementary acceleration in expressions (c), we conclude that this 
acceleration is represented by the doubled velocity of the end of the 
vector representing the relative velocity of the particle and rotating 
with angular velocity 0 . 

Denoting by ab the base acceleration, by ar the relative accelera- 
tion, and by a, the supplementary acceleration, we conclude from Eqs. 
(c) that the absolute acceleration can be represented vectorially as 
follows; 

a = fit Or -D a, (92) 

In the foregoing discussion it has been assumed that the particle 
jP moves in the ^77 plane. If the particle has also some motion in the 

1 The existence of this supplementary acceleration in the ease of relative motion 
was grst pointed out by Coriolis, and it is sometimes called the Coriolis acceleration. 
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direction perpendicular to the plane, this motion will not be affected 
by the motion of the body parallel to the xy plane and that component 
of the absolute acceleration of F perpendicular to the xy plane is equal 
to its relative acceleration in the same direction. Thus Eq. (92) holds 
also in this case, provided fflr is taken as the complete acceleration in 
relative motion of the particle P. 


EXAMPLES 


1. A particle P moves with constant relative velocity Vr along the cir- 
cumference of 11 circular disk of i-adius r (Fig. 336), while the disk rotates with 
uniform angular velocity co in the opposite direction. 
Find the absolute acceleration a of the particle. 

\ Solulio7i. The relative acceleration of the particle is 

p/, / 0 r .] directed toward the center -of the disk and is 


The acceleration of a point on the disk coinciding with 
an inatantaiieous position of the particle is also directed toward the center of 
the disk, and this base acceleration is 


m (g) 

U.sing the graphical conception of supplementary acceleration as discussed 
in connection with Fig. 335, we conclude that in this case the supplementary 
acceleration is 

a, = 2ai!;r (h) 

and that it has the radial direction away from the 
center. Thus the absolute acceleration, from (f), 

(g), and (h), is 

Vr 

- - (i) 

directed toward the center of the disk. When 
Vr = ro3, the particle is immovable with respect to fixed axes, and in such case, 
as is seen from Eq. (i), its absolute acceleration is zero. 

2. A particle P moves with uniform relative velocity Vr along a meridian 
of a sphere of radius r which rotates about a fixed vertical diameter with 
uniform angular velocity o (Fig. 337). Find its absolute acceleration for the 
position defined by the angle <p. 

Solution. The point of the sphere with which the instantaneous position 
of the particle P coincides Is evidently rotating in a circular path of radius 


co^r — 2icVr = r ^ 
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T COS (p aad with uniform angular velocity ta. Hence the base acceleration is 


Ob = ta'^r cos <p (j) 

directed as shown in the figure. 

Since the relative motion of the particle is uniform along the meridian, the 
acceleration due to relative motion is directed toward the center of the sphere 
as shown in the figure and has the magnitude 


(k) 


The supplementary acceleration of the particle, equal to the doubled 
velocity of the end of the vector iv rotating with uniform angular velocity to 
around a vertical through P, is perpendicular to the plane of the figure and 
directed away from the reader. Its magnitude is 

a, — 2o}Vr sin ip (1) 

The absolute acceleration of the particle P is obtained as the geometric sum 
of the accelerations (j), (k), and (1). 


PROBLEM SET 10.1 

1. Assuming that the disk shown in Fig. A has angular velocity 0 = 0 sec“^ 
and angular acceleration 0 = 1 sec"^ and that the particle P moves in the 
opposite direction around the circumference with uniform relative velocity 
v, = 3 fps, find its absolute acceleration if r = 1 ft. 

Ans. a = 9,06 ft/sec^. 

2. A particle Pi moves with uniform relative velocity 
Wr = 12 fps along the chord AB of the disk shown in ^ 

Fig. A while the disk rotates with uniform angular 
velocity oi = 207r Bec“h Determine the absolute veloc- 
ity and acceleration of the particle for the position 
shown if r = 12 in. and A = G in. Assume that at this 
instant the particle is moving in the direction of rota- 
tion of the disk. Ana. u = 43.4 fps, in tangential direction 
toward the center. 

3. If the particle Pi shown in Fig. A performs simple harmonic motion 
along the full length of the chord AB and with the period t = 27r/a) while the 
disk rotates with uniform angular velocity to, find its maximum absolute 
acceleration for the position shown. Use same data as in Prob. 2. Ans. 
a = 8,812 ft/sec'‘, toward the center. 

4. If the particle P (Fig. A) starts from 0 and moves with uniform relative 
velocity v, along the radius OP, find its absolute acceleration when it reaches 
the edge of the disk, which rotates with uniform angular velocity co. Am. 

a = CO + (2Ur)^ 



■,a — 3,483 ft/sec", 
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5. If the particle P (Fig. A) performs simple harmonic motion along the 
full length of a diameter of the disk and with the period t = 2x/a), find its 
absolute acceleration when it is in one of its extreme positions at the edge of 
the disk. The disk rotates with uniform angular velocity co, Ans. a = 2m'‘^ 
toward the center. 


6. If P (Fig. 337) represents a particle of water in a river flowing south 
with velocity of flow equal to 3 fps and the latitude tp — 50°, find the supple- 
mentary acceleration of the particle. Assume the radius of the earth to be 
r = 209 X 10‘ ft. Ans. = 0.000334 ft/scc'“, directed east. 

7. A racing car in Indianapolis (latitude tp = 40°N) travels due north along 
a straight level track with constant speed Vr — 240 mph. Calculate the 
supplementary acceleration a„ assuming the radius of the earth to be 

r = 209 X 10‘ft. Ans. a, = 0.033 ft/sec^, directed 
west. 

8. In Fig. B, a disk of radius r rotates counter- 
clockwise about a fixed axis through 0 with constant 
angular velocity o). At the same time the arm OA 
rotates clockwise about the same fixed axis with the 
same angular velocity a. For the configuration 
shown, find the absolute acceleration a of the block 
D which slides freely in a slot cut in tlie face of the 
disk and also along the axis of the bar OA. Assume that h = ir. Ans. 
a = outward. 

*9. Referring again to the system in Fig. B, find the magnitude of the 
absolute acceleration of the block D when it reaches the end of the slot in 
the disk. Ans. a = 27.9wV. 



10.2. Equations of relalive motion. In the formulation of the 
equations of relative motion of a particle, we observe that in accord- 
ance with Newton’s second law of motion (see page 256) the resultant 
force F acting on the particle is equal to the product of its mass and its 
absolute acceleration a and acts in the direction of this acceleration. 
Multiplying both sides of Eq. (92) by the mass W/g oi the particle, we 
obtain 

IF 

F = — (oi, +)• ttr -14 a,) 

F 

from which 

W . p W . W . 

— Or = F ^ — Oi, — a, (93) 

9 9 0 

The second and third terms on the right aide of Eq. (93) can be regarded 
as inertia forces corresponding to the accelerations ai, and a,. Thus the 
equation of relative motion of a particle has the same form as the 
equation of absolute motion of a particle, provided we consider, in 
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addition to the resultant force F , the inertia forces due to the accelera- 
tions db and Oj. 

Equation (93) is given in vectorial form. Projecting the force F 
and the accelerations a^, aj, and on rectangular coordinate axes rj, 
fixed in the body with re.spect to which the particle is moving, we can 
obtain two equations of relative motion of a particle in the same form 
as Eqs. (57) of Art. 7.2 for absolute motion of a particle. In writing 
these equations for any particular case of relative motion, we mu.st 
consider not only the projections of all real forces on the coordinate 
axes Vt but also the projections on these axes of the two inertia 
forces due to the base and supplementary accelerations aj and Oj. 

If the body with respect to which we arc investigating the relative 
motion of a particle has a uniform translatory motion, the accelera- 
tions Ub and Us vanish, as may be seen from the discussion of the previ- 
ous article, and Eq. (93) reduces to 

Q 

which coincides with Eq. (33) for absolute motion of a particle. Thus 
the relative motion in such case will be the same as if the body on which 
the particle is moving were at rest. Dynamical experiments made in a 
car moving uniformly along a straight level track will give the same 
results as in a stationary laboratory. However, if the car enters a 
curve, the effect of the accelerations at, and a, will at once be perceived. 

From the equation of relative motion [Eq. (93)] an equation of rela- 
tive equilibrium of a particle can be obtained. For such equilibrium 
we need only to assume that the relative velocity v, and relative accel- 
eration dr vanish. Then in Eq. (93) only the base acceleration aj, 
remains and the equation reduces to 

W 

F -> y Ui = 0 (94) 

Thus we conclude that for relative equilibrium, not the resultant force 
F, but the resultant force F together with the inertia force due to 
the base acceleration must be zero. Equation (94) like Eq. (93) is 
expressed in vectorial form. We conclude from it that in the case of 
relative equilibrium of a particle with respect to a moving body, the 
algebraic sum of the projections, on any axis, of all real forces acting 
on the particle together with the inertia force due to acceleration ai, 
must be zero. 

As an example of the formulation of the equations of relative motion 
for a particular case, let us consider motion of the system shown in 
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Fig. 338. This system consists of two equal weights W that can 
slide without friction along two spokes of a flywheel uniformly rotat- 
ing in a horizontal plane with angular velocity u as shown. Each 
weight is attached to the rim of the wheel by a helical spring having 
a spring constant k. 

In investigating possible relative motion of the two weights W, we 
denote by b the distance of the center of gravity of each weight from 
the axis of rotation of the flywheel when the spring.s are unstrained. 
We assume also that the weights are always equidistant from the axis 
of rotation. Then their positions along the spokes at any instant are 
completely defined by the relative displacement h + ^ from the center 
of rotation, f being considered positive in the direction away from the 

axis. The relative acceleration of 
each weight then is The base 
acceleration ot is directed toward the 
center of the wheel and has the mag- 
nitude 4- ?). The supplemen- 
tary acceleration a, is directed per- 
pendicular to the diameter AB and 
is equal to 2a)^. The direction of this 
acceleration for each weight is shown 
in the figure, assuming that ^ is posi- 
tive, that is, that the weights are 
moving toward the rim of the wheel. 

Using Bq, (93) and projecting all forces and accelerations onto the 
diameter AB, we find for the equation of relative motion of either 
weight 

W ■■ W 

j ? = -fc? -I- y (6 + (a) 

Projecting the same forces and accelerations onto an axis perpendicular 
to AJ5, we find 

W 

0 = B-2—aii Co) 

g 

where R is the reaction exerted by the guiding spoke on the moving 
weight W. We see from Eq. (b) that for cither weight this reaction B 
has the same direction as the supplementary acceleration a,. The 
actions of the weights on the spokes have opposite directions, and we 
see that, when the weights are moving apart, a reactive couple is act- 
ing on the flywheel in the direction opposing rotation. 



FIG. 338 
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From Eq. (a) we may write 

W .. / TF A , TF 

-(.‘-y-jt + y-'' 

Then setting J 0, we obtain, for the condition of relative equilibrium 

. Jr 

V 7“7^=7“'^ (d) 

in which denotes the corresponding radial displacements of the 
weights TF from the po.sitions corresponding to zero stress in the 
springs. From Eq. (d), the magnitude of is 

t _ ^ 

- /c 

When this quantity i.s positive, i.e., for 

z. V, W , 

K > CO- 

0 

Eq. (o) represents simple harmonic vibrations having the period 


= 2x I 

A# - or/g)^-^] 


From this expression we conclude that the effect of rotation of the 
wheel on the period of vibration of the weights IF is represented by 
an effective reduction of the spring constants by the amount Woi^/g. 
For such angular velocity o of the flywheel that 

, ^ TF „ 

K S CD" 

<7 


the weights will always press against the rim of the wheel and there will 
be no vibrations. 

As a second example of the formulation of equations of relative 
motion of a particle, let us consider the effect of rotation of the earth 
on the motion of a body falling under the action of gravity (Fig. 339) . 
At point A, with latitude ip, we take the system of rectangular coordi- 
nate axes g, f which are fixed in the earth and moving wfith it. The 
^ axis is tangent to the meridian at A and the 77 axis is tangent at the 
same point to a parallel circle while the f axis has the radial direction 
OA. In writing Eq. (93) for a falling body at A, we shall consider 
only accelerations Ur and a,.* In calculating the supplementary accel- 

* Calculations show that the effect of base acceleration Ui, on the relative motion 
of a falling body is negligible and that only the supplementary acceleration a, and 
relative acceleration Or need be considered. 
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eration a,, we resolve the relative velocity of the falling body into com- 
ponents I, !7, f and consider the supplementary aeoeleration due to each 
component. Assuming these components to be reprcBcnted by vectors 
as shown at the bottom of the figure and considering the velocities of 
the ends of these vectors due to rotation of the earth with angular 
velocity to, we see that the components of supplementary acceleration 
corresponding to | and f are perpendicular to the plane and are 
equal to 2ai^ ,sin 9? and 2 uf co.s ip, reispeetivoly. The component of sup- 
plementary acceleration corresponding to ^ is in the plane and per- 
pendicular to the earth’s axis. Its magni- 
tude is 

Keeping in mind the directioms of the three 
components of supplementary acceleration, 
the differential equations of relative motion 
of a falling body at A become 



W : W 

— ( = —2 wi) sin ip 

9 9 

W W ■ . 

— i? = +2 — to(| sin i/j + (f COS io) (b) 

9 9 

— f = — ir— 2 — COT) cos ip 

9 9 

Assuming that the initial velocity of the falling body is ssero and 
integrating the first and third of Eqs. (g), we obtain 

j = — 2cot) sin <p i — —ut — 2 ( 07 ) cos ip (h) 

Substituting these values into the second of Eqs. (g), we obtain 


ij = — 4co^i) — 2ci3g< cos ip (i) 

Observing that co is a small quantity and neglecting the term oontaiti- 
ing co^ in this equation, we obtain by integration 

7) = —icoffp cos <p (j) 

Substituting this into Eqs. (h) and neglecting again terms containing 
the factor co^, we find 

? = 0 ^ = h — (k) 

where h is the initial height from which the body starts to fall. Equa- 
tions (j) and (k) define the relative motion of the falling body, and we 
see that the last two of these equations coincide with what would be 
obtained on the assumption that the earth is at rest. Equation (j) 
indicates that the falling body deviates from the vertical J" axis toward 
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th(.‘ east. 1 o obtain this deviation for the in.staiit when the falling 
body reaches the earth, we substitute f = 0 in the second of Eqs. (k) 
and obtain 


j2h 

\l n 


which when substituted for t in Eq. (j) 


2 l2h' 


Actual measurements of the deviation from the vertical of falling bodies 
are in good agreement with Eq. ( 1 ). 


EXAMPLES 

1. Determine the condition of relatit'e equilibrium of a particle P that is 
constrained to move without friction along a meridian AOB of a ve'isel having 
the form of a generated body and rotating ^ 

about its geometric axis Oz with uniform aiCT 

angular velocity u (Pig. 340). b g 1/ 

Solution. From Eq. (94) w e conclude that y r'^ Vy 

to the real forces IF and R acting on the T 

partioleP as shown, the inertia foi-co — (TF/g) at * 

must be added. In this case oj = cj-r and 
the corresponding inertia force is directed as 

shown in the figure. Projecting all forces onto the tangent to the meridian 
through F, we find 

TF 

IF cos a — — coV sin a = 0 (m) 

9 


Thus the condition of relative equilibrium is 


tan a = 


/ 2. Investigate the relative motion of a particle P 

! \ along a smooth diametral groove in a horizontal 

' ^ ^ — ? disk rotating with constant angular velocity co 

\ ^ j about its vertical geometric axis (Fig. 341) and 

\ / determine the reaction of the side of the groove on 

the moving particle. Assume that the particle has 
PIQ 3 ^, a small initial relative displacement fo from the 

center of the disk but no initial velocity. 

Solution. Taking the center 0 of the disk as the origin and the axis of the 
groove as the ^ axis, the equations of relative motion of the particle P become 


TF 7 IF 
— f 

9 9 


R = 2 — co^ 
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where R is the reaction of the groove on the particle. Multiplying both sides 
of the first of Eqs. (o) by ^ di, it may be represented i:r the following form; 

(p) 

Integrating and remembering that (o = 0, we find 


f = w V?' - 

from which 


Integration of Eq. (r) gives 


or 




- li 


= u dt 


arccosh = oit C 
fo 

5 = Jo cosh (cot -|- C) 


(q) 

w 


and remembering that for i = 0, J = Jo, we conclude that C - 0. Thus the 
equation of relative motion of the particle is 

J = Jo cosh at (s) 

From this equation we conclude that the particle has a position of unstable 
relative equilibrium at the center of the disk and that, if displaced slightly 
from this position, it continues to move radially outward. 

The second of Eqs. (o) expresses the reaction f? as a function of the relative 
velocity ^ of the particle. Replacing j in this equation by its value (q), we 
obtain the reaction E as a function of the relative displacement J of the 
particle. Thus 

w . 

E = 2 — 0)2 -(/J2 - J2 

g “ 

Differentiating expression (s) once with respect to time, we obtain 

J = Jow sinh at 

and substituting this for j in the second of Eqs, 
(o), we obtain 

W 

E = 2 — - o)2Jn sinh at 

g 

which expresses the reaction E as a function of 
time. 

3. A particle W can slide without friction 
along the chord AB of a circular disk which 
rotates in a horizontal plane about its vertical 
geometric axis (Fig. 342) , Determine the period of vibration of the particle if 
it is attached to points A and B by two springs each having the spring constant 
fc/2. Assume that the raid-point 0 on the chord AB is the position of relative 
equilibrium of the particle. 
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Solution. Taking OB as the J axis and considering any position of the 
particle as defined by the relative coordinate we see that its relative velocity 
and acceleration are | and respectively. The point on the disk with which 
the particle coincides has a uniform circumferential velocity Vi = oi 
where h is the distance of the chord AB from the center C of the disk. The 
corresponding base acceleration is 

fli, = CO* \/h’ + I* 

The supplementary acceleration has the magnitude 2w{ and is perpendicular 
to AB. Its direction for counterclockwise rotation of the disk and for posi- 
tive ^ is shown in the figure. Projecting all forces and accelerations onto the 
f axis and using Eq. (93), we obtain 



This is the differential equation of simple harmonic motion having the period 

I W 

^ VslJ: - {W/gW] 


Since the distance h does not appear, we conclude that the motion is the same 
for any chord AB of the disk. 

4. Derive the differential equation of motion of the particle in Fig, 342 
assuming that there is friction opposing sliding along the chord AB and that 
this friction is proportional to the normal pressure on the chord. 

Solution. Normal pressure on the chord is due to inertia forces correspond- 
ing to the accelerations a, and at. The first force is opposite to the supple- 
mentary acceleration and equal to 2{TF/g)«|. The normal component of the 
second force is directed outward and is equal to {W/g)u^h. Thus, if p is the 
coefficient of friction, the friction force is 

F = —fi — ( 2 aj^ + 01%) (v) 

a 

where the sign of the second term in the parentheses is plus when ^ is minus, 
and vice versa. The equation of motion now becomes 

— f = -fef -b — - p — (2u)£ + 01 %) (w) 

g Q g 

It is interesting to note that in the particular case where the chord AB is a 
diameter, that is, where = 0, the second term in the parentheses of Eq. (v) 
vanishes and we obtain, from ordinary coulomb friction, a viscous damping. 


PROBLEM SET 10.2 

1. Find the equation of the generator of the vessel shown in Fig. 340, and 
show that it must be a paraboloid of revolution in order that the particle P 
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will be in a condition of relative equilibrium for any position along the meridian 
AOB. Ans. = ‘iqzlijA. 

*2. The axes of two ordinary chemist’s test tubes make equal angles a 
with the vertical axis Oz about which they rotate with angular velocity u 
(Fig. A). Eacli tube is completely filled with water and scaled at the end. 
In one is a steel ball Pi, and in the other a hollow celluloid ball Pj. Prove 
that the condition of relative equilibrium of the celluloid ball is stable while 
that of the steel ball is unstable. 



3. In Fig. B, a small ball of weight W rides in a gi'oove out in the top face 
of a disk rotating with constant angular velocity co about its vertical geometric 
axis. The position shown in the figure is one of unstable relative equilibrium 
for the ball so that, owing to a slight disturbance, it begins to move along the 
axis of the groove. Assuming that it starts toward A, find the absolute 
velocity v with which it will be cast off if A = Neglect friction between 
the ball and the groove. Ans. v = 0.940rw. 

4. Keferriiig again to Fig. B, find the reactive force R exerted by the ball of 
weight IF = 1 lb on the wall of the groove when it has just reached the lim 
of the disk. Assume A = It = 1 ft and that the disk rotates at 300 rpm. 
Ans. R — 75.5 lb. 

5. An antiaircraft gun fires a shell of weight W = 75 lb with muzzle 
velocity Vr = 3,000 fps while rotating about a vertical axis at 0.1 rps (Fig. C). 
It the gun barrel of length Z = 15 ft is inclined to the horizontal by an angle 
a = 45°, what additional torque M about the z axis must the drive supply 
just as the shell reaches the muzzle in order to maintain the uniform rotation 
of the gun? Ans. M = 05,700 ft-lb. 

6. The straight pipe in Fig. D discharges 70 gal of water per minute from 

each end while rotating with constant angular 
speed of 600 rpm. Calculate the magnitude 
of the driving torque M required to maintain 
this uniform rotation. Water weighs 8.34 Ib/gal. 
Ans. M = 152 ft-lb. 



FIG. C 


FIG. D 



Art. 10.3] RELATIVE MOTION 


475 


7. A hoiizontal circulai disk of radius r rotates mth constant angular 
velocity w about a fixed vertical axis through its center 0 (Fig. E). In the 
top face of the disk, a shallow circular well of radius is cut as shown. Inside 
this well is a small steel ball of weight W which can roll freely around the 
circumference of the well. Prove that the position D of the ball is one of 
stable relative equilibrium, and find the period of oscillation of the ball fur 
small values of the relative angular displacement 9 away from this stable 
position. -Iri.s. r = 2ir/oi. 




*8. For small amplitudes find the period of oscillation of the pendulum AB 
of weight TF and length I attached to a rotating wheel by a hinge A and two 
springs ns shown in Fig. F. Each spring has a spring constant k/2, and they 
are attached to the pendulum at the distance a from the hinge A, which is at 
the radius r from the center of the wheel. The wheel rotates in a horizontal 
plane with constant angular velocity oj. Numerical data are given as follows: 
TF = 2 lb, ^ = 60 Ib/in., a = 4 in., f = 8 in., r = 12 in., a> = 207r sec~’. 

Hint. Assume the entire mass of the pendulum concentrated in the ball B 
and in calculation neglect the effect of supplementary acceleration, which, 
for small amplitudes, will have practically no effect on the relative motion of 
the pendulum. Ans. r — 0,206 sec. 

10.3. D’Alembert’s principle in relative motion. Applying 
D’Alembert’s principle in the discussion of motion of a particle or sys- 
tem of particles, we simply consider, in addition to all forces acting on 
the system, the inertia forces of the various particles and then write 
equations of motion as equations of statics. In the case of relative 
motion of a particle, we shall have three components of the inertia 
force, —mar, —mah, and —ma, corresponding, respectively, to the rela- 
tive, base, and .supplementary accelerations of the particle. In the 
case of relative motion of a rigid body, we apply to each of its particles 
the above-mentioned three components of inertia force. Then the sys- 
tem of forces consisting of all such inertia forces together with the 
external forces acting on the body constitute a system of forces in 
equilibrium, and we write the equations of relative motion of the body 
as equations of statics. 
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To illustrate the application of D’Alembert’s principle to the case of 
relative motion of a rigid body, we take the gyroscope shown in Fig. 
343 and assume that, while the gyroscope rotates with uniform angular 
velocity to around its geometric axis AB, the frame ADB supporting 
this axis rotates with uniform angular velocity 0 around a vertical 
axis. We shall assume also that the entire mass of the wheel is con- 
centrated in its rim of radius r. 

Considering a particle P of the rim (Fig. 343b) and noting that the 
relative motion of the wheel is rotation with uniform angular veloeity 
w about the axis AB, we conclude that the relative velocity of P is 
Vr = rco directed as shown in the figure. Hence the relative accelera- 
tion of P is cir = directed toward 
the center C of the wheel. The cor- 
responding inertia forces for all such 
particles as P are symmetrically dis- 
tributed around the rim and form a 
system of forces in equilibrium. Thus 
they may be disregarded. 

In calculating the base acceleration 
06 for the particle P, we consider only 
its motion due to rotation of the frame 
around the vertical axis. Denoting 
by <p the angle between the radius CP and the horizontal diameter of 
the wheel (Fig. 343b) , we see that, owing to rotation of the frame around 
the vertical axis, the point describes a horizontal circle of radius r cos ip. 
Flence the base acceleration of P is 06 = OV cos tp. The corresponding 
inertia force of the particle P will be in equilibrium with that of a 
symmetrically situated particle Pi (Fig, 343b) . Thus for all particles of 
the rim the inertia forces due to base acceleration represent again a 
system of forces in equilibrium and can be disregarded. 

There remain to be considered inertia forces due to supplementary 
accelerations of the various particles of the rim. From the direction 
and magnitude of the relative velocity Vr of the particle P, we conclude 
that for this particle the acceleration a, is parallel to the axis AB, 
equal to 2ruQ, sin ip, and directed as shown in Fig. 343b. The cor- 
responding inertia force is acting in the opposite direction and gives a 
moment with respect to the horizontal diameter of the wheel equal to 

2 dm rcof] sin <p r sin <p = 2 dm sin^ (p (a) 

where dm is the mass of the particle. Denoting by W the total weight 
of the rim of the wheel and assuming that dm represents the mass of 
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an element of the rim corresponding to the central angle dip, we have 


dm 


W dp 

2itg 


Substituting this in e.xpression (a) and summing up such expressions 
for all elements of the rim, we find that the inertia forces due to sup- 
plementary acceleration have a resultant moment about the horizontal 
diameter of the wheel of magnitude 


= 4 2^ 2a)Qr® sin^ p dp = (bj 

where I is the moment of inertia of the wheel with respect to its 
geometric axis AB. 

From Eq. (b) we conclude that all external force.s acting on the wheel 
must constitute an equal and opposite moment with respect to the 
horizontal diameter. Denoting by R the magnitudes of the reactions 
on the axle at A and B, we have then 


Rl = TciiQ 


which is the same result obtained previously in Art, 8.11, by using the 
principle of angular momentum. For the directions of rotation indi- 
cated in Fig. 343, the reaction at A will be down and that at B, up. 


PROBLEM SET 10.3 

1. A prismatic bar DE of weight W and length 2r is .attached at right 
angles to a horizontal axis AB of length I supported in bearings at A and B 
(Fig. A). The bar DE rotates about AB with uniform angular velocity to 



FIG. A 

while the frame to which the bearings A and B are attached rotates about 
a vertical axis with uniform angular velocity fl. Calculate the bearing reac- 
tions when the bar DE coincides with the vertical plane of the frame. Numeri- 
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cal data are given as follows: W = 6 lb, r = 6 in., I = 24 in. The bar rotates 
at 4,000 rpm; the frame at 100 rpm. Ans. Ra — 68.2 lb, up; = 68.21b 
clown. 

2. Two equal weights IT of a governor (Fig. B) come into oscillation when 
the angular speed of the governor is n = 120 rpm, and for the positions shoivn 
the weights have relative velocities Wr = 6 ips, as shown. What torque M is 



FIG. B 


transmitted to the vertical shaft at A'A I = \2 in., a = 45°, and IT = 20 lb? 
The weights of the bars are to be neglected. Ans. M — —93.8 in,-lb. 

3. Owing to rotation of the earth, the suifacc of a river flowing due south 
with uniform relative velocity w, = 3 fps will not be level. Find the angle a 
that the surface makes with the horizontal if the latitude of the place is 
ip = 60°, Ans. a = 0.0000104 radian. 

4. In Fig. C, a bar AB of length 2n rotates in a horizontal plane with con- 

stant angular velocity w about a fi.xod 
vortical avis through its mid-point C. 

. Attached to the ends of this bar by 

' I A pins A and B arc two identical slender 

bars AD and BE, each of length I as 
FIG. c shown. These bars are in stable rela- 

tive equilibrium when their axes are 
in a straight line with AB, that is, when 0 = 0. If they come into oscillation 
during rotation of the system, find their period t for small values of the 
relative angular displacements ff. Ans. t = (2t/co) \/ 21 /3a. 

5. Referring again to Fig. C, calculate the maximum outward pull S 
exerted on each of the hinge pins A and B if the amplitude of relative oscilla- 
tion of each bar is 0o = 0.2 radian. Other numerical data are given as 
follows; d! = IOOtt sefl“*, a = 4 in., I = 12 in., and each bar has weiglit 
IF = 3 lb. 

Hint. The maximum pull occurs when 0 = 0. Ans. S = 9,060 lb. 



Appendix One 

MOMENTS OF INERTIA 
OF PLANE FIGURES 


A.l. Moment of inertia of a plane figure with respect to an 
avis in its plane. The moments of inertia of any plane figure (Fig. 1 ) 
with respect to x and y axes in its plane are defined, respectively, by 
the integrals 

7x = jii'‘dA /„ = (1) 


in which each element of area dA is multiplied by the square of its 
distance from the corresponding a.xis and integration is e.xtended over 
the entire area of the figure. 
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FIG. 2 


In simple cases, the integrals (1) can readily be calculated analyt- 
ically. Take, for example, the case of a rectangle as shown in Fig. 2. 
In calculating the moment of inertia of this figure with respect to the 
horizontal axis of symmetry, which is taken as the x axis, we divide the 
area of the rectangle into infinitesimal elements like the shaded strip 
shown in the figure. Then dA = b dy, and we obtain 


In the same manner. 


/„ = 2 ^ by^dy = ^ Ca) 

taking the moment of inertia with respect to the 
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y axis, we find 



(b) 


Formula (a) can also be used for calculating the moment of inertia 
h of the parallelogram shown in Fig. 3. This parallelogram may be 
considered as obtained from the rectangle shown by dotted lines by a 
certain displacement parallel to the x axis of each elemental strip, as 
shown in the figure. Since this transformation changes neither the 
area of the element nor its distance from the x axis, we conclude that 
the value of calculated for the rectangle remains unchanged for the 
parallelogram. 



FIG. 3 FIG. 4 


In calculating the moment of inertia of a triangle with respect to its 
base (Fig. 4) , we divide the area into elemental strips, as shown in the 
figure. Then, for any element at the distance y from the base, 

dA = ~ 

h 

and we obtain 

r 6 /■* ,, , , b¥ 

The calculation of moment of inertia with respect to a given axis can 
often be simplified if the figure can be divided into portions whose 
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moments of inertia about the axis are known. Take, for example, the 
cross section of a channel, as shown in Fig. 5a. Then, with respect to 
the horizontal axis of symmetry which is taken as the x axis, we evi- 
dently obtain the required moment of inertia as the difference of the 
moments of inertia of the rectangles with the sides ab and ai6i, respec- 
tively. Hence 

Ix = — 5ia?) (d) 

This same formula obviously can be applied to the Z section shown in 
Fig. bh or to the tubular section in Fig. 5c. 

The method of calculation illustrated by the above examples can be 
used in the most general case. The moment of inertia of any plane 
figure, with respect to a given axis, is obtained by dividing its area into 
infinitesimal strips parallel to the axis and then performing the integra- 
tion indicated by one of Eqs. (1). If the integration cannot readily be 
made analytically, an approximate value for the moment of inertia 
can always be found by dividing the area into a finite number of strips, 
multiplying the area of each strip by the square of the distance of its 
centroid from the axis, and then making the summation of such prod- 
ucts arithmetically. 

From the definitions given by Eqs. (1), it follows that moment of 
inertia of an area with respect to an axis in its plane has the dimension 
of length to the fourth power. Hence, dividing the moment of inertia 
with respect to a certain axis by the cross-sectional area of the figure, 
a quantity having the dimension of length to the second power is 
obtained. This length is called the radius oj gyration of the figure with 
respect to that axis. Using the notation i for radius of gyration, we 
have 

** = -v/l = 

Taking, for example, the rectangle shown 

ba^ = 

12ba 2 Vs 
PROBLEM SET A.l 

1. Find the moment of inertia of the rectangle in Fig. 2 with respect to its 
base. Ans. Ji, = ba^/3. 

2. Find the moment of inertia of the parallelogram in Fig. 3 with respect 
to its base. Ans. = ba^/3. 



in Fig. 2, we find 
b 

2 V3 
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3. Find the moment of inertia of the triangle in Fig. 4 with respect to the 
axis Xi. Ans. 7i, = bh^/i. 

4. Find the moment of inertia of a square with sides of length a with respect 
to a diagonal. .4ns. Id = aV12. 

5. Find the moment of inertia of a rectangle having dimensions a and b 
with respect to a diagonal. Ans. Id = a^b^/Qia^ + b'^). 

A.2. Moment of inertia of a plane figure with respect to an 
axis perpendicular to the plane of the figure. The moment of 
inertia of a plane figure with respect to an axis perpendicular to the 
plane of the figure is defined by the integral 

J = Ir^dA (3) 

in which each element of area dA is multiplied by the square of its 
distance from the axis and integration is extended over the entire area 
of the figure. If, in Fig. 1, we imagine through point 0 an axis per- 
pendicular to the xy plane, the moment of inertia with respect to this 
axis is 

J = I r^dA = J (x^ + y^) dA = A- h (4) 

Since, in this case, each element of the area is multiplied by the square 
of its distance from point 0, the moment of inertia (4) is called the 
polar moment of inertia of the figure with respect to point 0. From the 
relation given by Eq. (4), we see that the polar moment of inertia of 
any plane figure with respect to a point 0 in its plane is equal to the 
sum of the moments of inertia of the figure with respect to two orthog- 
onal axes through that point and also in the plane 
of the figure. 

Let us consider now the calculation of the polar 
moment of inertia of a circle with respect to its 
* center (Fig. 6). Considering an elemental ring of 
radius r and width dr, as shown in the figure, we 
see that the area of this ring is 2-Kr dr and, by defini- 
tion, its polar moment of inertia with respect to the 
center 0 is 2‘irr^ dr. To obtain the polar moment of 
inertia of the entire circular area with respect to 
its center, we have only to make the summation of the polar moments of 
inertia of the elemental rings. Thus 
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If the circle has a circular hole of diameter di at the center, the lower 
limit of the integral, in Eq. (e), is di/‘2 instead of zero, and we obtain 

rd /2 

Having the polar moment of inertia of a circle with respect to its 
center and using Eq. (4), we can easily find its moment of inertia with 
respect to a diameter. In the case of a circle, the magnitude of the 
moment of inertia is the same for all diameters, and hence 



(g) 


The moment of inertia of the quarter circle in Fig. 7 with respect to 
the X axis is 


1 wd* _ Tcd* _ TIT'* 

4 64 " 256 “ 16 


(h) 


The moment of inertia of the shaded area ACB in Fig. 7, with respect 
to the X axis, is obtained by subtracting from the moment of inertia of 


it 


o 

FIG. 7 FIG. 8 

the square OAGB the moment of inertia of the quarter circle. Thus 

4*4 

- 3 - -16 - »> 

The moment of inertia of an ellipse with respect to its principal 
axis X (Fig. 8) can be obtained by comparing the ellipse with the circle 
shown by a dotted line. The height y of any element of the ellipse, 
such as the one shown, is obtained by reducing the height t/j of the 
corresponding element of the circle in the ratio h/a. From Eq. (a) 
we conclude that the moments of inertia of these two elements with 
respect to the x axis are in the ratio b^/a^. The moments of inertia of 
the ellipse and of the circle are evidently in the same ratio. Hence, 
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A, 6 


the moment of inertia of the ellipse is 

_ Tr{2ay _ TTob^ 

64 4 

In the same manner, for the vertical axis of symmetry, 

. _ xho* 


(i) 

(k) 


Finally, by Eq, (4), the polar moment of inertia of the 

respect to its center is 

, TIT irah^ . Trba” 

J — Vi “T Vy — -j ^ 


ellipse with 
( 1 ) 


PROBLEM SET A.2 

1. Find the polar moment of inertia of a square with sides of length a with 
respect to its centroid C. Ans. = a^/6. 

2. Find the polar moment of inertia of an isosceles triangle having base 6 
and altitude h with respect to its apex A. Ans. Ja — bh^/4 -|- A6V48. 

3. Find the polar moment of inertia of the shaded area shown in Fig, 7 
with respect to point 0. Ans. Jo — 0.274?"'. 

4. Find the polar moment of inertia of the rectangle shown in Pig, 2 with 
respect to one corner, d-fis. Jo = (a* + 6") a6/3, 

5. Find the polar moment of inertia of the area of a circular sector of radius r 
and central angle a with respect to its center. i4ns. Jo = ar^/4. 

A. 3. Parallel-axis theorem. In Fig. 9, let X, Y be rectangular 
coordinate axes through any point 0 in the plane of the figure and x, 

y correspondingly parallel axes through 
the centroid C of an area as shown. 
Then by definition, the moment of 
* inertia of the area with respect to the 
X axis is 

^ Ix^Uy + bydA^ 

j dA + 2b j y dA + j dA (m) 

Noting that fy dA — 0, since the x axis passes through the centroid C 
of the area, Eq, (m) reduces to 

Ix = I.+ Ab^ (5o) 

where the notation I* = dA is used to denote the centroidal 
moment of inertia of the area with respect to the x axis. Proceed- 
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ing in the same way, it can be shown that 

Iy = I), + Aa^ ( 56 ) 

Equations (5a) and (5b) represent the so-called parallel-axis theorem 
for moments of inertia of plane figures. In words, the moment oj 
inertia of a plane area, with respect to any axis in its plane is equal to 
the moment of inertia with respect to a parallel centroidal axis plus the 
product of the total area and the square of the distance between the two 
axes. We see that the further an axis is from the centroid of the 
area, the greater the moment of inertia of the area with respect to 
that axis. 

Adding Eqs. (5a) arid (5b) together and observing from Eq. (4) that 
Ix Iy = Jo, while -h 7„ = Jc, and from Fig. 9 that a'^ 
we obtain 

Jo=jc + Ad^ ( 6 ) 

Thus the parallel-axis theorem holds also for polar moments of inertia. 

Using the parallel-axis theorem, various moments of inertia of a 
plane figure can readily be calculated without integration if the cor- 
responding centroidal moment of inertia is already known. In Fig. 2, 
for example, we find for the moment of inertia of a rectangle with 
respect to its base 

, ba® , / a\^ bo’ , , 

-T <"> 


Likewise, the moment of inertia of the circle in Fig. 
a tangent is 


r (A" - 

64 4 \2y 64 


6 with respect to 


( 0 ) 


For the case of the triangle in Fig. 4, we already know the moment of 
inertia about the base [Eq. (c)]. Then by the parallel-axis theorem, 
we find the centroidal moment of inertia to be 


f _ ^ AV = ^ fn') 

“ 12 2 V3/ 36 

The parallel-axis theorem is especially useful in the calculation of 
moments of inertia of composite areas like the one shown in Fig. 10. 
To illustrate, let us calculate the moment of inertia of this composite 
area with respect to the x axis through the centroid C, which is an 
axis of symmetry. The area consists of a narrow rectangle 1 by 12 in. 
and four identical angles 4 by 4 by ^ in. as shown in Fig. 10a. For 



A.8 


APPENDIX ONE [Art, A .3 

purposes of calculation, we subdivide the area into rectangles as shown 
in Fig. 10b. Then denoting by Ai, A^, A^ the areas of these rectangle, s 
and by yi, yi, y^ the y coordinates of their respective centroids and 
using Eq. (a) for centroidal moment of inertia of a rectangle, we have, 
by reference to Fig. lOb for dimensions, 

Ai = 4.5 in.2 Ai = 7.0 in.^ A^ = 2.0 in.^ 

yi = 5.75 in. i/a = 3.75 in. ijt = 1.00 in. (q[ 

I\ = 0.09 in.' li = 7.15 in.^ /.i = 0.07 in.' 

The required moment of inertia of the entire area with respect to the 
X axis is 

h = 2(7i + A,vl +h + A,yl + 1,+ A 




FIG. 10 

Substituting the numerical values from expros.sions (q), we find 
7. = 514.5 in.-* 

There are various ways in which a composite area like that shown 
in Fig. 10 can be subdivided in calculating its moment of inertia with 
respect to a given axis. For standard angle scc.tious like those shown 
in Fig. 10, the positions of the centroids and the moments of inertia 
with respect to centroidal axes parallel to the edgis.s can he found in 
handbooks. Then by using the parallel-axis theorem, the moment of 
inertia of the composite area with respect to any axis can be calcu- 
lated by using the subdivision, as shown in Fig. lOa. 

PROBLEM SET A.;j 

1 . Calculate the moment of inertia of the area of tljc angle section having 
the dimensions shown in Fig. A with respect to a centroidal axis parallel to the 
X axis. Ans. lx = 6.56 in.^ 
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2. Using the result of Prob. 1, calculate the moment of ineitia I, of the 
composite area shown in Fig. 10a. *4»is. 7i = 514.5 in.'' 

,3. Calculate the moment of inertia of the shaded area in Fig. B with respect 
to the X axis. Ans. I„ = 26.83 in.-* 

4. Calculate the moment of inertia of the shaded area in Fig. B with respect 
to a centroidal axis parallel to the x axis. Ans. = 24.30 in.^ 

5. Calculate the moment of inertia of the shaded area in Fig. 7 with respect 
to a centroidal axis parallel to the x axis. Ans. h = 0.0071rh 


A. 4. Product of inertia; principal axes. Referring to Fig. 11, 
the integral 

I XV = J xydA (7) 

in which each element of area dA is multiplied by the product of its 
coordinates and iiilegration is extended over the entire area of a plane 
figure, is called the product of inertia of the figure with respect to the 
x and y axes. Although moments of inertia 
with respect to an axis are always positive, 
as follows from the definitions (1) and (3), 
the product of inertia (7) may be positive or 
negative or may vanish, depending on the 
directions of the .^• and y axes. Assume, for 
example, that, for the x and y axes shown in 
Fig, 11, the integral (7) is positive. If the 
axes are rotated about the origin 0 by 90° 
in a clockwise direction, they take the positions j/ and .t', as shown, 
and the new coordinates x', y' of the element dA are in the following 
relation to its old coordinates: 



y' = X x' = —y 

Hence, the product of ineitia, for the new axes is 

Tx',/ = j x'y' dA — — j xy dA = —Ixv 
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Thus, during this rotation of the axes, the product of inertia changes its 
sign and becomes negative. Since the product of inertia changes con- 
tinuously with the rotation of the axes, there must be certain directions 
of the axes for which this quantity vani.shes. The axes taken in these 
directions are called the principal axes of the figure. Usually the cen- 
troid of the figure is taken as the origin of coordinates, and the corre- 
sponding principal a.xes are then called the centroidal principal axes. 
If a figure has an axis of symmetry, this axis and any axis perpendicular 
to it are principal axes of the figure, because the 
product of inertia with respect to these axes will be 
equal to zero. To prove this statement, let us con- 
X sider the plane figure shown in Fig. 12, the y axis 
of which is an axis of symmetry. Then, for any 
element dA with a certain positive x, there exists an 
equal and symmetrically situated element dA mth 
a similar negative x. The corresponding elemen- 
tary products xy dA cancel each other; hence the integral (7) vanishc.s, 
and X and y arc principal axes of the figure.^ 

Now let us consider the change of the product of inertia resulting 
from a displacement of the axes parallel to themselves (Fig. 13). If 
the product of inertia Ixu for the centroidal axes x and y is known, 
the product of inertia Ixy for parallel axes X and Y is given by the 
expression 

Ixy ~ Ixy "t" Aah (8) 

in which a and b are the coordinates of the centroid C with respect to 
the new axes. This is the parallel axis theorem for products of inertia, 


FIG. 1 3 FIG. 1 i 

and it can be proved as follows; The coordinates of an element dA for 
the new axes X and Y are 

X = X A- a Y = y A- b 

^ The method of finding the prinoipal axes of a nonsyminetrical figure will be dis- 
cussed in the next article. 
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IxY = j (x + a)(y + h) dA 

= j xij dA + a J y dA + b j x dA j ah dA (r) 

The second and third of the four integrals on the right vanish because 
X and y are centroidal axes. Hence expression (r) reduops to Eq. (8|. 

As an example of calculation of product of inertia of a plane figure 
with respect to given axes, let us find the product of inertia Ii„ of the 
right triangle shown in Fig. 14. Dividing the area of the triangle into 
elements as shown, the area of any strip at the di.stance y from the 
base is {a{h — y)/h] dy and its product of inertia, from Eq. (8j, is 

a(b — y) dy a{b — y)y 
b 2b 

The product of inertia of the triangle is obtained by summation of the 
elements (s), which gives 

hy = ^,J\b-yrydy = ^ (t) 

In the case of a circular quadrant of radius r, we divide the area into 
horizontal strips as shown in Fig. 15. Then the area of one element 
is dA = X dy and its product of inertia 
with respect to the axes x and y is 

xdy^y =1 xhj dy 

Since for a circle with center at 0, we have 
x^ + 

the required product of inertia of the 
entire area becomes 

/*:/ = 2 (r'* - y^)u dy = (u) 

PROBLEM SET A.4 

1. Calculate the product of inertia of a rectangle having sides of lengths a 
and b with respect to axes x and y coinciding with two adjacent edges. 
Ans. = aV/i. 



FIG. 15 
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2. Calculate the product of inertia hy of the shaded spandrel area in Pig. 7. 
Ans. hy = rV8. 




3. Calculate the product of inertia Ixy of the area of a three-quarter circular 
sector as shown in Pig. A. Ans. hy — — r'*/8. 

4. Referring to Fig. B, find the necessary relation between r and h so that x 
and y will be principal axes for the composite area. Ans. h — 2r. 

5. Calculate the product of inertia Ixy for the angle section shown in Fig. C, 
Numerical data are given as follows; a = 4 in., /i = 1 in. Ans. Ixy = 
-1-7.75 in,'' 


X 


FIG. C 

A.5. Principal axes and principal moments of inertia. Assume 
that for the plane figure shown in Fig. 16 the moments of inertia 

^ Ix = j dA ly = I dA (v) 

and the product of inertia 

-* Izy = j xy dA (w) 

are known and that it is required to find 
Ix‘,Iy', Ix'y' for the new axes x' and y'. Con- 
sidering an infinitesimal element of area dA, the new coordinates of the 
clement, as can be seen from the figure, are 

x' = X cos (c + 1/ sin ^ v' = y cos (p — a: sin ijs 
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in which <p is the angle between the axes x', y' and x, y. Then 

h' = j {y cos Ip — X sin ipYdA 

= j y cos'® 93 dA + j sin®® ip dA — 2 xy sin ip cos ip dA 
Or, by using expressions (v) and (w), 

Ix' = Ix cos® Ip + J, sin® ip — 2/i„ sin <p cos ip (9a) 

Substituting in this expression t/ 2 + .p, instead of f, we obtain 

~ V A" la COS® Ip + 22'n, sin p cos p (9b) 

Taking the sum of expressions (9a) and (9b), we obtain 

Ix! + la' = Ix+ la ( 10 ) 

Thus, we see that as the orthogonal axes x and y are rotated in the 
plane of the figure around point 0 , the sum of the moments of inertia 
with respect to these axes remains constant. Taking the difference 
between expressions (9o) and (9b), we obtain 

•f*' ~ ly' = ~ h) cos 2<p — 2Ixa sin 2p (11) 

Formulas (10) and (11) are more convenient for calculating 7 *' and 7/ 
than Eqs. (9) would be if used directly. 

The product of inertia with respect to the new axes is 


Ix'a' = j {x 003 p + y sin p){y cos p — x sin p}dA 
— j sin p cos dA — J a:® sin p cos p dA 

+ j a;!/(cos® p — sin® ip)dA 
= kih — ly) sin 2^c + ha cos 2p (12) 

This expression can be used for finding the directions of the principal 
axes through point 0 if we recall that principal axes are those for which 
the product of inertia vanishes. Thus the axes s' and y' in Fig. 16 are 
principal axes if I^'y' vanishes, which requires that 

i{Ix - 7„) sin 2ip + I^a cos 2p = 0 (x) 



which gives 


tan 2p = 


(13) 
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From this equation, two values of the angle 2ip which differ by v are 
obtained. The corresponding two values of the angle (p, differing from 
each other by t/2, define the orthogonal directions of the principal 
axes, Substituting these values of <p in expressions (10) and (11), the 
sum and difference of the principal moments of inertia are obtained, 
from which the quantities themselves can readily be found. 

Referring again to Eqs. (9), we see that the magnitude of the 
moments of inertia Ix' and 7^' vary continuously with change in the 
angle <p. To find the values of ip for which these quantities will he a 
maximum or a minimum, we set the derivatives of expressions (9) 



FIG. 17 


with respect to <p equal to zero. In each case, this procedure will result 
in an equation identical with Eq. (x) above, and from this fact we 
conclude that the principal axes of the figure represent the two axes 
for which the moments of inertia are a maximum and a minimum, 
respectively. 

The method of calculation of the directions of the principal axes 
and of principal moments of inertia will now be illustrated by an exam- 
ple. We take the Z section shown in Fig. 17 and assume a = 16 in , 
ai = 13.8 in., 6 = 7 in., bi = 5.9 in. Treating the figure as made up 
of three simple rectangles and using Eqs. (5) and (8), we obtain 

Ix = 1,097 in.' 7„ = 198.4 in.' Ix^ = —338.5 in.'* 

Substituting these values in Eq. (13), we find 

tan 2p = -1-0.753 2p = 37° or ‘2<p = 143° 

Taking the first value of 2<p, we have the axis x' rotated from the 
X axis in a counterclockwise direction by the angle 18°30'. Substitut- 
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ing sin 2<^ = 0.602 and cos 2^) = 0.799 in Eq. (11), we obtain from 
Eqs. (10) and (11) the following principal moments of inertia' 

/.' = 1,211 in.'' 7„' = 85.0in.' 

PROBLEM SET A.S 

1. Calculate the angle <p defining the direction of principal axes x', y' 
through point 0 for the angle section shown in Fig. A. Each leg of the angle 
is 1 in. wide. Ans. <p = 13°31'. 

2. Calculate the angle defining the direction of principal axes through the 
centroid C of the angle section shown in Pig. A if each leg of the angle is 1 
in. wide. Ans. ¥> = 67“26'. 



FIG. A 

3. Calculate the principal moments of inertia of the angle section shown in 
Fig. A with respect to centroidal axes in the plane of the figure. Each leg is 1 
in. wide. Ans. lx- = 34.97 in.'*; J,’ = 6.63 in.' 



4. Calculate the product of inertia I*'*' of the rectangle shown in Fig. B if 

a = 10 in., fe = 6 in. Ans. “ —141 in.'* 

5. Calculate the angle <p defining the direction of principal axes through 
point 0 for the right triangle shown in JFig. 14, if a = 6 in., 6 = 8 in. Ans 
ip = 60°07'. 
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Various Moments and Products of Inertia of Plane Figures 








Appendix Two 

MOMENTS OF INERTIA 
OF MATERIAL BODIES 


A. 6. Moment of inertia of a rigid body. The moment of inertia 
of a body with respect to a given axis is defined by the integral 

I — j dm (14) 

in which each element of mass dm of the body is multiplied by the 
square of its distance r from the axis and the integration is extended 
over the entire volume of the body. From this definition, it follows 
that the moment of inertia of a body has the dimension of mass X 
length^ or force X length X time^ Thus, we can always express the 
moment of inertia of a body in the form 

/ = ^ (15) 

9 

where W/q is the mass of the body and t is a certain length called the 
radius of gyration of the body with respect to the given axis. 

The calculation of the moment of inertia of a body requires the 
evaluation of the integral (14) above. Various methods of procedure 
for particular cases will be discussed in the following articles. 

A.r. Moment of inertia of alamina. The calculation of moment 

of inertia of a material body can be made in a very simple manner if 
one dimension of the body is very small so that we have the case of a 
lamina or thin plate. Assuming that .such a plate or lamina is of homo- 
geneous material and of uniform thickness and taking its middle plane 
as the xij plane (Fig. 1), the mass of an element as shown is {w/g)t dA, 
where t is the small thickness of the plate and w/g, the mass per unit 
volume of the material. Then, by the definition (14), the moments of 
inertia of the plate with respect to axes x, y, and s, through any point 

A.I7 
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0 as shown, become 

Ix = jJ dA ly = J j 



(16) 


These expressions differ from expressions (1) and (3), previously 
developed in Appendix I for moments of inertia of a plane figure, only 
by the constant factor wt/g. From this, it follows that all results 
obtained in Appendix I for moments of inertia of plane figures can be 
used also for thin plates, simply by introducing the additional factor 
wtig. 

Proceeding in such a manner for the ease of a rectangular plate of 
thickness t (Fig. 2), we obtain for the moments of inertia, with respect 
to the axes of symmetry, 

y _ wt _ W y _ W 

~ Jl2 ~ ^12 ~ Y 12 (^) 


where T7 = wtab is the total weight of the plate. From Eq. (4), the 
moment of inertia of the plate with respect to the e axis, perpendicular 
to the plate and passing through its centroid, is 


A = -fi + ^1/ 


IF + lA 
ff 12 


(b) 


Similarly, the moments of inertia of a thin circular plate or disk with 
respect to ccntroidal axes (Fig. 6) are 


r _ y _ wlird' _ W y _W 

~7 2 

where a = d/2 is the radius of the disk. 

Comparing expressions (a) and (b) with expression (15) in Art. A, 6, 
we conclude that the radii of gyration of a rectangular plate with 
respect to the axes x, y, and z, are, respectively, 


. _ fl . b . ja^ -j- b‘ 

2 V3 " 2 V3 


(d) 


which are seen to be identical with the radii of gyration of a plane 
rectangular figure (see page A.3). In general, the radius of gyration 
of any homogeneous material lamina, with respect to a given axis, is 
identical with the radius of gyration of its middle surface considered 
as a plane figure. 

Since the moments of inertia of a lamina as given by Eqs. (16) are 
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simply equal to the factor wilg times the corresponding moments of 
inertia of the area of its middle surface, it follows that the parallel- 
axis theorem [Eqs. (5) and (6)] must hold also for such material 
laminae. Thus, referring to Fig. 18, we have for axes Z, 7, Z, parallel 
to the centroidal axes x, y, z, 

W 

/x = y {II + h^) 

= y Hi + a^) (17) 

W 

/x = y Hi + d^) 

where ix, ly, h are radii of gyration of 
the body with respect to centroidal 
axes X, y, z, respectivly. 

Using the parallel-axis theorem together with the last of Eqs. (e) , we 
find, for example, that the polar moment of inertia of a thin circular 
plate of weight W and radius a with respect to an axis Z through a point 
0 on its circumference is 




PROBLEM SET A.7 

1. A slender piece of wire weighing 0.14 lb is bent in the shape shown in 
Fig. A. Calculate its moments of inertia 7* and Ans. h = 466 X 10“° 
Ib-secMn.; ly = 3,590 X 10“° Ib-seoMn. 

!-< 3 ' — 

3 " 


FIG. A PIG- B 

2. Calculate the moment of inertia ly of a homogeneous thin plate having 
the dimensions shown in Fig. B. The total weight of the plate is 17 = 0.2456 
lb. Ans. ly = 792 X 10“° Ib-secMn. 

3. Find the moment of inertia of a homogeneous triangular plate of weight 
17 with respect to its base by using formula c, page A. 2 for a plane triangular 
figure. Ans. Ix ~ Wa‘‘/&g. 
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4. Determine the moment of inertia of a homogeneous regular hexagonal 
lamina having weight W and sides of length a, with respect to a diagonal, 
Ans. Id — 5WaV24£f. 

5. Determine the moment of inertia h of a thin plate having the Z shape 
shown in Fig. 17 if the total weight of the plate is IF = i lb and a = 5 in,, 
6 = 3 in., ai = 3 in., 6i = 2 in. Am. Ix = 0.00384 Ib-secMn. 


A.8. Moments of inertia of three-dimensional bodies. In dis- 


cussing the moments of inertia of bodies, all three dimensions of which 



FIG. 19 


are of the same order of magnitude, it is 
advantageous to use the parallel-axis theorem, 
Let X, y, z (Fig. 19) be a system of rectangular 
coordinate axes through the center of gravity 
C of a body and X, F, Z a system of corre- 
sponding parallel axes with an origin 0, a, b, c 
being the coordinates of the center of gravity 
C with respect to the axes X, Y, Z. Con- 
sidering a mass element dm having coordinates 


X = a + X and Y = b + y, we have for the moment of inertia of the 


body with respect to the Z axis: 


I^ = I [(a + x)' + (b + yy] dm = (a^ -|- h^) f dm 

+ 2a j X dm A- 2b j y dm + j (x'^ + l^) dm (f) 

Since the axes x, y, z pass through the center of gravity C of the 
body, the second and the third integrals in expression (f) vanish (see 
page 199). Then, using the notations 

4- b^ and = x^ 4- y- 

we obtain from expression (f) 


Iz = I r'^ dm + d^ I dm = L 4- — (18) 

and we conclude that the moment of inertia of a body with respect to 
any axis is obtained by adding to its moment of inertia with respect to 
a parallel centroidal axis, the product of the mass of the body and the 
square of the distance between the two axes. This represents the 
parallel-axis theorem for the mass moment of inertia of any material 
body. 

Writing Eq. (18) in the form 
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\ve se6 that 

(19) 

which states the relationship between radii of gyration for parallel 
axes. 

As an example of the application of the parallel-axis theorem to the 
calculation of moments of mertia of three-dimensional bodies, let us 
calculate the moments of inertia of a solid 
right circular cylinder of uniform density 
with respect to the centroidal coordinate 
axes X, y, z, as shown in Fig. 20. We begin 
with a calculation of the moment of inertia 
of the cylinder with respect to the x axis. 

This moment of inertia is obtained by 
summing up the moments of inertia with 
respect to the same axis of all such elemental 
disks of radius a and thickness dz as the 
one indicated in the figure. Observing that 
the weight of the disk is dz and using 
the first of formulas (c) together with the 
parallel-axis theorem, we conclude that the moment of inertia of the 
disk with respect to the x axis is 



ira‘"w dz a‘- , va-w dz , 


Hence, for the entire cylinder, we obtain 



ira'^wl 


-f- 


■na-Pw 

~ 1 ^ 



where W = iraHw is the total weight of the cylinder. 

From the circular form of the cylinder, it may be concluded that 
expression (g) gives also the moment of inertia with respect to the 
y axis as well as for any other centroidal axis perpendicular to the 
geometric axis of the cylinder. 

When the altitude I of the cylinder is small in comparison with its 
radius a, the term P/12 in formula (g) can be neglected, and we 
obtain the same moment of inertia as given by the first of formulas 
(c) derived for a circular lamina. If a is small compared with Z, i.e., 
if we have a slender cylindrical rod, the term o®/4 in formula (g) can 
be neglected, and we obtain for the moment of inertia of such a slender 
rod, with respect to a centroidal axis perpendicular to the axis of the 
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rod, the expression 




Ei! 

g 12 


(h) 


Sometimes we need the moment of inertia of a slender rod with 
respect to a transverse axis through one end of the rod. Then, using 
formula (h) and the parallel-axis theorem (18), we obtain 



(i) 


In calculating the moment of inertia of the cylinder with respect to 
the z axis (Fig, 20), we have only to sum up the moments of inertia of 
all elemental disks, like the one shown in the figure, with respect to the 
same axis. Thus, by using the second of formulas (c) for a circular 
lamina, we obtain 



As a second example, let us calculate the moment of inertia of a 
homogeneous sphere of radius a with respect to a diameter. Taking 
rectangular coordinate axes x, y, z, through the center of the sphere, 
the moments of inertia with respect to these axes are, by definition, 

^1 = 1' (y^ + 2^) dm ly = j (x^ + Z^) dm + y-) dm 

Adding these expressions together and observing that the moments of 
inertia of a sphere with respect to all diameters are equal, we obtain 

Ix = ly = h = ^ j{x^ + + z^) dm = I J r'^ dm (k) 

where r is the distance of the element dm from the center of the sphere. 
Dividing the sphere into thin shells of radius r and thickness dr, the 
mass of one such shell is 4xr^ dr{w/g) . Substituting this for dm in 
expression (k), we obtain 

^ j y 2 [“ 4nrr*w dr 8 irwa^ 2 W , ,,, 

lx = J-v = L = o / = = -= ~ ( 1 ) 

3 jo g 15 fif 5 tj 
where W = is the total weight of the sphere. 


PROBLEM SET A.8 

1. Calculate the moment of inertia h of a right circular cone of uniform 
density, radius of base a, and altitude h, with respect to its geometric axis. 
Ans. I, = SITaVlOp. 
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2. Ctilculfite the momeiit of inertia lx of a homogeneous right circular cone 
ft'ith respect to an axis X through the vertex and parallel to the plane of the 
base. Ans. Ix = Tl^(3a^ + 12/i*)/20j/. 

3. Calculate the moment of inertia of a homogeneous rectangular 
parallelepiped having dimensions a, b, c, with respect to a centroidal axis 
parallel to the edges of length a. ^ns. = F(6- + c=), 12g. 

4. Using the parallel-axis theorem together with the result of Prob. 3, 
find the moment of inertia of a homogeneous cube of weight W and dimensions 
a, with respect to one edge. Ans. I = i(.W/g)a\ 

5. Find the moment of inertia, with respect to a diameter, of a hollow 
sphere if the weight per unit volume of the material is w and the outer and 
inner radii are a„ and a„ respectively. Ans. I = A (mt'/p) (a® - af). 

A. 9. Product of inertia and principal axes. In our further dis- 
cussion of moments of inertia of material bodies with respect to various 
axes, the notion of product of inertia will be very useful. With respect 
to orthogonal coordinate axes x, y, z (Fig. 19), a material body has 
three products of inertia defined by the integrals 


I 


XU ~ 




( 20 ) 


It is seen that product of inertia of a material body, like moment of 
inertia, has the dimension of mass X lengths However, unlike 
moment of inertia, which is always a positive quantity, product of 
inertia may be positive or negative or zero. In general, the calcula- 
tion of product of inertia requires evaluation of the integrals (20). 

In the case of a material lamina, the middle surface of which we take 
as the xy plane, only the product of inertia will be different from 
zero, and, for calculating this, we can use directly the formulas devel- 
oped in Art. A.4. It is necessary only to introduce the additional 
factor wt/(j, as discussed in Art. A.7. Proceeding in this way, for 
example, with formula (<), page A.ll, we find for the product of inertia 
of a right triangular lamina (Fig. 14), with respect to its two orthog- 


onal edges, 


_ wt _ W ah 

" " y 12 


(m) 


where W = wtab/2 is the total weight of the lamina. 

Similarly, the product of inertia Ixy of a lamina having the form of 
a quarter circle as shown in Fig. 15 is 


wtr* _ W 
~ g S g 2 t 


(n) 


where W = wtirr^fi: is the total weight of the lamina. 
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In certain cases, the calculation of products of inertia of a three- 
dimensional body can also be made in a very simple manner. For 
example, if the orthogonal axes x, y, z in Fig. 19 define planes of sym- 
metry of the body, then the cori’csponding products of inertia 
lyz, Ixz are zero. To prove this, assume that the xy plane is a plane of 
symmetry. Then, for each plus yz dm or xz dm in expressions (20) 
there will be a corresponding minus yz dm or xz dm, and, in the proce.ss 
of summation, such pairs of tei'ms cancel each other. Thus, if xij i.s a 
plane of symmetry of the body, 7*^ = 0 and 7j,s = 0. Similarly, if xz 
is a plane of symmetry, we conclude that = 0. 

Orthogonal axes for which the products of inertia (20) vanish are 
called •principal axes of the body. The corresponding moments of 
inertia Ix, ly, Iz are called principal moments of inertia. 

Further calculation of products of inertia for three-dimensional 
bodies can be greatly simplified by introducing the relation between 
the products of inertia for corre.spondingly parallel systems of rec- 
tangular axes, one set of which are ccntroidal axes. Referring again 
to Fig. 19, where x, y, z are centroidal axes and X, Y, Z are corre- 
spondingly parallel axes through any point 0, we have for the prod- 
uct of inertia with respect to the axes X, Y 

IxY = J {x + a)(y + b) dm 

= b jx dm + a jy dm -j- j xy dm -fi ab j dm (o) 

Since x and y arc centroidal axes, the first two integrals in expression 
(o) vanish, and the next integral is, by definition, the product of 
inertia with respect to the centroidal axes x and ?/. Thus, expression 
(o) becomes 

5 W 

IxY = ^xy ~ ab (21) 

Equation (21) is the parallel axis theorem for products of inertia of a 
material body. Similar relationships hold for the products of inertia 
Iyz, lyz and Ixz, Ixz. 

As an example of the application of Eq, (21), let us calculate the 
products of inertia of a cube of dimensions a with respect to coordinate 
axes X, Y, Z coinciding with three edges of the cube that meet at 
one corner. Since correspondingly parallel centroidal axes x, y, z 
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dofine planes of symmetry of the cube, the products of inertia 
are zero, and, by Eq. (21), we have 

r — r T Wa- 

J^XY ~ lYZ = Ixz r 

g -i 

where W is the weight of the cube. 


IP.' 


PROBLEM SET A.9 


1. Calculate the product of inertia of a triangular lamina having the 
shape shown in Fig. 14, with respect to centroidal axes parallel to x and as 
shown, Ans. = — Wab/36g. 

2. Calculate the product of inertia for an angle-shaped plate as shown 
in Fig. A, if IF = 1.1 lb, a = 6 in., A = 1 in. Ans. /i„ = 0.004G0 Ib-secMii. 

3. Calculate the product of inertia of a Z-shaped lamina as shown in 
Fig. 17. Numerical data are given as follows: TF = i lb, a — 5 in., b = 
3 in., Oi = 3 in., = 2 in. Ans. = —0.00173 


lb-sec “'in. 

4. Calculate the product of inertia 7*, for the 
plate In Fig. A with respect to centroidal axes parallel 
to X and y. Use same data as given in Prob. 2. 
Ans. fiv = —0.00528 Ib-secMn. 

5. A solid homogeneous cube of weight 2TF and 
with edges of length a is out into two halves through 
one of its octahedral planes. Find the products 
of inertia of one-half of the cube with respect to 
axes X, Y, Z, coinciding with its three mutually 
perpendicular edges. Ans. Ixy = Iyz = Ixz — 


h h- 

I .. 


w/my/m 


i. 


-1 


T' 


FIG. A 


iFoveOff. 


A. 10. Change of direction of axes of inertia. If, in Fig. 21, 
X, y, z are orthogonal axes for which the moments of inertia 7*, 7* 



axis are shown in Fig. 21. 


and the products of inertia hy, ly,, h 
of a body are known, the correspond- 
ing quantities Ju, /», Iu> iind I uvt 7vU’, 
/„«, for another set of orthogonal axes 
u, V, w through the same point 0 can 
be calculated. Let ai, /3i, 71 , as, ^ 2 , 
72 , ai, Pi, 73 be the direction angles 
with respect to x, y, z of the new axes 
u, V, w, respectively. For example, 
the direction angles ai, di, 7ii oi the u 
Then the moment of inertia of the body 
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with respect to the u axis is given by the formula' 

In = Ix cos^ ai + ly cos® /3i + Iz cos® 71 

— 2Izy cos ai cos /3i — 21zz cos ay cos 71 — 2lyz cos fix cos 7i (22) 

Similar expressions can be written for the moments of inertia /„ and 
In the particular case where x, y, z are principal axes of the body, 
the products of inertia l^z, lyz vanish and Eq. (22) takes the 
simpler form 

= h cos® ax + ly cos® /3i + cos® 71 (22a) 

If the body is a lamina and we take the axes x and y in its plane, 
then for axes u and v also in the plane of the lamina we have cos 71 = 0 
and also the products of inertia lyz and Ixz vanish. In such case, 
Eq. (22) I’educes to 

lu = Ix cos® ax + ly cos® di — cos cos /?i (22h) 

Equation (22h) will be seen to agree with Eq. (Oct) on page A. 13 if we 
note that between the two sets of notations used there is the follow- 
ing correspondence (see Fig. 16) : 

ax = (p di = 90° — <p u = x' 

Referring again to Fig. 21, the product of inertia of the body with 
respect to the axes u and v can be calculated from the formula® 

luv = —Ix cos ax cos a2 — ly cos px cos P2 — h cos 7i cos 72 
+ 7i„(cos ax cos /32 cos a^ cos fix) 

+ Ixz(ooa ai cos 72 + cos a^ cos 71) 

+ Iyz(cos fix cos 72 + cos fit cos 7i) (23) 

Similar expressions can be written for the products of inertia 7,„, 
and 7,.„. 

If X, y, z are principal axes of the body, the products of inertia Izy, 
Ixz, lyz vanish and Eq. (23) reduces to the simpler form 

luv = —lx cos ax cos 012 — ly cos fix cos fii — Iz cos 7i cos 72 (23a) 

For the case of a lamina coinciding with the xy plane, we have for 
axes u, V, also in the plane of the lamina, 

cos 71 = cos 72 = 0 and 7*, = lyz = 0 

'■ The somewhat cumbersome derivation of this formula is omitted. It can be 
made in a manner analogous to the derivation of Eq. (9a) on page A. 13. 

» The derivation of this formula also is omitted, although it can be made in a 
manner similar to that used in the derivation of Eq. (12), page A, 13, for the case 
of a plane figure. 
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Under these conditions, Eq. (23) reduces to 

cos ai cos az — ly cos cos ^2 

+ /i»(cos ai cos fit + cos 0:2 cos 81) (23t) 

Equation (23b) will he found to agree with Eq. (12), page A. 13, if we 
note that between our present notations and those used in Fig. 16, 
there is the following correspondence; 

Oil = <p a2 = 90° -h <£> |Si = 90° — tp ^2 = <p 

Equations (22) and (23) are very helpful in the calculation of 
moments of inertia and products of inertia of material bodies with 
respect to various axes for which direct integration would become very 
diflScult. Consider, for example, the solid right circular cylinder of 



weight W, radius a, and length I, as shown in Fig. 22, and assume 
that we require the moment of inertia and the product of inertia 
with respect to inclined axes u and v in an axial plane of symmetry 
as shown. These quantities, for instance, would be required in dis- 
cussing rotation of the cylinder about the diagonal axis AB . 

We begin with a calculation of the moment of inertia /«. Taking 
principal axes x, y, z through the center of gravity C of the cylinder, 
and using Eqs. (g) and (j), we have 



and since x, y, z are principal axes, hy — may 

use Eq. (22o). Referring to Fig. 22, we see that 


I 


2a 

Vl® + 4a= 


cos Cti 




cos Pi = 


cos 7 i = 0 (r) 
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Substituting the quantities (q) and (r) into Eq. (22a), we obtain 


+ 6a2) 

+ 4a'^) 


(s) 


To calculate the product of inertia of the cylinder, we use Eq. 
(23a). Then in addition to the quantities (q) and (r) above we have, 
by reference to Fig. 22, 


cos 0:2 = 


2o 


cos = 


I 

s/l- + 4a2 


cos 72 = 0 (j) 


Substituting the quantities (q), (r), and (t) into Eq. (23a), we obtain 

, TEaZ(3a2 - P) 

6(7(4a^ + P) 


Attention is called to the fact that this product of inertia vanishes 
when I = -\/3 a. This means that for such proportions of the cylin- 
der, u, V, w, as shown in Fig. 22, are also principal axes. 


PnOBLEM SET A.lO 


1. Calculate the moment of inertia of a homogeneous rectangular lamina 
nf dimensions a and b with respect to a diagonal of the roctanglo. The weight 

I W 

0 ff +b^' 

2. Determine the moment of inertia of a homogeneous rectangular paral- 
lelepiped of dimensions a, b, c and weight W with respect to a diagonal. 

1 W + b'^P 4- aV 
Ans. - Q ^ - ^2 _|_ 


3. Calculate the moment of inertia of a homogeneous right circular cone 
of weight TF, altitude h, and radius of base a with respect to a generator. 

3TF0’' + 0/F 

-Ins. - 20g -t- /F ■ 

4. Calculate the product of inertia of a homogeneous rectangular 
lamina of weight W with respect to ortliogonal axes u and v through the centci 
of gravity and in the plane of the lamina if the u axis coincides with a diagonal, 

Ans. -I- a 2 ' 

5. Calculate the product of inertia of a homogeneous right circular cone 
of weight TF, altitude h, and base radius a with respect to ortliogonal axes u, v 
in an axial plane of symmetry through the vertex of the cone, the u axis coin- 


ciding with a generator. 


3Wah a* — 

20;; a^+lT‘ 
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Various Moments of Inertia of Bodies 


















Appendix Three 
FORCED VIBRATIONS 


A. 11. General theory. In Art. 6.6, we considered the free vibra- 
tions of a spring-suspended mass subjected only to the action of a 
spring force — kz. Such vibrations, as we have seen, occur only if 
there is some initial disturbance of the mass from its equilibrium posi- 
tion. Let us consider now the ease where, in addition to a spring 
force, we have a force Q varying with time so that the differential 
equation of motion [Eq. (34)] becomes 

TV 

X = —kx + Q (a) 

in which the force <3 = F{t) is called a disturbing force. 

Periodic Disturbing Force. In practical cases we very often have 
a disturbing force that varies with time according to a sine or cosine 
law. As an example, consider the case of a motor of weight TE sup- 
ported on springs and constrained to move vertically as shown in 
Fig. 23. If the rotor is perfectly balanced, there will be only the con- 
stant gravity force 17 acting which will produce a deflection Sk = TV /k. 
Thus if the motor is pressed downward from its position of static equi- 
librium and then suddenly released, free vibrations having the period 

will ensue. Suppo.se now that the rotor has an 
eccentric mass attached to its rim at A as shown. 

Such an eccentric rotating mass will produce a 
centrifugal force acting as shown in the figure. 

If Qo is the magnitude of this force, its vertical com- 
ponent, acting along the line of motion, represents 
the distributing force in this case and we have‘ 

(3 = Qo cos (xt (b) 

^ It is assumed that the amplitude of vibration is small so that the path of 
point .-1 may be considered to be a circle. 
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where co is the uniform angular speed of the rotor in radians per second 
and time t is measured from the instant when the centrifugal force 
acts vertically downward. 

We now replace Q in Eq. (a) by expression (b). Then dividing both 
sides of the equation by W/g and using the notations 




(c) 


the latter of which is scan to represent the maximum value of the dis- 
turbing force per unit of vibrating mass, we obtain 

± -f = Qo cos oif (24) 

This is the differential equation of forced vibrations. 

Periodic Ground Motion. Before proceeding with the solution of 
Eq. (24), we shall mention another system (Fig. 24), an analysis of 
which leads to the same diffei’cntial equation. Consider the weight 
W suspended from the lower end of a helical spring, the upper end of 
which is attached to a crosshcad A which, by virtue of its connection 
with the rotating crank OB, performs the simple harmonic 
motion 

Xi = a cos cot (d) 

where a is the length of the crank OB and a is the 
uniform angular speed with which it rotates. This forced 
motion of the crosshcad A is called the ground motion. 
The time t is measured from the instant when the crank 
is vertically down, and hence the displacement Ki of the 
crosshead is given with respect to its middle position. 
Owing to such motion of the upper end of the spring, the 
suspended weight W will also move, and we shall measure 
its displacement x from the position of static equilibrium 
when the crosshead A is in its middle position. In general 
X will be different from xi, and it is evident that the 
difference x — Xi between these two displacements represents the 
elongation of the spring over and above that existing for equilibrium 
conditions. Thus the equation of motion becomes 

yx = W - [W + k{x - xi)] 

which, by using expression (d) for x,, may be written 
W 

— X + /cx = ak cos cot 
Q 



FIG. 24 


(e) 
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Dividing both sides of Eq. (e) by W /g and using th(' notations 


4 

W 


= p® 


akg _ 
W ~ 


(f) 


we see that Eq. (e) takes the same form as Eq. (24). The only differ- 
ence between this and the preceding case is that here the disturbing 
force is transmitted to the su.spended weight through the spring instead 
of being applied directly to it, as in Fig. 23. 

General Solution. We seek now the solution of Eq, (24). .Vn exam- 
ination of this equation shows that it can he satisfied by taking 

x = C cos lot (g) 


where (7 is a constant, 
we obtain 

from which 


Substituting expression (g) for z in Eq. (24), 
-(76)2-1- Cy = po (W 



and the solution (g) becomes 


a: = ^ -T 7 -; cos w( (25) 

p2 1 — W'/p- 

This is only a particular sohition of Eq. (24). To obtain the general 
solution which can be adapted to any initial conditions of motioii, we 
add to this particular solution the general solution for free vibrations, 
as given by Eq. (41), page 280. Then 

X - Cl cos pf -1- Cz sm pt -h (1 

By substitution it can be proved that this expression satisfies Eq. (24), 
and since it has two constants of integration, we can always adjust 
these constants so as to satisfy any initial conditions regarding dis- 
placement and velocity. The first two terms in Eq. (26) represent 
free vibrations having the period 

P 

For a given system this period is definite and independent of the dis- 
turbing force or ground motion. The last term represents forced vibra- 
tions, which are seen to have the period 

27r 
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Thus the period of forced vibrations is the same as that of the dib- 
turbing force or ground motion which produces them and does not 
depend at all upon the period of natural vibration of the system. 

The motion represented by Eq. (2(5) is, then, the sum of two har- 
monic vibrations having, in general, two distinct periods. The result 
of a summation of two such harmonic functions is illustrated in Pig. 
25. Figure 25a shows the displacement-time diagram for the forced 
vibrations as represented by the last term of Eq. (2(5), while Pig. 256 
shows that of free vibrations as represented by the first two terms, 
assuming Ci = 0. Figure 25c shoAvs the displacement-time diagram 
resulting from a summation of these two harmonic motions. 


X, 



Owing to the fact that some friction will always be present, even 
though it has not been taken into account in the developnicut of Eq. 
(26) , the amplitude of free vibrations as represented by the first two 
terms of the equation will diminish with time and thus l.hoso vibrations 
will gradually disappear while the forced vibrations sustained by the 
continuously acting disturbing force or ground motion remain and ive 
have the condition represented by Fig. 25d in which the irregularity in 
the curve gradually disappears. That is, the motion soon roaches a 
state of steady forced vibrations completely defined by Eq. (25). 
These forced vibrations are maintained indefinitely by the disturbing 
force or ground motion and therefore are of great practical importance. 

Forced Vibration Phenomena. Let us now consider in detail the 
forced vibrations as represented by Eq. (25). If, for the case of the 
spring-mounted motor shown in Fig. 23, we replace p- and by their 
values (c), we obtain for the equation of forced vibration 
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„ _ Qo cos ost 1 

k {25a) 

For the case of the weight suspended from the agitated spring (Fig- 
24) Eq. (25) becomes, by using notations (fj, 


X = a cos (lit -z ^ — 

1 - 


(m,) 


The factor (Qq cos coQ/k in Eq. (25a) is seen to represent the deflection 
of the springs that would be produced by the static action of the dis- 
turbing force Qa- It should not be confused with the deflection 
= W/k produced by the gravity force IF. In Eq. (255) we note 
that the factor a cos ut represents the motion of the crosshcad to 
which the upper end of the spring is attached i.e., the ground motion. 
In an analogous manner then this may be considered as the static 
effect on the suspended weight of the forced motion of the upper end 
of the spring. Thus, in either case, we conclude that the dynamic 
effect of the disturbing force or ground motion on the system is rep- 
resented by the factor 


1 - w-/p‘ 


the absolute value of which is called the magnification factor. The 
magnitude of this factor is seen to depend solely upon the ratio cj/p, 
that is, upon the ratio between the frequency /i = u/2t of the dis- 
turbing force or ground motion and the frequency / = p/2t: of free vibra- 
tions of the system. Hereafter we shall refer to these two frequencies, 
respectively, as the impressed frequency fi and the natural frequency f. 

Since the amplitude of forced vibration is directly proportional to 
the magnification factor, let us investigate, now, the variation of this 
factor with the ratio to/p = /i//. This variation has been represented 
graphically in Fig. 26, by plotting the magnification factor as ordi- 
nates and the ratio co/p as abscissa. When to is small compared with p, 
that is, when the impressed frequency is very low compared with the 
natural frequency, the magnification factor is not greatly different 
from unity and we conclude that under such conditions the dynamical 
deflections do not differ much from those that would be produced by 
the static action of the same disturbing force. This conclusion has 
important practical applications as we shall see later. 

As CO approaches p in value, that is, as the impressed frequency 
approaches the natural frequency, the magnification factor increases 
very rapidly until when co = p it becomes infinite. This condition is 
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known as resonance. Thus wo might conclude that at the resonance 
condition the amplitude of forced vibration could be gradually built 
up and grow without limit. However, owing to the effect of friction 
forces (not taken into account), the amplitude at resonance does not 
become indefinitely large although it may become dangerously large 
As CO is further increased above resonance, the magnification factor 
begins to decrease, and when co/p is very large, that is, when the 
impressed frequency is many times greater than the natural frequency, 



it approaches zero. Thus we conclude that, for impressed frequencies 
well above the resonance condition, the weight W tends to stand 
practically still in space. This conclusion also is of great practical 
importance. 

For all values of u > p, that is, for all conditions where the impressed 
frequency is higher than the natural frequency, the factor (j ) is scon to 
be negative. This means that the displacement of the weight W is 
opposite to the direction of the disturbing force or ground motion, 
whereas below resonance it is in the same direction. Thus, above 
resonance, the forced vibration of the weight W is said to be out of 
phase with the disturbance while below resonance, it is said to be f?i 
phase with the disturbance. 

PROBLEM SET A. 11 

1. The spring-mounted motor shown in Fig. 23 operates at 1,800 rpm, 
and the eccentric mass sots up at this speed a centrifugal force Qa = W/10. 
The weight W of the motor and the spring constant k for the system of springs 
are such that Sm = W/k = 0.003 in. Calculate the ratio of the amplitude x„ 
of forced vibration to S^i, Ans. Xm/S,t — 0.138. 

2. For the system shown in Fig. 24, the following numerical data are 
given: a — 1 in., w = 180 seo~i, 8,t = W/k = 3 in. Calculate the amplitude 
x„ of forced vibration of the suspended weight W, Ans. Xm = 0.004 in. 
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A. 12. Technical applications. For each of the three rather 
distinct regions of the magnification-factor diagram in Fig. 20, rep- 
resenting the conditions (1) well below re.sonance. (2) well above reso- 
nance, and (3) at resonance, the phenomena of forced vibrations ha\’e 
many important technical applications, some of which we shall now' 
discuss. 

Pressure Indicator. For the condition of forced vibration well below 
resonance, we note from Fig. 26 that the chief characteristic of the 
motion is that the amplitude does not differ much from the static 
deflection produced by the maximum value of the disturbing force. 
This fact is of importance in the dessign of various types of pressure 
indicators used for measuring variable forces such as steam pressure 
in the cylinder of an engine. Such an instrument 
usually consists of a small piston attached to a spring, 
as shown in Fig. 27. Thus we have a system, the 
natural frequency of which depends upon the spring 
constant k and the piston weight 17. The instrument 
is connected to the cylinder of an engine by the tube B 
so that the piston is at all times subjected to the 
same pressure existing in the engine cylinder. Since 
this pressure is variable, it produces forced vibra- 
tions of the piston which are recorded on a rotating 
cylinder by the pencil A . In order that the displace- 
ment of the piston will always be approximately the same as would be 
produced by the same pressure acting statically, it is necessary that the 
natural frequency of the indicator system be many times greater than 
the frequency of fluctuations in the variable pressure that is to be meas- 
ured. Under such conditions the ratio u/p w'ill be small and the value 
of the magnification factor will differ but little from unity. Thus the 
ordinates of the record can be taken as proportional to the pressure. It 
is seen that the general requirements for the instrument are a light- 
weight piston and a stiff spring, as this combination results in a high 
natural frequency. 

Vibrograph. Let us consider now the condition of forced vibrahon 
well above resonance, where the ratio (a/p is large. This condition, 
as we have already seen, is characterized by very small amplitudes and 
a half-cycle phase difference between the disturbance and the forced 
vibration. These facts are utilized in the design of such instruments 
as the vibrograph and seismograph for measuring vibrations. An 
instrument of this kind is shown in Fig. 28. It consists essentially of 
a frame from which a heavy weight T7 is suspended by flexible springs. 



rfTimii 

FIG. 27 
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A recording dial A is arranged, as shown, to register any relative 
motion between the suspended weight and the frame. When the 
frame is fastened to any vertically vibrating body, say the bearing of 
a large turbine or generator, forced vibrations of the suspended weight 
TF will be produced. If the natural frecpiency of the instrument is 

very low compared with the impressed fre- 
quency, represented in this case by the rps 
of the turbine or generator, the suspended 
weight W will practically stand still in space 
and hence the dial will show with good ac- 
curacy the absolute value of the vertical 
motion of the bearing to which the frame is 
bolted. The instrument can easily be 
adapted to the measurement of horizontal 
vibrations by using horizontal springs. 

Spring Mountings. The fact that a high- 
frequency disturbance practically does not 
produce vibrations of a system of very low natural frequency is also 
utilized in the design of various kinds of flexible supports for instru- 
ments that we should like to isolate from vibi’ations produced in the 
streets by heavy traffic and transmitted to our laboratory buildings. 
For example, if the natural frequency of vibration of the supporting 
platform shown in Fig. 29 is very low, the instruments will be practically 
unaffected even though the building may vibrate considerably. Since 
only disturbances of frequencies near those of free vibrations of the 
building rvill be transmitted to it to any appre- 
ciable extent and further since most buildings 
are of rigid construction and therefore have 
fairly high natural frequencies of vibration, it 
is not difficult to arrange such a platform to 
work satisfactorily. 

The same principle is also applied in the use 
of flexible mountings placed between an engine and its foundation. If a 
motor bedplate AB, for instance, is rigidly bolted to the foundation (Fig. 
30a) and there is some unbalance in the rotor, the corresponding centrif- 
ugal force Qo will be transmitted to the foundation and will produce unde- 
sirable disturbances. Imagine now that the bedplate is mounted on 
springs in such a way that only vertical motion is possible (Fig, 30b). 
In this manner we obtain a flexible system, the natural frequency of 
which can be calculated if we know the spring constant k for the group 
of springs and the weight W of the motor together with the bedplate. 



FIG. 29 



FIG. 28 
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If the springs are so chosen that the natural frequency of the system 
is small compared with the impressed frequency, equal to the rps of 
the motor, the ratio oj/p is large and the amplitude of forced vibration 
is small compared with the deflections that the centrifugal force Qn 
would produce statically. In the same proportion, the fluctuating 
forces transmitted through the springs to the foundation will be .smaller 
than the force Qo- In this way undesirable vibrations of the founda- 
tion produced by unbalance in the rotor will be substantially reduced. 

Frahrn’s Tachometer. We come now to a consideration of the con- 
dition of resonance. Although our solution in which the effect of fric- 



FIG. 30 FIG. 31 


tion has been neglected, does not give an exact picture of what happens 
at resonance, it will he sufficient, for the present, to observe that this 
condition is characterized chiefly by very large amplitudes of forced 
vibration. Owing to this fact, the condition of resonance is often a 
dangerous one because of the corresponding large stresses produced in 
the spring or springs of the system. Horvever, certain instruments, 
used for raea.suring the frequency of vibrations, are designed to oper- 
ate at or very near resonance. 

Figure 31 represents an instrument called Frahm’s tachometer, 
which is used for determining the frequency of any vibrating body. 
It consists essentially of a number of thin steel strips, each built into 
a base at one end and carrying a weight at the other. Thus each umt 
is a small cantilever beam carrying a load at one end and having a 
definite natural frequency of lateral vibration. The weights are so 
adjusted that their frequencies represent a series of numbers over some 
definite range. Now when the base is attached to a vibrating body, 
each weight undergoes forced vibrations having the frequency of the 
body to which the base is fastened. If this frequency is within the 
range of the tachometer, the weight that has most nearly the same 
natural frequency will vibrate with a larger amplitude than any of the 
others (see Fig. 31) and thus the frequency is determined. 
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Vibrator. Another example of a practical application of resonance 
is the so-called vibrator used for finding the natural frequency of vibra- 
tion of bridges, buildings, and other large structures. This instru- 
ment (Pig. 32) consists essentially of two similar rotating masses pur- 
posely unbalanced so that, when they are rotated in opposite directions 
they set up two equal centrifugal forces Qo. Further, they are so 
adjusted that these forces always make the same angle with the ver- 
tical, thus causing their horizontal projections to balance each other 
while their vertical projections add together to give a vertical pulsat- 
ing force, the frequency of which can be controlled by varying the 
speed of rotation. Suitably mounted in a rigid frame, the vibrator 



FIG. 32 


can be stationed on the bridge and gradually speeded up until the 
resonance condition is reached. This speed will easily Ire recognized 
owing to the large amplitude of forced vibration of the bridge. It is 
only necessary then to note the rps of the vibrator to have the natural 
frequency of the bridge. 

The same instrument has also been utilized for testing large struc- 
tural models as well as some obsolete structures. By means of the 
vibrator operating at the resonance speed, the structure is brought to 
complete destruction after which the types of structural failure are 
carefully studied. The very fact that it is possible by means of a 
comparatively small vibrator to bring a large structure to complete 
destruction emphasizes the great danger involved in operating any 
machine at or near a resonance condition. 

PUOBLEM SET A.12 

1. A steam-pressure indicator like the oire illustrated Pig. 27 uses a spring 
for which /c = 100 Ib/in. Detcrinine the correct weight IP for the piston if the 
maximum frequency of fluctuating irrcssurc to bo measured i.s GOO oycles/min 
and a limit of 2 per cent error is imposed. A?ts. W = 0.200 lb. 

2. Detei'mine the spring constant k for the system of springs used for the 
mounting of the motor shown in Fig. 30h so that the variable force trans- 
mitted to the foundation will be only one-tenth as much as when the motor is 
mounted as shown in Fig. 30a. The motor operates at 1,800 rpm, and has 
the weight W = 200 lb. Ans. k = 1,G80 Ib/in. 
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BALANCING OF RIGID ROTORS 


A. 13. Reactions on a fixed axis. Let us consider a body of any 
shape which is free to rotate about a fixed axis AB (Fig. 33) supported 
in bearings at A and B. If there is no friction in the bearings and 
only the gravity force is acting on the body, it will take the position 
of stable equilibrium for which its center of gravity has the lowest 
position. The pressures transmitted to the bearings for this po.sition 
of equilibrium can be determined by using equations of .statics. By 
applying a torque to the axle, the body can be turned and put in any 
other position provided the moment of the gravity force is balanced 
by the applied torque. It is evident that the applied torriue does not 
change the pressures on the bearings and they remain the same as for 
the ease of stable equilibrium mentioned above. 

Assume now that the body rotates with respect to the axis AB with 
constant angular velocity cu, which reciuires that the moment of all 
forces acting on the body with respect to this axis be zero. Owing to 
this rotation, additional pressures on the beariiig.s will usually be pro- 
duced. In calculating these additional pressures, we shall use D’Alem- 
bert’s pi'iuciple and apply to each element of the rotating body its 
inertia force. Then, during rotation, the pressures on the bearings 
produced by these inertia forces can be calculated by using equations 
of statics. In writing these equations, we shall use a system of rec- 
tangular coordinate axes a;, y, z, the origin of which coincides with the 
center of the bearing A and the z axis of which coincides with the 
axis of rotation and shall assume that during rotation the x and y 
axes rotate together with the body. Taking at any point, di-stance 
r from the axis of rotation, a particle of mass dm and obserrdng that 
the body is rotating uniformly, we conclude that the element has only 
radial acceleration oAr and that the inertia force acting on it is co-r dm, 

A.4I 
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directed as shown in the figure. The projections of this inertia force 
on the X and y axes are, respectively, 

u'^x dm and co^y dm (a) 

and its moments with respect to the same axes are, respectively, 

— tjihjedm and arxz dm (b) 

where the signs of moments are determined in accordance with the 
right-hand rule. The unknown reactions at the bcaring.s can be 
resolved into components Xa, Ya, and Xb, Yb, as shown in the figure. 



FIG. 33 

For determining these components of the reactions, we write four eejua- 
tions of statics, by equating to zero the sums of the projections of all 
forces on the x and y axes and likewise the sums of moments of all 
forces with respect to the same axes. Thus, by using expressions (a) 
and (b), we obtain 

i'fa + + cD^Ja: dm = 0 

Ya + Fj, dm = 0 , . 

— Yhl — o>'‘lyz dm = 0 ^ 

Xb I -b dm = 0 

Introducing the notations'^ 


W f 

g J 


y dm = — Vc, 


yz dm 


xz dm = Ii, 


where W fy is the total mass of the body and a:„, y,., the coordinates 
of its center of gravity, this system of equations can be put in the 


1 The fli-st two integrals are simply the statical moments of the body with respect 
to the yz and xz planes, respectively, and are well known from statics. The 
second two integrals are called products of inertia of the body with respect to the 
y, z and z axes, respectively. They are dimensionally similar to moments of 
inertia and are fully discussed in Appendix II, p. A. 23. 
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form 


g 

y 4- V — 

-1 o J. i — — to- 7/r 

g 

y - r 

J- 
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(27) 


From these equations tlie four components of the reactions can be 
calculated provided the coordinates of the center of gravity and the 
products of inertia of the body with respect to the x, z and y, z axes 
are known. 

In the particular case where the center of gravity of the body is on 
the axis of rotation, = y,, = 0 and from the firot two of Eqs. (26) 
we conclude that 

Xa = — Xi, and 7„ = — F|, 

Thus the components X^, Xb and F„, F^, of the bearing reactions 
represent a pair of couples in the xz and yz planes, respectir-eh’-, and 
we conclude that there is a resultant couple in some intermediate axial 
plane of the rotating body. During rotation of the body, the plane 
of this resultant couple rotates also and the bearings are submitted 
to the action of uniformly rotating forces. 

Such rotating forces, as we have seen in Ap- 
pendix III, can produce forced vibrations of 
the bearing pedestals and are, generally 
speaking, very undesirable. To eliminate 
them it is necessary, as is seen from the last 
two of Eqs. (26), to make the products of 
inertia of the body with respect to the y, z and 
X, z axes zero. Then the reactions at the 
bearings due to inertia forces completely 
vanish. This means that the axis of rotation must go through the 
center of gravity of the body and must coincide with one of its principal 
axes of inertia. In short, a body which rotates about a principal central 
axis will not produce fluctuating pressures on the bearings. 

As an example of calculating bearing reactions for a rigid body 
rotating about a fixed axis AB which is not a principal axis, let us 
consider the case shown in Fig. 34. Here we have a homogeneous 
solid right circular disk of weight W and radius r obliquely mounted 
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on a shaft so that the middle plane of the disk makes an angle a with 
a plane normal to the axis of the shaft. Taking coordiate axes x, 
y, z, as shown, wc .see that Xc = t/c = 0 and also, since .vz is a plane of 
symmetry, we have lyz = 0. Then for thi.s ca.se, Eqs. (26) reduce to 

Ra = Rb — (d) 

where w is the angular velocity around the z axis and is the product 
of inertia of the disk with respect to the x and g axes. To calculate 
we first use the parallel-axis theorem for product of inertia (see 
page A. 2-1) and write 

- W 

T xz — I ^ XeZe i xz 

since Xe = 0. Then using Eq. (23a), page A.26, wc find 

W r° . 

I xz ~ Ixz “ ^ sin 2o: (g) 

Substituting this value into Eq. (d), wo obtain for the reactions 

W r- w- 

R« = —Rh - 2a (f) 

Thus Ra is in the positive direction of the x axis while Rb is in the nega- 
tive direction and together they represent a couple as .shown in Fig. 
34. During rotation, the xz plane containing this couple rotates with 
the disk and the bearings themselves arc subjected to rotating forces 
equal but opposite to the forces shown. We see from expression 
(/) that the dynamic bearing reactions have their maximum value 
when a = 45° and that they vanish Avhen a = 0, that is, when the z 
axis is a principal central axis of the disk. 


PROBLEM SET A.13 


1. A homogeneous thin rectangular plate having dimen,sion.s a and b and 
weight TF rotates in fixed bearings with uniform angular velocity co about a 
diagonal AB as .shown in Fig. A, Calculate the dynamical bearing reactions 
Ra and Rh as shown. 

Hint. Bee page A.13 for product of inertia of the plate with respect to non- 

Wu’‘iib(a‘ — 6 '^) 


principal axes. Ans. Ra = Rh = z r 


I2ff(n^ + &“)H 
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FIG. A 



2* A Iioniogeiieoua right circular cylinder of length I, radius r, and weight 

rotates in fi.xGd beaiing.s with uniform angular velocity co about a diagonal 
AB as shown in Fig. B. Calculate the dynamical bearing reactions R„ and 
El as shown. 

Hint. See page A.2S for product of inertia of tlje cylinder with ;e.spect to 

... , „ „ Wu^rlil^ - 3r=) 

nonpnncrpal axes. Ans. Ec = Ei = 

A. 14'. Balancing of rigid rotating bodies. It was shown in the 
preceding- article that due to uniform rotation of a rigid body about a 
fixed axis, there will generally be some dynamical pres,sures exerted 
by the axle on the bearings and that these pressures rotate yith the 
body. Assuming the axis of rotation to be horizontal and resol\-ing 
the rotating force on each bearing into a horizontal and a vertical 
component, wc find that each of these components represents a peri- 
odically varying force with a period equal to the time of one revolution 
of the body. Such forces, as we have seen before, are likely to produce 
forced vibrations of the foundation or supporting stracture. These 
forced vibrations may become very severe if the frequency of the dis- 
turbing force is the same as the natural frequency of vibration of the 
supporting .structure for, in such case, a condition of resonance exists. 

To eliminate such periodical disturbing forces in the case of rotating 
machine parts, the body is usually so designed that its axis of rotation 
repre.sents a principal central axis. In such case, a.s we have already 
seen, uniform rotation does not produce dynamical pressures and the 
reactions at the bearings are constant and the same as under static 
conditions. However, it is not always possible, for practical reasons, 
to have the axis of rotation of a body or system of bodies coincide with 
a principal central axis, and in such cases pulsating forces will act on the 
bearings during rotation. To eliminate these force.s, it is necessary 
to balance the rotating body or system, i.e., to make the axis of rotation 
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a principal central axis of inertia by adding some appropriate mass or 
masses to the system. In the following di.seussion we shall consider 
some typical case.s of unbalance and discuss methods of balancing. 

Static Unbalance. As a first example take the case where several 
massc.s (1, 2, 3, . . .) in the same plane arc rigidly connected to an 
axle perpendicular to thi.s plane and are uniformly rotating about thh 
axle (Fig. 35). In this case the inertia forces represent a system of 
forces intersecting in one point 0 on the axis of 
rotation. This rotating system will be perfectly 
balanced if the free vectors representing the 
several inertia forces build a closed polygon of 
forces, for in such case the resultant inertia force is 
zero. If the polygon of inertia forces is not 
closed, the clo.sing side represents the resultant 
inertia force which produces pressure on the 
bearings. Knowing the magnitude and direction 
of this re.sultant, the magnitude and location of a 
weight which will bring the sy.stem into perfect balance can be calculated 
easily. 

In the ease of rotation of a rigid system about a principal axis, the 
re.sultant inertia force can be obtained by a.ssuming the entire mass of 
the sy.stem to bo concentrated at the center of gravity and considering 
the acceleration of this point. From this, it follows that the rotating 
•system shown in Fig. 35 will be perfectly balanced if the center of 
gravity of the masses 1, 2, 3, . . . is on the axis of rotation, since in 
such a case, acceleration of the center of gravity is zero, and conse- 
quently the resultant inertia force is zero. If the center of gravity 
of the system docs not coincide with the axis of rotation, the system is 
unbalanced. Such unbalance is seen to represent the case where the 
axis of rotation is a principal axis but not a central axis of the system. 
This kind of unbalance is called static imbalance, since it can be detected 
by putting the ends of the axle on horizontal rails. Under the action 
of the gravity forces, the axle will rotate until the center of gravity of 
the sy.stem occupies the lowest position. As soon as the radius on 
which the center of gravity lies is determined by this test, we can 
bring the center of gravity of the system to the axis of rotation by 
adding a proper correction weight on the opposil.e radius. In this way 
the static unbalance is removed. 

In the case of thin rotating disks and flywheels, it can be assumed 
with sufficient accuracy that all mass is di.stributed in the middle 
plane of the disk or flywheel perpendicular to the axis of rotation, 
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Then static balancingj as described above, is entirely sati-'inctury 
unless the plane of the disk or flywheel happens not to be exactly per- 
pendicular to the axis of its shaft (see Fig. 34). 

Dij7icL7Tiic L^iihdlcLiicG. In the case where several eccentric rua'^.-c.s are 
distributed along the length of the shaft so that the inertia fi )ri.:e^ set up 
owing to rotation are not all in one plane, the problem of balancing 
becomes more complicated since static balancing is u.sually insufficient 
to eliminate dynamic pressures on the bearings. 




FIG. 36 FIG. 37 

Let us consider first the case where we have two equal masses in the 
same axial plane and at equal distances from the axis of rotation but 
on opposite sides (Fig. 36). In such a case the center of gravity of the 
system is on the axis of rotation and a static test would show the system 
to be in balance. However, dynamic prcs.surcs will be produced on 
the bearings as soon as the system is put in rotation and these pre.-^aures 
form a couple rotating with the body. We see that this condition cor- 
responds to the case where the axis of rotation of the system is a central 
axis but not a principal axis of inertia, 
be detected only when the system is in 
rotation, it is called dynamic ^mhdlance. 

General Case. In a more general case 
we may have two masses in two per- 
pendicular axial planes, and at different 
distance.s from the axis of rotation, as 
.shown ill Fig. 37. In this case the axis 
of rotation is neither a principal axis nor 
a central axis for the system and we 
have a combination of static and dynamic unbalance. 

Considering finally the completely general case of several eccentric 
masses 1, 2, 3, . . . rigidly attached to, and rotating about, an axis 
AB with uniform angular velocity (Fig. 38), we see that during rota- 
tion we obtain a system of radially directed inertia forces which are 
scattered along the axis of the shaft. Resolving each of these forces 


Becau.se such unbalance can 




A.48 APPENDIX FOUR [Art. A, 14 

into two components parallel to the x and y axes^ and denoting by P 
the resultant of the forces in the xz plane and by Q the re.sultant of the 
forces in the yz plane, we find that the resultant action of such a system 
of inertia forces can be represented by the action of two perpendicular 
nonintersecting forces P and Q and the system is equivalent to that 
represented in Fig. 37. 

Wc shall show now that the action of these resultant inertia forces 
P and Q can be completely balanced, and the dynamic pressures on 



the bearings during rotation eliminated, by putting two correction 
weights in two planes 1 and 2, perpendicular to the axis of rotation and 
intersecting this axis at arbitrarily chosen points m and n in Fig, 39. 
These planes are called correction planes. Considering the force P in 
the xz plane, we see that it can be completely balanced by forces Pi 
and P<i acting along the lines of intersection of the correction planes 
1 and 2 with the xz plane. In calculating the magnitudes of these 
forces, we use the two equations of statics: 


Pi +P,^P 

Pia = P^h 


(k) 


In the same manner the force Q can be balanced by forces Qi and 
of such magnitudes that 

Qi + Qa = Q /]•, 

Qic = (hd ^ 

Considering the resultant Ri of the forces Pi aircl Qi in plane 1, we 
can produce this force by putting a correction weight IFi on the 

‘ These axes are assumed to rotate with the system. 
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radius defined by the direction of R, and at such a distance r, from the 
axis of rotation that 


In the same manner the resultant R, in plane 2 can be produced by a 
weight Tl ^ 2 nt such a distance 7*2 from the z-axis that 



(lb 


Thus the two weights Wi and TTo, put, as described, in two arbitrarily 
chosen planes 1 and 2 perpendicular to the axis of rotation, completely 
balance the given system of bodies rigidly connected to this axis. 

If the inertia forces in one of the plane.s, say the xz plane, are in 
equilibrium, we obtain P = Q and have to balance only the force Q. 
If the forces P and Q represent a couple, this couple can be balanced 
by two correction weights in planes 1 and 2, .such that their inertia 
forces represent an equal and opposite couple. We see that in all cases 
where the unbalance is known it is not difficult to eliminate it by 
introducing two properly chosen correction weights. 

In the case of rotating bodies such as rotors, flywheels, etc., which 
are designed to rotate about a principal central axis, there .should be 
no problem of balancing. However, due to nonhomogeneity of the 
material and, owing to small inaccuracies in machining, there i'. always 
likely to be some small deviation of the axis of rotation from the posi- 
tion of a principal central axis of inertia and owing to thi.s fact some 
pulsating forces act on the bearings during rotation. To eliminate 
these forces complctelj’’, it is necessary to balance .such rotors by adding 
proper correction weights after the body has been cast and machined. 


Consider, for example, the rotor shown in Fig. 
40. If we imagine this rotor to be divided into 
a number of thin disks, as shown, the center of 
gravity of each disk, owing to slight imperfec- 
tions, will not be exactly on the axis of rotation 
and hence we obtain, during rotation, a system 
of radial inertia forces analogous to the case 
represented in Fig. 38. It follows then that 
such unbalance can be completely eriuilibrated 
by two properly placed correction weights, as 



discus.sed above. In the case of large rotors, as in electric machinery, 


the ends of the rotors usually have special holes along the circumference 
in which correction weights can conveniently be placed. In such a case 
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Rotor 




Bed 


FIG. 41 
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these end planes of the rotor would be chosen as the correction planes 
In dealing with unbalance due to imperfections, however, we cannot 
calculate the proper correction weights since the unbalance is of 
unknown nature, so it is necc-ssary to accomplish balancing by a method 
of trial and error. This is usuiilly done with the aid of .special balancing 
machines. 

Balancing Machines. Figure 41 .shows a horizontal bed .supported 
by a fulcrum C and a .spring B allowing .small rotational oscillations 
about the axis through C normal to the plane of the figure. Such a 
sy.stem has a definite natural frequency of vibration, as discussed in 
Art. 8.6. The bed eari-ies two adjustable bearing pede.stals A and B 

in which the rotor to be balanced can 
^ ^ be mounted and connected to a varia- 

ble-speed drive D as shown. The 
rotor i.s placed in these bearings with 
one correction plane directly over the 
fulcrum, and the drive speed is ad- 
justed unl.il the unbalance- in the rotor 
comes into re.sonanec with the natural 
frequenoy of the sy.stem. This condition will bo recognized by 
the rather large amplitude of vibration of I, he bed. A correction 
weight IFa is now placed in correction plane 2 and adjusted in both 
amount and angular po.sition* uulil the rotor runs without producing 
any vibrations of the bed. This indicates that the proper correction 
in plane 2 has been made. That is, tho vertical projection of the 
rotating inertia force set up by the ehosen correction weight is 
exactly counteracting the effect of the sy,st(>m of inertia forces set up 
by the rotor proper. This done, the rotor i.s turned end for end and 
the .same procedure repeated until the i)roper correction weight Wi is 
found. The fact that the previou.sly placed corrc'ctiou weight Wi is 
now o.xerting its inertia force R<i in the plane containing the fulcrum 
prevent, s it from having any influence on the sehuition of the weight 
IFi. 

In the foregoing discussion it was alway.s a.ssumed that the body 
rotai.es with a constant angular velocity w. It can be shown, however, 
that, if a rotor is perfectly balanced at constant speed, there will be no 
dynamic pressures on tho bearings if the speed is nonuniform. Con- 
sidering an element dm of a rotating body, the radial and tangential 

' This can be done by trial and error, although moat biilaneing machines have 
more or loss elaborate devices to aid the operator in a moris rapid selection of the 
proper weight and its angular position. 
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components of the inertia force in the case of nonuniform rotation are 
u-r dm and cir dm, respectivelj'. Since u and a arc the same for all 
elements of the rotating body, it can he concluded that the .‘-ystein of 
inertia forces due to any angular acceleration u is obtaiiicfl from the 
system of inertia forces due to angular velocity a simply by multiplying 
the latter system of forces by a constant factor w'o)' and by rotating 
this system through 90° around the axis of rotation. Xo’.v, owing 
to the balancing described above, the sy.stem of forces u-r dm is in 
equilibrium; hence, the system of force.s ur dm is also in equilibrium 
and docs not produce pressures on the bearings. 

PROBLEM SET .L.ll 

1. A homogeneous circular steel disk rotates about its geometric axis and 
has two hnte.s drilled throiigli it at .4 and B, as shown in Fig. A. Determine 
the cliametei d and the -angular position p of a hole which should be diilled at 
C in order to balance the disk. Ans. d = og in.; ip = nH°. 




2. A wheel weighing 2,100 lb has its center of gravity A in. from its 
geometric axis. The wheel is mounted on a sh.aft which rotates in two 
bearings A and B, 5 ft apart and on opposite sides of the wheel, bearing .4 
being 2 ft from the plane of revolution of the wheel. Find the bearing reac- 
tions due to the centrifugal force of the unbalanced wheel when the latter 
has an. angular speed n = 200 rpin. What correction weight h' placed at a 
radius of 3 ft 6 in. in the plane of revolution of the wheel will balance it? 
ins. ffi. = 673 lb; Ri = 382 lb; W = 20 lb. 

3. The crankshaft of a gas engine carries two flywheels A and B, as shown 
in Fig. B. The crank arms and crankpin are equivalent to a weight of lOS lb 
at a radius of 10 in, in the plane of revolution of the crank. What correction 
weights JVa and Ft placed at a radius of 2 ft, one on each flywheel, will balance 
the system? Ans. Fa = 24.64 lb; Ft = 20.36 lb. 
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equations of (see Equations) 
relative, 467 
stable iind unstable, 233 
Equivalent length, 381 


Force, active and reactive, 11 
arm of, 40 
axial, 7 
central, 348 

centrifugal, 289, 340, 398 
components of, 6, 03 
definition of, 4 
distributed, 96, 156 
disturbing, A. 31 
gravity, 4 

inertia, 289, 340, 398, 475 
intensity of, 8, 96, 155 
moment of, 40, 179 
reactive, 10, 11, 33 
speeifieations of, 4 
transmiasibility of, 8 
Poree-displ acorn (uit diagram, 299 
Force-time diagram, 274 
Force vector, 5 
Forced vibrations, A. 31 
Forces, concurrent, 3, 16, 169, 179 
eoplanar, 101 

parallel (see Parallel forces) 
parallelograin of, 0 
polygon of, 12, 142 
in space, 169 
system of, 6 
triangle of, 6 

Fralini’s tacliornetor, A.39 
Frames, plane, 129 
Frec-body diagram, 10, 11, 33 
Free vibrations, 279 
Freedom, degrees of, 216, 305 
Frequency, 282, 375 
impressed, A,35 
natural, A.35 
Friction, 49 
angle of, 61 
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Friction, belt, 157, 175 
coefficient of, SO 
cone of, 52 
laws of, 50 
static and kinetic, 50 
Funicular polygon, 138 

Galileo, 219 
Gee-pound, 260 
Geometric addition, 6 
Gram, 260 

Gravitation, law of, 303 
Gravitational system of units, 260 
Gravity, acceleration of, 259 
center of, 5, 78, 80, 198 
force of, 4 

Ground motion, A.32 
Gyration, radius of, A.3, A.17 
Gyroscope, 417, 476 

Harmonic motion, simple, 251, 281 
Hinge, ideal, 33 
Hooke, Robert, 245 
Hoop tension, 155, 341 
Huygens, Christian, 245 
Hydrostatic pressure, 98, 159, 195 

Ideal constraints, 33, 433 
Ideal hinge, 33 
Ideal smooth surface, 33 
Ideal systems, 216, 218, 304 
Impact, 312, 449 
Impending motion, 51 
Imperial standard pound, 4, 260 
Impressed frequency, A.35 
Impulse, 295 
Inclined plane, 226 
Inertia, 259 

moment of, 160, 362, A.l, A.17 
product of, A.9, A.23 
Inertia couple, 367 
Inertia force, 289, 340, 398, 475 
Initial displacement, 247, 266 
Initial velocity, 266 
Instantaneous center, 428 
Intensity of force, 8, 96, 165 

Joints, method of, 117 


Kinematics, 245 
of curvilinear motion, 320 
of plane motion, 424, 42S 
of rectilinear motion, 245 
of relative motion, 461 
of rotation, 357 
Kinetic energy, 209, 350 
of plane motion, 454 
of rotation, 411 
of translation, 299 
Kinetic friction, 50 
Kinetics, 245, 255 


Lamina, A.17 
Laws, of friction, 50 
of motion, 255 
of statics, 3, 6 
Least pull, 36, 54 
Line, of action, 5 
of application, 96, 155 
Load diagram, 96 


Mach, Ernst, 3 
Machines, simple, 225 
Magnification factor, A.35 
Mass, 259 

Maxwell, James Clerk, 149 
Maxwell diagrams, 148 
Members, method of, 129 
Method, of joints, 117 
of members, 129 
of moments, 40 
of projections, 24, 169 
of sections, 124 
Moment, of a couple, 64 
of a force, 40, 179 
of inertia, 160, 362, A.l, A.17 
polar, 374, .4.4 
of momentum, 346, 404 
Moment center, 40 
Moment vector, 186 
Momentum, 295 
angular, 404, 447 
conservation of, 297, 404 
moment of, 346, 404 
Motion, curvilinear, 320 
equations of (see Equations) 
impending, 51 
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Motion, Newton’s laws of, 255 
plane, 424 
planetary, 348 
of a projectile, 335 
rectilinear, 245 
relative, 461, 466 
rotational, 357 
simpjlo harmonic, 251, 281 
uniform, 247 
Moving axes, 447, 461 


Natural frequency, 282, 375, A.35 
Newton, Isaac, 3 
Newton’.s l;u\.s, 255 
Nodal section, 370, 407 
Normal acceleration, 324 


Oscillation, oontcr of, 381 
period of, 281, 376 


Pappus, theorems of, 83 
Parabolic cable, 1 03 
Parallel-ax'is thcnrein, A.O, A. 10 
Parallel forces, 61, 00, 101 
center of, 78, 108 
Parallelogram of forces, 6 
Particle, 246 

curvilinear motion of, 320 
path of, 320, 330 
rectilinear motion of, 245 
relative motion of, 461 
Path of a particle, 320, 330 
Pendulum, ballistic, 408, 413 
compound, 380 
conical, 342 
simple, 331 
torsional, 373 
Percussion, center of, 400 
Period, 281, 375 
Phase, A.36 
Pile driver, 316 
Plane frames, 129 
Plane motion, 424 
Plane truss, 117 
Planetary motion, 348 
Plastic impact, 313 
Polar moment of inertia, 374, A. 4 


Pole, 137, 424 
Polygon, of forces, 12, 142 
tuiiiciilar, 138 
Potential energy, 234, 306 
Pound, imperial standard, 4, 260 
Pounclal, 260 
Precession, 419 
Pressure, center of, 159, 195 
hydrostatic, 98, 159, 195 
Pressure indicator, A. 37 
Principal axes, A.O, .\.12, A. 23 
Principle, D’Alembert’s (see D’Alem- 
bert’s principle) 
of virtual work, 218 
Principle.s, of dynamics, 255 
of statics, 3, 6 

Product of inertia, A.O, A. 23 
Projocliln, motion of, 335 
Projections, method of, 24, 169 
Pulleys, 219 


lladiuB, of curvature, 324 
of gyration, A. 3, A. 17 
Range, 337 
Hiiy.s, 137 

Reactive force, 10, 11, 33 
Rectangular eomponent.s, 14 
Reetilini'ar motion, 245 
Redundant supports, 19, 110 
Relative aeeeleratiun, 461, 463 
Relative eoordinate.s, 461 
Relative equilibrium, 467 
Relative motion, 461 
equations of, 466 
Relative, velocity, 461 
Resolution, of a couplo, 66 
of a forco, 13, 67 
Resonance, A.36 
Restitution, eoonioicnt of, 316 
Resultant, 6, 70, 105, 191, 203 
Right-liand rule, 179 
Rigid body, 3 
Rotation, 357 
equation of, 362 


Screw press, 227 
Sections, method of, 124 
Seismograpli, A. 37 
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Semielastic impart, 315 

Simple harmonic motion, 251, 281 

Simple machines, 225 

Simple pendulum, 331 

Simple strut, 35 

Slug, 260 

Smooth surface, 33 
Specifications, of a couple, 186 
of a force, 4 

Speed, definition of, 321 
Spring constant, 279 
torsional, 374 
Spring mountings, A. 38 
Stable equilibrium, 233 
Standard pound, 4, 260 
Static friction, 50 
Static unbalance, A. 46 
Statical moment, 160 
Statically indeterminate, 19, 110, 192, 
206 

Statics, principles of, 3, 6 
Stevinus, S., 3, 219 
Stress, 8 

String polygon, 139 
Superelevation, 343 
Superposition, law of, 8 
Supplementary acceleration, 463 
Supports, 9, 33 
Suspension cables, 162 
Systems, conservative, 307 
of forces, 6 
ideal, 216, 218, 304 
of units, 260 

Tachometer, Frahm’s, A.39 
Tangential acceleration, 324 
Tension, 7 

Theorem, parallel-axis, A. 6, A.19 
of three forces, 32 
of transmissibility, 8 
Varignon’s, 41, 62, 180 
Theorems of Pappus, 83 
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Tiiree-hinged arch, 130 
Top, spinning, 417 
Torsional pendulum, 373 
Torsional spring constant, 374 
Torsional vibration, 373, 386 
Trajectory, 336 
Translation, curvilinear, 320 
rectilinear, 245 
Transmissibility, 8 
Triangle of forces, 6 
Trusses, plane, 117 

Unbalance, A. 46 
Uniform motion, 247 
Units, system of, absolute, 260 
gravitational, 260 
Universal gravitation, 303 
Unstable equilibrium, 233 

Varignon’s theorem, 41, 62, 180 
Vector, force, 5 
moment, 186 
Velocity, 247, 321 
absolute, 462 
angular, 357 
base, 462 
of escape, 303 
initial, 266 
relative, 461 

Velocity-time diagram, 249 
Vibrations, forced, A.31 
free, 279 

torsional, 373, 386 
Vibrator, A. 40 
Vibrograph, A.37 
Virtual displacement, 216 
Virtual work, 216, 368 

Work, 299, 350, 412 
virtual, 216, 368 
Wrench, 205 



